Publ. Math. Debrecen
40/ 1-2 (1992), 85-90

Necessary and sufficient conditions for imbedding in
the theory of best approximation by polynomials

By NGUYEN XUAN KY (Hanoi - Budapest)

1. Introduction

The imbedding of Holder’s class of functions into another class of
functions has been considered by P. L. ULiaNov [9], M. TiMAN [8], L.
LEINDLER [7]. By virtue of Theorem 1 in 8] we can deduce a sufficient
condition for the imbedding of that type in the case of a system satisfying
a Nikolskii-type inequality. It remained open to discuss the necessity of
the condition for a given special system. In the case of the trigonometric
system, Timan [8] gave the solution of this problem by a very nice example.
In [5], by another method, we considered a necessary condition in the case
of the system of orthonormal polynomials with respect to the exponential
weight. In the present paper we investigate this problem for the system of
Jacobi polynomials.

2. Sufficient and necessary conditions for imbedding

Let P,(u,v,z) be the n-th orthonormal Jacobi polynomial with re-
spect to the parameters u,v > —1. Then the system

{(Ja(u,v,0)} = {(1 — cos8)*H2(1 +cos9)"—*%ﬁp,,(u,v,cose)}
is orthonormal on [0,7]. Let LF[0,7] be the usual Banach space of mea-
surable functions on [0, 7] with the norm || f|[, = {f ]f(.z:)|’da:}1/p
(1 < p < 0). For a function f € L?[0, ], let .

En(f)p = En(u, 'vaf)p =
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= inf [|[f = ) MeJk(u,v)ll, (n=0,1,...)
() k=0
Let a@ = {a, | 0} be a decreasing sequence of nonnegative numbers
tending to zero.

Define
E2*(a,p) = {f € L?[0,7] : En(u,v, f) < o(f)arn)

Ey*(a,p) = {f € L?[0,7] : Ex(u,v, f) < c(f)an} its

where (and later) ¢(f) (¢(z,...)) denotes a constant depending only on its"™

variables, furthermore ¢ will denote an absolute constant (may be differentNi_
7
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kolskii-type inequality (see definition in [8]). Therefore we obtain imme-
diately from Theorem 1 of [8] the following

Theorem 1. Let 1 <p<g¢g<oo, u,v>-1. If

(1) Z n??2a8 < oo,
n=1

then

(2) E"“*(a,p) C L[0,n].

For an investigation of the necessity of condition (1), we distinguish
two cases : ¢ <2 and 2 < ¢ < 00.

Theorem 2. Let 1 < p < ¢ € 2 and u,v > —1/2. Then (1) is
necessary for imbedding (2).

PROOF. We apply the method used in [8]. Suppose that (1) does not
hold. In [8] the author introduced the numbers:

oo 1/p
an={z(”+n“l)(“5—“£+1)} R T

and proved that

o0 1/p
(3) {afl+l(n+1)"“+ Z af,v”_z} < ay, (n=1,2,..:)

v=n+l

and

(4) Y ain'™?=oco.
n=]
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Now, for M > n + 1 > 1 we have by Abel’s transform
M

Y. aJ.(6)7.(0) =
v=n+l

(5) 4
- Z d.(0)(a, —ay41) — dpm—1(0)anr—1 + dar(0)ans

v=n+1

where ¢, is determined by the Christoffel-Darboux formula:
$u(8) = >_ Ji(6)T:(0) =
i=0

A Yo Jy(O)JuJ(-J(B) s Jv+l(9)s79(0)
Tv+1 6 ¢
(see. e.g. [2], p.24). Since for u,v > —1/2, the system {Jn(u,v)} is
bounded on [0, 7] (see [1], T.1.1.), and |y, /7v+1] < ¢ (v =0,1,...) (see
(2], p-49), from (5) we have

oo

> a,J.(0)7.(6)

v=n+1

<capnt+1/0 (0<@<m).

This means that the series

oo

£(6):=_a,7,(0)7.(6)

v=0
is convergent at every 0 < § < 7 and for its partial sum s,(8) the estimate
|£(8) — s.(8)| < cans1/0 D Cr. n=l.8.54

holds. By the last estimate, using the totally analogous method applied
in [4], p.60 we get

s 1/p
Eﬂ(uvv!f)li s c{a£+l(n+1)p-l : 5 Z aﬁ Vp—?} £

v=n++1

So, by (3)
En(u,v,f)p < cay (n+0,1,...)
which means that f € E**(a,p).
On the other hand, since the system {J.(u,v)} is bounded, we have

by (4) and Paley’s theorem (see. e.g. [10], p.120) that f & L?[0, x] and so
the proof of T.1. is completed.
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Remark 1. For ¢ > 2 we can not apply the above method to the proof
of the necessity of condition (1). However, by an additional condition on
{an} we have

Theorem 3. Let 1 < p < ¢ <o0; u,v > —1/2. Let a = {ay | 0} be
a sequence satisfying

(6) na, <cmay for 1<n<m.
Then (1) is necessary for imbedding (2).
PROOF. Suppose that (1) does not hold, that is

oo
(7) Z n?/?P=29 = oo,
n=1

By virtue of Lemma 5 in [7] (applied to the interval [1/4, 5/4] and the
case ¢, = 1), there exists a function fy, € L?[1/4,5/4] having the following
properties

(8) fo(z) =0, z€[3/4,5/4]
1/4+h
(9) / | fo(z)|Pdz < caj, (G a2 ol k=19 0.
1/4
(10) w(fo,2_k),,§ca2., kw3 Q...
where
5/4—h 1/r
wfodpi= sip | [ U+ -f@Pa|  ©0<s<),
0<h<s
1/4
(11) fo & L[1/4,5/4]

Now, we introduce the function

50(6) = { fo(8)p% ,(8), 6 € [1/4,5/4]

(12) 0 0 € [0,7]\ [1/4,5/4]

where
Puv(8) = (1 — cos8)F*(1 + cos ) T
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We compute the modulus defined in [6] for this function:
1/p

2
Q(go,6) = i, 7 / lgopa o (z + k) — gopy i (2)|Pp% o (z)dz +
= 0

1/p

+ sup j 190022 (2 = B) — gop ()P oL o () dz (0<6<1).
0<h<é 72

From (8), (9), (10) and (12) by simple computation we get
e/ Tt Ser™  (E32)
From this, using Theorem 3 in [6] we obtain
Ep(u,v,90)p < c(90,27%) Scap  (k22).
The last estimate implies together with (6) that
E,(u,v,90)p Scay, in=0,1,...),

and so go € E“"(a,p).

Finally, from (11), (12) and the fact that p, ,(8) > ¢(u,v) (> 0) for
6 € [1/4,5/4], it follows that go & L?(0,7]. So, the necessity of condition
(1) is proved.
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