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Solving convolution equations
in S, by numerical method

By S. PILIPOVIC (Novi Sad) and M. STOJANOVIC (Novi Sad)

Abstract. By using expansions of elements from Sg_ into Laguerre series we in-
vestigate the convolution equations in this space. We give examples of series expansions
and present a numerical method for solving convolution equations. Also, we consider
the convolution equations in LGY.

0. Introduction

Convolution equations in S, include as special cases a lot of types of
differential and integrodifferential equations. This space is a convolution
algebra and a natural frame for the extension and the use of the Laplace
transformation.

In the first part of the paper we give the structural properties of the
basic spaces and their duals S, and LGY, from the point of view of Laguerre
expansions of their elements. Note that the coefficients of f € S’ = LG,
respectively of f € LG, expanded into Laguerre series f = Y a,l,, satisfy
3" |an]?n 2% < oo for some k > 0, respectively > |a,|?k~2" < oo for some
k > 0. By using expansions of elements from S’ (LG',) into Laguerre series
we investigate the convolution in it and, in the second part of the paper,
the convolution equation f * g = h, where f € S’ (LG,) and h € S', (LGY)
are known. We give examples of series expansions and a numerical method
of finding coefficients in the expansion of g.
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We prove that if f € LG, then the convolution equation is solvable
in LG, for all h from LG, iff ag # 0, where ag is the first coefficient in
Laguerre’s expansion of f. Finally, we give some comments on the error
estimate.

1. Basic spaces

The space of smooth rapidly decreasing functions S' is defined as the
space of all smooth functions ¢ defined on the real line R (¢ € C*°(R))
for which all the norms

Il = sup{(1 + |z[*)[¢(2)|; z€R, i=0,...k}, keNo,

are finite. (IN is the set of naturals, Nog = N U {0}). Its dual space is the
well-known Schwartz’s space of tempered distributions S’. Let us recall
(see [6], for example) that

S = pioj LBm(Sk, || %)

where Si, = {© € C*(R); (1+ |z|)*|o@ ()| — 0, |z| — 00, i=0,...k},
and C*(R) is the space of functions with continuous derivatives on R of
order < k. In fact, Si is the completion of S under the norm || ||x.

We have ([6]) S’ = irllcd lim S}, (in the topological sense) where S}, is
the dual of Si, k € Ny, endowed with the dual norm || ||}.. The following
three conditions for a sequence f,, from S’ are equivalent (n — o) :

(i) fn — 0 in the sense of the weak topology;

(ii) fn — 0 in the sense of the strong topology;

(iii) there exists k € N such that f, € S, n € N and f, — 0 in the
sense of the norm in 5.

It is well-known that S’ is an A’—type space, A'—type spaces were
introduced and studied in ([8], Ch. 9). The A’—type spaces whose elements
have unique orthonormal expansions into Laquerre series were studied by
ZEMANIAN [8], ZAYED [7], DURAN [9] and PI1LIPOVIC [5]. Let us recall the
basic facts concerning these spaces. Denote by {l,,}, n € Ny, the Laguerre
orthonormal base of the space L?(R;), (Ry = (0,00), Ry = [0,00))
whose elements are defined on R by 1,,(t) = e~t/2L, (t), where

Lo(t) = Zn: (nfm> (_n?!m, n € Np.
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We denote by R a differential operator of the form R = e!/2Dte~*
Det/? (D =d/dt); RF' =R(R*), ke Ny, R is the identity operator.

The space LG is defined as the space of all ¢ € C*°(R) for which
all the norms

1/2

el = IR ¢lllo = /IR’“w(t)Ith , keN,
0

are finite, and
(RFo, 1) = (0, R*,) = (—n)*(,1n), k€ No, n e No,

where
o

(0.) = (0, §) = / SOVl ) € LA(Ry).

0

LG is the space of all ¢ € C°°(R.,) for which all the norms
sup{t*|pD (t)|; t € [0,00), j=0,...k}, ke N,

are finite ([7]) and the dual space LG is in fact ', — the space of tempered
distributions supported by R ([4]).
Let L, k € R, (Lek, k> 0) be the space of all the formal series

> 0 1/2
()0 = Z anln SUCh that |g0|k = <|a0|2 + Z |an|2n2k> < OO,

n=0 n=1

- - 1/2
p = Z anly, such that |p|er = (lao|2 + Z |an|2k2"> < 00

n=0 n=1

We know that ([5])
(a) The Ly are B—spaces, k € R;
(b) The inclusion mappings Ly — Ly, k > ¢ are compact;
(c) LG = projlim Ly; LG' =S’ = i%d lim L},
k—o0 0

where the L}, are the duals of Ly, k € R, endowed with the dual norms;
() Ly = { 3 bulus (2 [balPn 2 +[002)* <0} = Ly, keR.
k
n=0

n=1

Clearly, Lej < Lj, — L? for k > 0, where A — B means that A is a
dense subspace of B and that the inclusion mapping is continuous.
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Ley, k > 0, are B-spaces and the inclusion mappings Le; — Ley,
k > ¢, are compact.
Let LG. = projlim Ley. We have LG, = irllcd lim Lej, and (k > 0)

k—oo

> s 1/2
Le;c - { Z bnln; (Z |bn‘2k_2n + |b0|2) < OO} - Lel/k .
n=0 n=0

The space LGY has been introduced in [3], where we studied spaces exp(A’)
in general. From [3] we have

feELG, — f=>" kn—TR"Fn for some k > 0 and some sequence Fj,

n=0
from L?(R.) for which > |||F,|||o < oo holds.
n=0

The weak and the Strgng convergence in LG'(LGY) are equivalent and
fn — fin LG'(LGY), where

fn = fj b, f = fj bl
m=0 m=0

iff for some k > 0

e 2 e 2
Z‘b;gl)—bm) m=2k 0, (Z‘bgy—bm‘ k2mﬁo>, n— 0o,
m=0 m=0

Note that if we consider f, and f as elements from S’ then f,, — f
in LG' iff f,, — finS, n— oo.

2. The convolution and the Laplace transformation

These two notions are well-known for the space S’, which is a convo-
lution algebra and for which we have

(1) L:5. — HRy)
where L is the Laplace transformation defined by
(LF)(s) = F(s) = (f(t), H(Ble ™), s € R+iR,

where H € C*°, H =1 on (—¢,00), H =0 on (—00,—2¢), € > 0 and
H(R,) is a space of holomorphic functions in R+iR; which satisfies the
suitable growth conditions; in fact the mapping (1) is a bijection. Note
that this definition does not depend on e. We shall not repeat all the
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facts concerning the Laplace transformation which is deeply analyzed, for
example, in [6]. In section 3. we shall recall and use some results for the
convolution algebra S’ from [6].

Since any f from S’ is of the form f = D™F, where m € Ny and F'is a
continuous function on R bounded by a polynomial with supp F' C [0, 00),
(D is the distributional derivative), the convolution of f,g € S is

x

f*g=lWWTQ/FWXXx—wﬁ ,
0

where f is of the given form and ¢ = D" G, r € Ny, while G is a continuous
function with supp G C [0, 00) and bounded by a polynomial.

Proposition 1. Let f,, and g, be sequences from S’ which converge
in S’ to f and g from S',. Then

fn*gn_’f*g, TL—>OO,iH S’ .

Proor. This assertion follows directly from the topological proper-
ties of S’,. However, we shall give here an elementary proof. As we noted
in the introduction, there exists £ € N such that

fTL—>f7 gn_>g in SI’C'

Observe the sequence f,,. Let z > 0. For sufficiently large m the
function )
t— H(t)%(a: — )7 " is from Sk, where

1

Lig—pm1 | —2<t<a
0 , t>x

and H(t) € C>, H(t) =1fort > —1, H(t) =0 for t < —1. We have

), HEO) = ) = (), () (o= 07

If we put
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we have (from the boundedness of the sequence f, in S}) that for every
n € N, there is C' > 0 such that

max {|F(2)], [Fy(@)]} <
< C’sup{’(H(t)i(x —t)m_l)(o‘)|' —2<t<z, a=0 k}
—~ m' =+ 9 — — 9 Y
i.e. for suitable C7; > 0
max{|F(x)|, |Fn(az)|} < Ciz™ Y, x>0, neN,.

This implies that F},, n € N, and F' are continuous functions supported
by [0, 00) for which we have

(@) = fula), F (@)= f(a), Fole) = F(z), 2€R
P (@) F(a)
T+l T+ la)

and <(Cy, x€R.

Similarly, we have for g,, n € N, and g and some m € Ny that
Gglm)('r) = gn(m)a G(m)(x) = g(a:),

Gn(z) G(z)

A < (4, z€R,
T L

Gn(z) — G(),

where GG,, and GG have properties as F},, and F.
So from
x (m+m)
(e g)@) = | [ Ful)Gule — ,
0
x (m+m)
(fxg)(x) = /F(t)G(x—t)dt , t€R.
0

By using the Lebesgue theorem, we get
/Fn(t)Gn(a: — #)dt — /F(t)G(a: —#)dt, n— oo, in S,
0 0

and this implies the assertion of the theorem. O
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(e @] o0
Proposition 2. Let f = > bylm, g = Y. ¢wmly be from S). for
m=0 m=0

some k € R. Then fxge€ S5, ., r> %, and

(2) fxg= Z ( Z bpcq — Z bpcq> L, (As usual, Z =0).

m=0 \p+g=m p+g=m—1 ptg=—1

PROOF. Let us put f,, = > b,(n,?)lm, In = >, cgr?)lm, where

m=0 m=0
bgff):bm, c%)zcmformgnandbgf):c%)=0form>n, n € N.
From Proposition 1. we have

(3) (Z b&?lm) . (Z c£2>lm> — fxg, n—ooin$.
m=0 m=0

Since Iy *ly = lp1q — lptqt1 (see [2, p.191 (31)]), we have that the left side
of (3) converges to

3 ( S 3 b;mcgm) b 0 S, 1 0.
m=0 \p+g=m p+qg=m—1
Since b, |em| < CmF, m € Ny, for some C, we have that for suitable Cy

Z bpcq

ptg=m

< 01m2k+1, m € N.

So, we have that f * g is of the form (2) and it belongs to S5, ., 7> % )
O
We define the convolution of f and ¢ from LG, by (2). We have

Proposition 3. LG is a convolution algebra. Moreover, if

f= Z bulm, g= Z Cmlm are from Lej,,
m=0 m=0

then f x g € Le/, for any s > k.

PROOF. Since |by,|, |em| < CE™, m € Ny, we have, for any ky > k
and Cy which depends on k and k1,

Z bpcq

ptg=m

< C?*(m 4+ 1D)kE™ < CLE.
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This implies the assertion. O

For the Laplace transform of an f = ) byl € L we have

m=0

(LF)(s) = an%, s € R+iRy .

n—=

Now, by using the ordinary multiplication of series and (2) we get at once
the well-known formula

L(fxg)(s) = (LF)(s)(Lg)(s), s €R+iRy.

In the sequel of this part we shall give several explicite expansions for
elements from S, .

Let us first remark that the derivative of an f € S’ , considered in
this paper as an element from (LG)’ is the same as the derivative of f
considered as an element from S’. From [2. p. 189 (15), p. 192 (38)] we

have
n—1 1 -1
Il = — lyy — =1y, =01, € Ny,
=S (z ) :

0

which leads to the following assertion:

e’ [e’e) n—1
(5) if f=D) baln €S, then f'=) (Z bm+%bn> Ly .
n m=0

Examples.

1° Since [ 1,(t)dt = 2(—1)", n € Ny, ([2, p. 191 (32)]), for Heaviside’s
0

function we have
(6) H(z) =2) (=1)"ln(x).
n=0

This is an element from S,., r > 1/2.
2° For s € C, Res > 0, we have

(7) H(x)e ** = Z ((S_ﬂl (x).
n=0

s+ 1/2)n+1"

s—1/2
1\10)667 m

ke R.

‘ =t < 1 so we get that x — H(x)e ¥ € S for every
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3° Let a > 0. Since (§(z — a), p(x)) = ¢(a), we get at once

oo

(8) §(x — a) Zln

Because [,,(0) = 1, n € Ny, we have

Since for n € Ny, |l,,(z)| <1, x >0, ([2, p. 205, (3)]), we have é(x —a) €
Sl,or>1/2.

Note that (9) can be derived from (6) because H'(x) = §(z).

From (9) and (5) we have

o0

Oy =3 (n + %)ln(x) ,

=3 (25 s )1

4° Let a > 0. The mapping from S(R) to S(R,) defined by

p(t) = ¥(t) = platt), t=0,

is continuous. So for given f(t) € S, the distribution f(t —a) € S’ is
defined by

(f(t=a), ) = (f(t),p(t +a)).
Clearly, supp f(t — a) C [a,00) and
(10) (f(t) 6t — a))(z) = f(z —a).
From (6) and (10) we have

1, x>a 00 n—1
H(x—a):{()’ xza 2(24 )" I( +2l())ln(a:).

n=0 \ j=0

5° Since for s € C, Res > 0,

o

/e_Sttan(t)dt - (_1)m(;i_mm [(1 _ %)nﬂ

0
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(see [2, p. 191 (32) or 1.p.9]), we have

oo

—stym m+k
/e t" L, (t)dt = Sm+1 ()( m )s_k’ m,n € Ng,
0

and by taking s = 1/2 we have for m € N,

(11)
2 = {w: z Z 8 — omtlpy) Z (Xn: (—1)* (Z’) (m;’: k) 2’“) In(z).

k=0

3. The convolution equations in Sg_. The numerical approach

The problem which we investigate is the following:

(12) frg=h,

where f and h are given elements from S’ and g is unknown. If g exists,
then by using the generalized Laplace transformation we get

=L\ (Lh/LS)

where £ is the inverse mapping for £ from H(R.) into S’y (see §2.).

This method of finding the solution is not of practical use from the
numerical point of view, but from the theoretical one the use of the Laplace
transformation gives the best known results for the existence of the solution
([6]). Let us recall from ([6] Ch2. §13) two conditions on f which imply
the solvability of (12) for any given h € ', .

(A)If f = P(6) = Z ard®) and if P(—iz) # 0 in R+ iR, , then for
any h € S there ex1sts g E S’ such that
P(§)xg=nh.

(B) If F(z2) = (Lf)(2), and z € R + iRy has non-negative imaginary
part, then for any h € S’ (12) is solvable in S’ .

Clearly, equation (12) is solvable for any h iff there exists G € S’
such that

(13) f+*G =46 (G is the fundamental solution).
If G exists, then the solution of (12) is
g=G=xh.
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Let f = § aply, G = i Znly, then from (9) and (2) we get that (13)
is equivaﬁ;l% to the followni:n()g system of equations:

apgxg = 1
(14) a12o + apr1 — apro = 1

asxo + a1r1 + apxrs — a1x9 — agxr1 = 1

or

apgrog = 1
(15) a1xg + agry = 2

as2xg + a1x1 + agxroe = 3

If ag # 0 this system is solvable and it gives an explicit method of
finding G (and thus of g) if we know that G exists in S, ; for example in
cases (A) or (B).

We shall present this method on a Volterra type equation. Denote by
W (R4) the space of all holomorphic functions of the form

f(z) =X+ / o(t)edt, € R+iR,, A€ C, o(t) € L*(Ry).
Ry
W(R.) is Wiener’s algebra, a subalgebra of the algebra of holomorphic
functions H(Ry) ([6, Ch.II, §13, Ch.I. §4)).
Its elements are the Laplace transforms of distributions of the form
A+ p(t), v € LN(Ry).
Denote by V., the space of these distributions.

If f(2) # 0 in (R4 iR;)UR (where R is the completion of the real
line), then there exists G € V4 so that

M +p)xG=9.

In other words if [ ¢(t)e* # —), z € (R+iRy)UR, then there exists
R,
a solution g € V. of the integral equation

oo

yalt) + [ eltlgle — tde = hit), 20,
0
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for all h € V.

We can solve numerically this equation by using the following algo-
rithm.

Let f = A+ f1, f1 € LY(R,), then f+G =6, ie. AMdxG+Gx*f1 =4,
AG + G * fi = 4§ . From (2) we obtain

oo

Z)\xnl +Z Z TpQg — Z a:paq:ZZn.

n=0 pt+g=n pt+g=n—1 n=0
This is equivalent to the system of equations:
Axg + xoag =1
AT + zoaq + r1a9 — Toag = 2

Axg + Toag + x1a1 + T2a0 — Toa1 — T1ap = 3

or in a shortened notation
IL’Q(CEO + )\) =1

zo(a1 + ) +z1(ap + A) =2
ZCQ(CLQ + )\) + a:l(al + )\) + £L‘2(CLO + )\) =3

The coefficients of G are
1 n—1 -1
Ty =—-—|(n+1)— xian_i—i—)\}, n € Np, =0 .
D > i+ : (Z )
The solution of Volterra’s equation for any h from V, is
g=G=xh.
From (2) we get
g—anl *sz Z(Z Tpbg — Y prq>zn.
n=0 \p+q=n p+g=n—1

Denote the coefficients of the last series by ¢,,. Then the coefficients of the
solution ¢ are

i (S X e

p+qg=n  pt+gq=n-—1
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+(a0+)\ Z Z:){:Z (Qp—i+ N)—

p+q=n i=0

— Z imibq(an_i-i-)\), n € Np.

p+qg=n—1 i=0
4. Properties of the solution

Concerning the convolution equation (12) the question is: which con-
ditions on f € S imply the existence of G in S’ ?

From (15) we get at once that the necessary condition is ag # 0.

The problem of finding general conditions on f is not simple. This
will be shown by the following

Examples.
6°. Let f(x) = 72 exp((¢ +1)/(2(q — D)), = >0, where |q| < L.
From [2] we have

= anln(x), x>0,
n=0

where the series converges uniformly to f on R as well as in LP(R.) for
any p > 1. For G we have

G= Z[(n + 1) — ngll,

in the sense of convergence in S’. More precisely G € S, k < —2.
oo

Moreover, if h = Y b,l, then the solution of (15) is
n=0

g_nzo(1—q Zb —|—b>

So if A has “nice classical” properties this does not hold for the solu-
tion.

7°. We shall show in this example that if f has very fast coefficients
the solution can be quite simple and it belongs to the same space as h.
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From (15) we get

apgxrg = 1
(a1 — G,())ZIJ'O + agx1 = 1
(CLQ — al)l'o + (a1 — CLo)ZCl —|— apgrog — 1

(CL3 — ag)l‘o —|— (ag — al)xl + (a1 — ao)CL‘Q —|— agrs — 1

This is equivalent to
apgrg — 1
(a1 — 2(10)1'0 + apxr1 = 0
(16) (ag — 2a1 + ag)xo + (a1 — 2a9)x1 + agxe =0

(a3 — 2(12 + al)ill'o + (a2 — 2&1 =+ ao)l'l + (a1 — 2@0)5172 + apgxrs = 0

Denote the coefficients of (16) by
Qg = ag, a1 = a1 — 2ag, Qo = as — 2a1 + ag, a3 = a3z — 2as +aq, . ..
Assuming
Qo = ap, (1 = apq, Q2 = CLOQQ, a3 = a0q3 cee
the fundamental solution of (16) is

G = (1/ag)e ?(1 —q(1—1)).

If h = " byl, then the solution of (16) is
n=0

9=1/a0 > [(bm = bm-1) = q(bm-1 = bm—2)llm, b_1,b_2=0.
m=0

If h € Ly it follows that ¢ € Li, k € R; moreover if h € Le then
g € Lep, k> 0.

Observe the convolution equation (12) in LG., when f = > a,l, €
LG, is fixed.

n=0
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Proposition 4. The convolution equation (12) is solvable in LG, for
any h € LG, iff ag # 0.

o0

PrOOF. Clearly, ap must be different from zero. Let h = > ¢,l, €
n=0

o0
LGL. If g = Y byly,, then the coefficients b,, must satisfy the system

n=0
Z apbg — Z apby = cn, n € Ny,

ptq=n ptg=n—1

ie. > apby = é,, where ¢, = > ¢;, n € Ny. This system is solvable
pt+qg=n i=0
since ag # 0.
o]
Note that > ¢,l, also belongs to LG.. We have to prove that ag # 0

n=0
implies that for some £ > 0 and C' > 0
(17) |bn| < CE™, n € Ny.

oo
Observe the functions a(t) = > a,t™, c(t) = ¢pt™ which are analytic
n=0

i

in the interval <— %, %) , where we choose r > 0 such that for some C' > 0
lan|, |6,] < Cr™, n e Np.

Put b(t) = > b,t". We have formally a(t) - b(t) = ¢(t).
n=0
Since ag # 0, we get that 1/a(t) is an analytic function in some
neighbourhood of zero and so (1/a(t))c(t) = b(t) is analytic in some neigh-
bourhood of zero. This implies that for some k£ > 0 and C' > 0 (17) holds.

O

This proposition implies that the natural frame for convulution equa-
tions of elements supported by [0,00) is LGL.

The preceding proof also suggests a method of finding the fundamental
solution for the convolution equation. Namely, for given f € S’ we have
to solve the equatlon a(t)z(t) = d(t), in some interval (—e, ), where a(t) =

Z ant™, d(t) = Z (n+ 1)t" and z(t) = Z Tpt™ .

According to (15) the coefficients of x( ) are the coefficients of the
fundamental solution.
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Proposition 5. Let f € S' be as above and ag # 0. The convolution
equation (12) is solvable in S', iff the analytic function 1/a(t), t € (—¢,¢),

has the coefficients y,,, n € Ny, such that |y,| < Cn*, n € Ny, for some
C >0andk > 0.

5. Error estimate

At the end we shall give some remarks concerning the error estimate

N 00
for the approximate solution of (12), gy = > ¢uly, where g = > c¢,l, is
=0 n=0
N " N
the exact solution. Let Gy = > z,l, and hy = > byl,. We have
n=0 n=0

gN:GN*h:G*hN:GN*hN.

This implies that for finding the approximate solution gy we need
the approximations for h and G. Also, for f € LG, and ag # 0 we have
Gy — G in LG, N — 0, and so, gy — ¢ in LG, N — oc.

If we have more informations on G and h then we can give the
estimations for ¢ — gn. For example, let h € LP(Ry), hy — h in
L, G € LY(Ry), Gy — G in L9, where p and ¢ are real numbers such
that

>1.

1
+

p217q217 -
p

1
q

+ 11 Then ge L"(Ry) and

1 _1

1/r

/’gN (t)|"dt <
® 1/p
[ Gty ( [ty = nopar)
0

1/r

and

oo

/ on(t) —g()7dt| <

0
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1/q

0o 1/p 00
<| [mora) | [i6o-cxwra

Note, if % + % = 1, then » = oo and the left hand side of these inequalities

becomes sup{|gn (t) — g(t)|, ¢t € (0,00)} .
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