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On an N ikolsk ii-type inequality

By NGUYEN QUANG HOA (Hanoi)

I .  I n t r o d u c t i o n  a n d  r e s u l t

S. M. NlKOLSKlI [7] proved in 1951 an inequality of the form

(1-1) Il Tn(x)||L,[0,2*]< Cnï~Il T„(x) (ILP[0,2w]
where C  is a constant independent of Tn(x ) and n, 1 < p < q <  00 and 
Tn(x) is a trigonometric polynomial of order at most n. This inequality has 
had many applications in approximation theory, for example to embedding 
problems (see e.g. [10]).

N. X. KY [2] introduced so-caUed {ЛГ, A} systems (A > 0), tha t is 
orthogonal systems ш =  {k>n(^))^Lo> x ^ [a >̂ L ~~°° — a^  — °°> such 
tha t for each фп E тгп(ш) the following inequality is valid:

(1.2) Il фп{х)|U*[a,6]< C n A'F-Tl Il ||tq a ,6] 1 <  <  oo,
n

where7Tn(u ;) is th e s e t o fth e fo rm  ^ а * и ^ (х ) ,  ûfcE R , fc =  0 , l , 2 , . . . , n .
k= 0

n E P = {0 , 1,2  . . .  } and C  is a constant independent of pn(x ) a^d n.
From previous literature we can see that the classical orthonormal 

systems are all of such type (see e.g. [1], [4], [5]). In this paper we give 
an inequality of type (1.2) for the General Hermite system, that is the 
system {pn(%) • z~ x ^2 \X\Q̂ 2} (<* > 0), where pn(x ) is the n - th  orthonor­
mal polynomial with respect to the weight w (a ,x ) =  e~x / 2 |x |a / 2 ( a  > 
0, —00 < x < 00). More precisely, we shaH prove the following

T h e o r e m .  Let a  > 0. For each pn E V  (n E N ) the following 
inequality is valid:

( 1-3) Il Pn(x)w(a,x)||z,i(_oo,oo)< C n 1I2 Il P n (x )w (a ,x )  ||boo(_oo,oo)
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Here (and throughout the paper) C is an absolute constant, which may 
be different at each occurrence. V n is the set of a,lgebraic polynomials of 
degree at most n. Moreover, the inequality (1.3) is sharp in the sense that 
there exists a sequence {pn(x)}£L0 0  ̂polynomials satisfying:

Il Pn (x)w(a,x)||Li(-oo,oo)> C n 1/Il |U^(-oo,oo)

(2.1)

II. N otations and lemmas

We shaU use the following notations applied in [4].

L u (a):= { / ;  Il |U*(0,oo)< oo;

u (a ,x )  e-:r/2z Q/2j

L H(a):== { / ;  Il f(x)w(a,x) || L P ( - o o , o o ) <  oo;

(2.2) w ( a , x )  = e~x2' 2\x\a/ 2}

( o  >  — 1 ,  1 <  P  <  CX))

We denote the Laguerre polynomials and normaHzed Laguerre polynomials
by

(2.3) L t(x )  =  ( n ! ) - '* - e + *  ( ^ )  “ ( x » + " e - )  

and by

(2 .4) и х ) - ( - і г ( г (П ; і + 1 ) ) 1 /г^ )

(x > 0, OL > —1, n E P )

respectively.
The normalized General Hermite polynomials will be denoted by H%(x) 
(a  > 1, x E R ) i.e.

OO

(2.5) JЯ“ (х )Я “ (х)е-*2-|
- O O

where Snm is the Kronecker symbol.
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The Laguerre functions and General Hermite functions are denoted by

(2.6) CaJ x )  =  e -* /2z “/2L“ (z) 

and by

(2.7) K ( * )  =  e - ‘V2M
(a > - 1, n e P )

respectively.

Lem m a 1 . Let V ^ n - i ( / î x ) ^e ^ 2e ĉ e La Vallée-Poussin mean o f 
the General Hermite expansion o f a function f  6 £ # (a)(l < P <  °o)> ^hen

o°  2 n - l

(2.8) V $ ? _ , ( / ; * )  =  /  / ( < ) 2  0 n ,a ._ ! (* )^ (a :)^ (< )e -* * |i r c f t
- »  * = °

f 1 , fc < n
w w e ^ . , ( t ) = | ^  ^n t i s f c s 2 n , !

PROOF. For /  G ^ я (а ) ’ ^ s Hermite-Fourier series is

00 . 7
(2.9) ^ a * t f ^ ( z ) , where ak /  / ( t ) t f£ ( í) e _í2|í |a cft

*=o -i>
n

If we put S n( f ] x )  =  ^3 akH%(x), then 
* = 0

r " 5 ; L ,( / ;  X) =  i  ( E  S , ( / ;  x ) -  2  S i ( / ;  * ) ) .
u V *=0 *=0 /

Using Abel transform, we have

2 n - l  2 n - l  * °?

, . . , \  . , ". . , \  .*Л
fc=0 k—0 i= 0
E i * ( / : 1 ) =  E E  /  / ( i ) * / ( i ) ^ ( x ) e - - > | " ,
*=0 *=0 I=O

2 n - l  °?  / 2 n - l  N

(2 .10) =  X ) J№ Ê Ï ( t ) à Z ( x ) e - * ' \ t \ ° d t l  J 2  1
fc—0 ^ 00 \  i—k
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analogously,

n  1 Tl 1 00
(2 .11) £ > ( / ; * )  =  £ > - * )  /  /(О Я ?(* )Я * (* )е"‘’ іГ <

fc=o fc=o _4 ,

(2 .10) and (2 .11) lead to (2 .8). q.e.d.

Denoting by (C, l ) ^ (a)( / ;  x) the first Cesàro mean of (2.9) we have

(2.12) (C, 1)?<“>(/; I )  =  i  2  ( £  a j f f f ( x )  I .
Tl . . •Ar=O V j=O

We can see that

(2.13) (C, l)f< *> (/;x )
0 0  /  n \

=  /  / w i E ( ' - ^ ) * * M * * ( * ) ) ' ^ i * r *
<*=0

L e m m a  2 .

(2.14) Я 2“п(х) =  L ^ i  (x2)

(2.15) Я "п+1(х) =  1 ^ ~ ( х 2)х ( a > - l , x 6 R)

PROOF. Let y =  x2, then
OO OO
J LT(x2)LT(x2)e-*2\x\adx=

-OO 0
OO

=  J  Ln*~ ( y ) L ^ F  (y

analogously,

00

J  L ^ ~ ( x 2) x L ^ ~ ( x 2)xe~ z2\x\a
- O O

OO
=  J  L ^ ~  ( y ) L ^ ~  (y =
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finally,
OO

/ L^Pr (x2) L ^ ~ ( x 2)xe z|x|“dx = 0 Vn, mGP

as the integrand is an odd function, q.e.d. 
L e m m a  S .

(2.16) |w & ( x ) |< d

Q-I 2a-l
ѵ~т~ х~~т~

(2.17) |W?n+iW I < 4

,0 <  X2 <

u - 1/ * ,

\ v / x 2 (^ 1/ 3 +  \x2 — ^ |)]  l ^4 , v | 2  <  X2 < 3 u /2  

x i /2 e - y * 2 , 3 i / / 2  <  X2

u ^ x ^ r 1 , 0 < x 2 < l / u

v ~ l !A , l / v  < X2 < v | 2

\ v / x 2 (^ 1/ 3 +  \x2 — ̂ |)]  1 4̂ , v | 2  <  X2 < 3 v / 2

X1^ e " 7 *2 ,3 ^ / 2  <  X2

where C17  are positive constants independent o f n, i/ =  4n +  a  +  1.
PROOF. Let y =  X2 . Using lenrnia 2. we have

|W J.(*)I =  | і О * ) е - , , / 2|* Г /г | =  | t f > ) e - " V ' * |
using [3] , (2 .8 )  we get (2 .1 6 ) . The proof of (2 .1 7 )  is analogous, q.e.d. 

C o r o l l a r y  1. H a  >  1 /2  then

- 1I 12, 0 <  X2 <
(2.18) |W2“„ ( x ) |< C

(2.19) \Щ п+1( х ) \< С

{I

{I
,0  <  X2 <  3^/2

jl/2g-7*

where C ,7  are positive constan  = 4 +  a  + 1.
L e m m a  4 .

' n l / 2 p —l / 4
(2 .20) * ; ( * )  IUt

, 1  < p <  4

Щ*) l n - ( l / 12+ l/6p) ,4  C
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(2 .21) І | Я г +1( * ) - Я „ “- , ( * ) і и Ь(„ 1~ п , /2 ' - 1/< ( n ^ o o )

PROOF. Assume that n is even, i.e. n =  2rn (m G N ) (the case when 
n is odd, leads to a sUght modification only).
Let y — X 2 . We have

11* ? .(* ) ! !¾ ,. ,  =  I I i i f l ( ^ ) I I i j , . ,  = (  j \ i T t f y - ' ' i M ° n \,d A

1Ip

-O O  

1 / p

J l L t T ( y ) e - > l ^ - ' ^ J y j  =  H i T ( y )  l l l ' , . , ,_ , , , ,

Put a =  a /2  — l /p , a +  b = (a  — 1) /2 , then a +  6 > —1 and a > —2/p as 
a  > —1. FVom [4], (2.9) we get

l l * r - W  IIiJw = II i i - 'w i l i j , . , . _ , , . , -  

Í m 1/ 2**-1 / 4 ,1 < p < 4  f n l /2p~1̂  , l < P < 4
~  \  m - d / i 2- i / 6p) f 4 < p < oo. ~  I  n - ( i / i2+ i/6p) ? 4 < p < œ

(2 .21) is proved from (2 .20) and the fact that n ” (1/ 12+1/6?) < U1I2P-1I4 
for n G N, 4 < p < oo. q.e.d.

Lemma 5.

(2 .22) ess supAn(*; a , a  — 1/ 2 , 1) < C , a  > —1/2
(2.23) An(*; a , a  -  1/2, 0) < C , a  > - 1 /2

Here An(* ;a ,7 , i )  is the Lebesgue function, defined by
OO n

(2.24) А п( і - а ,Ъ 6) = (А 6п)~'f  \Y ,A * n_kL ak (x )L Î(t) \
o *=0

where

(2.25) A* =  (  + Ä

PROOF. (2.23) was proved in ([3] p. 30-31). Putting r  =  —1/4 into
[8], Corollary of theorem 1, we obtain

Il ( C , l ) t  11 (¾ ,. . , , , , ]  £  C .
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However

Il (C, ! ) “ H [^(a-i/2)]=  ess 1 / 2 ,1 )

(c.f. [3], (4.19)) so we get (2.22). q.e.d.

III. The proof of the Theorem

Using the notation (2 .2) we shall show the existence of a constant C  
such that

(3.1) I l  Pn{x)Il L J f f a j <  C n xjI l  ||£~(e)

for every pn G V n , and this inequality is sharp. Let pn G V n be arbitrary, 
then

I l  Pn(X) II t J f i i i i  =  I I  V"t-dPn,x) II t J f l a l
=  II 2( C , l ) S ( p , ; x ) - ( C , l ) S > ( p * ; x )  | |t jH ( a )

<  2 I l  ( C , l ) K ( p „ ; x )  ||t i ia )  + H (C ,1  I l L t f a j
< {2I(2n -  1) + K n  -  1)} y Pn( , )  ||t » (a)

where

00 n

i M =  JE ( ' - ^ i ) w f O
~oo k~°

e-S /2 \t\a/2dt

LH(a)

^ b / 2  + v ^ V ^  oo

=  J  +  J  + J  (n).

_ ° °  - 077?  y / l v /2
n 00

h(n)  < p  (1 -  ^ )  I  Ii Н Ц г)  IUtlal \H°k ( t) \e - ' ' IH°l4 t
yjtTj2

< J2Il Я*(*) ІІЧ(а) /
k=0 J ---

y 3 i ^ / 2



202 Nguyen Quang Hoa

Hence, using lemma 3. and lemma 4, we obtain

n 0 0

h ( n )  < C ^T  ̂ k1S4 f  x l !2e~~lx dx
I A Jk=0 j--------

V W 2
oo

(3.2) < C n 5' 4 J
V^V2

< C n5Z4e- ^ n ' 1/ 4 < C ne7n < C 

Analogously, we can see that

(3.3) h { n ) < C

Now, let us prove that / 2(n) < C n1/ 2 Let n =  2m +  1 (the case 
n =  2m can be dealt with in a similar way with slight modification)

2m +  l

E ( ^ d h r ) * r w * i w -  £  ( ‘ - s r P i ) * « * ^ * )
Jb=O 4  7  * = 0  v  7

=E (1 - 2^ 2) 4(*)4m +£ (i - ërà) *s*.w*&*.w 

= E ( i - ^ r V > ^ V >
j =0 x x

+  E ( > - ^ r ) ^ ( . 2 ) ^ ( * 1> <

~  (2m +  2 ) Ë  h '  (1¾ * '  (!2) і ( = : Л і + А 2 +  Лз

, - O O
«■>- I  IS O -^ 5)

- J Ï Ï T 2 —

H 2 ( x ) H W e Í~ |a : í |“^2cíx<ií

3  V ^ o o
< 4 ^ ^  f  [ \A j \ e

J=in 0
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Putting X  = £2, r 2 , we get
3^/2 00

h ( n ) = c j  J  E(i-^)v '(ov'w
0 0 J- 0
3v/2 0 0

^ / / | 0 - ^ ) ^ f 1 (r )
0 0 J _ 0  

3*^/2 oo

e i^~(^T)a^4d^d

+ C S S
0 0

3 ^ / 2  oo

1 *1A A a±i . «±L
^ T 2j E V  < « V  Wv 7 j=0

e ^ ( ^ r ) " ^ d ^ d r

= c J  IE (1 - dn) i F 1W p 1M
0 0 J _ 0  

3 ^ / 2  oo m

+c S  JE (1 - dn) (0£̂ (T)
0 0 J_0

3 t / /2  oo

+ (2TTi A 2) 

3 i / / 2

S S0 0 J=O

= C  JAm(r  ; ~ 2~> ^ у ^ ’ O r  1/2<ÍT 
0

З и / 2

+ C JAm ( r ; ^ i i ,  ^ , l ) r _1/ 2d r

3 i / /2

+ (2m A 2)

Hence (2.22) and (2.23) of lemma 5. yield

(3.4)

3 i / /2  3 t / /2

h ( n ) < C  [  T~1/ 2dr + C -̂— — /  Id r
J  2 m  +  2 J2m 4~ 2 
o o
< C v l ' 2 < C n 1' 2
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(3.2), (3.3) and (3.4) lead to (3.1).

FinaUy, we show that (3.1) is sharp. We can choose the test polyno­
mials as foHows:

(3.5) pn(x) := {HZ(x )  -Я “_2(х)} (x G R , n >  2)

Then, for 1 < p < oo, by (2.21)

Il P n (* )  1 1 ¾ .  =  Il K ( x )  -  e ; _ , ( z )  IIi Ji la i -  » ■ /» ' - • /<

Consequently,
l|pn(*;iiL H(a)  1 / 2-- - - -  ~  n *

Thus there exists а constant C  > 0, such that for each n G N

I l A ( * )  H . > c ^ 1 I l A ( * )  I U - . ,

This completes the proof of the Theorem, q.e.d.
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