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A d d itive functions vanishing outside a given  
set o f  prim es. Part I: L im iting d istribution  

on short intervals

By JÁNOS GALAMBOS* (Philadelphia, PA) and 
KARL-HEINZ INDLEKOFER (Paderborn)

The main results

Let / ( n )  be a real valued strongly additive arithmetical function; that 
is, /(n ra )  =  / ( n )  +  /(m )  for coprime n and m, and f ( p k) =  f (p)  for all 
primes p and integers k > 1. Throughout the paper p, as a variable, goes 
through the prime numbers. For x >  2, let E x be a given set of primes 
satisfying

(1) for aU p G E x, p < x 9^

where

(2) 0 < g(x) ^  0 and x 9^  —»• +oo as x ^  +oo.

Define the strongly additive arithmetical function f x(n) by f x(p) =  f (p)  if 
p G E x and /x(p) =  0 otherwise. Our aim is to investigate the distribution 
of the values of f x(n ) as n goes through the integers between x — y and 
x , where y = y(x) ^  +oo with x but with some limitations as to how 
small it may be. We say that f x(n) has a limiting distribution F(z)  on 
the interval x — y < n < x, 0 < y < x,  if F(z)  is a proper distribution 
function and, for all continuity points z of F(z) ,

(3) Iim vX}y { f x(n) < z j  = F(z)  as x ^  +oo,

where ^x,y{- • • } =  N x ŷ{ . .. } /y  and N XjV{ ... } signifies the number of in
tegers x — y < n <  x for which the property stated in the dotted space
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holds. Notice that Hm uXjy{A} = d(A)  becomes the natural density of A  
if y =  X .

One of our results is a necessary and sufficient condition for (3) under 
the sole assumption y > x h x̂\  where

(4) b(x) =  r(x) max
’ 2e(log log x)(log log log x)
9 < i ) i --------------- b T * ---------------

with an arbitrary r(x) f  +oo with x such that 0 < h{x) < 1. Hence, in 
view of (2) and (4), we can choose y(x) over a wide range, including y(x) =  
x, thus extending and unifying a variety of results previously known for the 
special case of natural density only. Note also that, if all prime divisors of 
n are outside the set E x, f x(n) = 0, and thus the essential contribution to 
the set of values of f x(n ) comes from a subset of the consecutive integers 
rather than  from the set of all consecutive integers. In this sense, the work 
is also related to, although not overlapping with, the papers of KÁTAI [7] 
and [8] deaHng with the distribution of the values of additive functions on 
the particular subset “primes plus one” of the integers.

Before the formulation of the main results, let us explain the assump
tion at (1 )  and (2 ) .  It is known (DlCKM AN [2]) tha t the set of integers n 
whose largest prime divisor P(n)  satisfies

Iim [log P (n )] /lo g  n < a as n —>• +oc

has positive density, where 0 < a < 1 is arbitrary. Therefore, if the 
restriction at (1) and (2) on E x were dropped, the single term f (P(n) )  
would have an influence on the limiting distribution of f x(n ) when E x is 
a “rare set” (such as in the case of CoroUary 2 below), while /(P (n ) )  has 
no influence on Corollary 1 below. Consequently, a unified approach were 
not possible to these cases.

The main results of the present paper are as follows.
Theorem  1 . Let E x satisfy (1) and (2). Let r(x ) be an increasing 

function tending to inßnity with x and'such that h(x) of  (4) satisfies 0 < 
h(x)  <  1. Then, for any y = y(x) satisfying Xh^  <  y <  x, (3) holds if, 
and only if, as x -^  +oo,

(5) ^ o = n _ H ) ( i  + 7 ^ ) - * W .

where ip(t) is a function continuous at t = 0 .
Notice that y(x) does not appear in (5). Hence, f x(n ) has the same 

asymptotic distributional properties for all permissible y of the theorem. 
The following coroUaries extend the resrdts of ERDÖS and W lNTNER [4] 
and of D E  KONINCK and GALAMBOS [1] to short intervals; consequently, 
these quoted results are unified by our approach.
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Corollary 1 . Let E x be the set o f all primes satisfying (1) and (2). 
Then, for all y o f Theorem 1, (3) holds if, and only if, each o f the series

W  E  ^ E  ^ - E  ,1
I/WI<1 F I/WI<1 y  l/(p)l>i

converges.

Corollary 2 . Let E x be such that, in addition to (1 ) and (2), i fp  G E x 
then p ^  +oo with x. Let f (p)  =  1 for all p and assume that, as x ~> +oo,

(7 )  ^  -  ^  Л, where 0 <  Л <  + o o .
P t E x P

Then, for all y o f Theorem 1, as x - ^  + o o ,

( 8 )  " x , y { f x ( n )  =  k }— > - - - - -  ,

It is w ell k n o w n  in  p ro b a b ility  th eory , for w h ich  in  th is  n u m b er th e 
o r e t ic  co n te x t  th e  m o st co n v en ien t referen ce is  ELLIOTT [3], p p . 2 7 -2 8 ,  
th a t  (3 )  is eq u iv a len t to  th e  Hmit re la tio n

(9 )  Iim  — V  e x p [ it  f x (n)  1 =  V>(t), t rea l,
x = + o o  y  ^ j  1

x - y < n < x

w h ere  y>(t) is a co n tin u o u s fu n c tio n  at t  =  0. H en ce, th e  fo llo w in g  resrdt 
im m e d ia te ly  im p lies  T h eo r em  1.

Theorem  2 . Wïth the notation and assumption o f Theorem 1, as 
x - ^  + o o ,

(10) ŶexP[*̂  fx(n)] = yП  f 1 — “1 f 1 +   r-)+o(y)-
x-f^n<x p t l V  P) V P - I

Tools from the  litera tu re

In this section we collect a number of results from the literature which 
we need in the proof of Theorem 2.

Lem ma 1. For all real x >  2,

z h ( - & ) * «
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where c > 0 is a universal constant.
PROOF. S in ce , for p <  x, (lo g p ) - 1 e x p [ —( l o g x ) / l o g p ]  is  s tr ic t ly  

in cr ea sin g  in  p , th e  a sy m p to t ic  form u la  (see  C h a p ter  22  in  HARDY a n d  
WRIGHT [5])

( 11) £ ^ £ = log*  +  0 ( l)
p < X

en ta ils  th e  in e q u a lity  o f  th e  lem m a .
For the next statements we introduce further notation. Let r*(x) be 

a positive and increasing function which tends to infinity with x. We set

MO) _ * / _ 4 ________ Л / - Ч  2 e ( lo g  lo g  x ) ( lo g  log  lo g  ^
(12) g (x) max (y(x), Iogx J

and

(13) G(x) = X9(x\  T  =  =  I r’ ( l ) », ( l ) .

Lem ma 2 . There exists a constant C\  such that, for Iogx < w < G(x),

<C ex p
T<m

P(m)<w

У 2  -  -  C1 lo g
^ p

w here u =  ( lo g  T ) /  lo g  tv andP ( jn ) is

PROOF. B y  an  id e a  o f  RANKIN [9] on e  o b ta in s  (se e  lNDLEKOFER [6], 
p. 268 for fu r th er  d e ta il)

E b <E ©*і«ехр(ЕІ + с2„-£1о6т).
f < m  T<m \P<W )T<

P(m)<w P(m)<w

where 0 < e < 1/3. By an appropriate choice of e, the lemma now follows.

Lem ma 3. For a given h(x) of  (4), let r*(x) satisfy r*(x) <  r(x )/2 . 
Let y =  x h(x\  Let an be the n-th integer exceeding x — y (i.e., an =  
x — y +  n), and let bn be the product of all prime divisors o f an which do 
not exceed G(x). Denote by K(y; p, s)  the number o f integers n < y for 
which p divides bn and each prime divisor o f bnj  p is at least s. Then, for 
^ < J l3/ 2 and s < G(x) ,

K{y\ Vi s ) =  — TT (  1  ') (1 +  ^ i  +  R 2 )>
^ ; < A  py
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where
R i =  o { e x p  [ - u ( lo g u - lo g lo g 3 u - 2 ) ] |,  =  o |e x p  [ - lo g * (y /^ ) ] |,

a n d u =  [ log(y/^)j /  log s.

PROOF. Such a conclusion is a typical consequence of Selberg’s sieve. 
The details of proof are identical to the one given by EbLIOTT [3], p. 79 
and pp. 84-86, which we do not repeat here. Note that

3 <  G(x) < T  1Z2 <  < у/ц.

The proof of the  main results

Put
Fx,y(z) = Vx,y{f

Then
Ч-СХЭ

I  e,tzdFXiy(z) = ~ exp / x(n )],
- O O  y  * -

and thus, as mentioned at (9), Theorem 1 is an immediate consequence of 
Theorem 2.

PROOF of Theorem 2. Let an be the n-th integer exceeding x — y. 
Write an = bnB n , where each prime factor of B n exceeds G{x),  while for 
p I bn we have p < G(x).  Hence, f x(an) =  f x(bn). Consequently, we have 
to estabHsh an asymptotic formula for

(14) V*,*(i) =  -  Yexp Iit •
n<y

W ith the notations at (12) and (13), we split up the above sum according 
as bn < T  or bn > T, and denote the respective sums by ^  i and ^  2- We 
first estimate J^ 2, an^ show that its asymptotic value is o(y). Clearly, in 
view of the assumptions on T  and the prime divisors of bn, every bn > T  
can be w ritten as bn = pm,  T  < p < T 3/2, and p | m entails p > P{p)  =  s, 
say. Hence, upon denoting by Q{d) the smallest prime divisor of d, we get

E2S E E 1 s E E E ».
T < n < T 3/2 n<y  3<G(x) T / s < ß i < T 3/2/ s  n<y

bn=fim,  Q(m)>s  P( ^i ) <s  Pis\bn
Q(bn/ i i i s)>3

where the last estimate is obtained by first writing p =  sp\  and then 
letting s run through aU primes upto G{x).  We now apply Lemma 3 to
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the innermost sum in the last expression. Hence, by changing s to our 
customary notation p for primes, and dropping the subscript, we have

(15) E2 « yE \ П (1 - ̂ ) E
p<G(x) p* < p 4   -------~T | p < p < T * l ' / p  

P ( p ) < P

We further split the summation over in 2i we sum for log and 
in Y l 22 for Iogx < p < G(x).Now, when estimating Yl  2i> we once more 
utilize Rankin’s method and estimate the inner sum by

GT nx y /  p*<? fc>l

where we choose e =  l/ lo g lo g z . By applying the elementary inequalities 
1 — a < e~a and 1 +  a < ea, a > 0 , and appeaHng to

Y ^  -~  log log 2,
p < z

we get

Eil « E
p < lo g  x P log

exp
log T  -  log

loglog X
+  e log log log x

which is o (l) in view of (12) and (13). The asymptotic formula ^  22 =  o(l) 
is immediate from Lemmas 2 and 1.

FinaUy, we turn to ^ 1. Note that the same value b =  bn comes up 
several times. In fact, the exact form of ^ 1 is as follows

E1 = E exP̂  ^ 6)] E 1 •
b<T  

P(b)<G(x) b\an, Q ( a n / 6 ) > G ( x )

Now, the inner sum, by the sieve formula of Lemma 3 (by appropriately 
changing its notation), equals

П
p<G(x) - Ï )

[1 +  0(1)] .

Therefore, upon noting that, by Lemma 2, the sum of

6_ 1|exp[ii f  1/6 

over b > T  and P(b) <  G(x)  is small, we can sum for all b with P(b) <
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< G(x), which, by the strongly additive property of / Х(Ь), leads to the 
product

_  /  e ' t f z ( p ) \

П О + тгг)-
p<G(x)  4 У 7

This completes the proof, because f x(p) =  /(p )  for p < G(x).
The coroUaries are immediate from Theorem 1. In the case of Corol

lary 1, the limit in (5) becomes an infinite product whose convergence is 
equivalent to the convergence of the three series of (6 )  (see EbLIOTT [3], 
Chapter 5). In CoroUaxy 2, f (p)  =  1, the smallest p ^  +oo with x, and 
(7) appHes. By taking logarithm and Taylor’s expansion in (5), we get that 
the Umit in (5) does exist and equals y>(t) =  exp[A(e** — 1)]. This specific 
form of the limit makes (5) and (8) equivalent (see ELLIOTT [3], pp. 28 
and 52).
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