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Einstein-Finsler vector bundles

By TADASHI AIKOU (Kagoshima)

Abstract. In the present paper, we shall be concerned with Einstein-Finsler bun-
dles, and study the semi-stability of them.

§0. Introduction

Let # : E — M be a holomorphic vector bundle over a complex
manifold M, and p : PE — M the projective bundle of E. If a complex
Finsler structure F' is given on F, a natural connection on the pull-back
E = p~'E is defined, and the differential geometry of (E,F) has been
studied (cf. ABATE-PATRIZ10 [1], AIKOU [2, 3], FARAN[4], KOBAYASHI [5,
7], PATRIZIO-WONG [9], ROYDEN [10], RUND [11]).

In this paper, we are concerned with Einstein-Finsler bundles. This
notion has been introduced by KOBAYASHI [7] as a natural generalization
of Hermitian case, and the following problem is proposed:

What are algebro-geometric consequences of the Finstein-condition?

The original definition of Einstein-Finsler condition due to KOBAYA-
sH1 [7], however, has no invariant meanings as he pointed out himself.
Hence the first purpose of this paper is to give the definition of Einstein-
Finsler condition so that it has an invariant meaning, and to discuss
Einstein-Finsler bundles (cf. Chapt. IV in KoBAvAsHI [6]). We define
Einstein-Finsler condition in terms of the curvature tensor of a partial
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connection, not of a Hermitian connection. The second purpose is to dis-
cuss the semi-stability of Einstein-Finsler bundle over a compact Kéahler
manifold.

In §1, we recall the notion of complex Finsler structures on a holomor-
phic vector bundle and its partial connection, and in §2, we shall show some
properties of its curvature which plays an important role in this paper.

In §3, we introduce the notion of Finstein-Finsler bundles in terms of
the curvature tensor field of the partial connection, and in §4, we shall show
a vanishing theorem of Bochner-type for holomorphic sections of complex
Finsler bundles. In §5, we are concerned with the second fundamental
form of partial connections. In §6, we shall discuss the semi-stability of
Einstein-Finsler bundles over a compact Kahler manifold under a special
condition.

We shall introduce some basic notations. Let M be a complex man-
ifold of dimension n, and E a holomorphic vector bundle of rankr over
M. Each fibre E, is a complex vector space of complex dimension r. In
the case of r = 1, any complex Finsler structure is Hermitian. Hence,
throughout the remainder of the paper, we shall always assume r > 1. We
denote by p : PE — M the projective bundle associated to E, and E the
induced bundle p~'E over PE:

E L2 E

7| |=

PE — M
p

We denote by LE the tautological line subbundle of E:
LE :={(v,V) e Ex PE;veV}.

There exists a natural homomorphism 7 : £ — LE which maps E* biholo-
morphically to LE*, where E* (resp. LE*) denotes the open submanifold
of E (resp. LE) consisting of the non-zero elements.

Let {U,(2")} be a complex coordinate system of M, and {m~(U),
(2%,£9)} the induced complex coordinate system on E with respect to a
holomorphic frame field {si,...,s,} on U.
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Definition 0.1. A complex Finsler structure F' on E is a real valued

function satisfying the following conditions:
(1) Fis C*-class on E*;
(2) F(z,&) >0, and “0” if and only if £ = 0;
(3) F(z,A¢) = |\ F(z,€) for VX e C.

If a complex Finsler structure F is given on E, the norm |&|| of an
arbitrary section £ € I'(E) is defined by ||£(2)]| = v/ F(z,&(z)). Moreover,
a Hermitian structure h on L(F) is introduced by h(7(£(2))) = F(z,£(2)),
and so there exists a one-to-one corresponding between Hermitian struc-
tures on LE and Finsler structures on E (cf. KOBAYASHI [5]).

We shall use the following notation throughout this paper:

a? (resp. AP): the space of p-forms on M (resp. PE),
aP? (resp. AP-?): the space of (p,q)-forms on M (resp. PE),

AP(E) (resp. AP4(E)): the space of E-valued p-forms (resp. (p, q)-forms)
on PE,

aP(E) (resp. a?(E)): the space of E-valued p-forms (resp. (p, q)-forms)
on M.

§1. Finsler structures and partial connections

For any local holomorphic frame field s = (s1,...,s,) of E, we denote
by (z,&) = (2%,..., 2", &Y, ... &) the induced local coordinate system on
E, and by (z, [£]) the point of PE represented by (z,&). A complex Finsler
structure F' is said to be convez if the Hermitian matrix (F};) defined by

2
(1.1) F; = aalF_
e
is positive-definite. In the following, we always assume the convexity of F'.
By the condition (3) in Definition 0.1, matrix components Fj; defined by
(1.1) are functions on PE.
Putting Z! = £ o p, we take (z,[£],Z) = (2%,..., 2", &+ -0 1 €7,
Z. ..., Z") as alocal coordinate system for E. Then, for VZ, W € A°(E),
a Hermitian structure H on E is defined by

H(ZW):=> F;Z2'W/.
(¥}
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The Hermitian connection V : A°(E) — A'(E) in (F, H) is given by the
form

, - -~ OF 7 = OF.7

T . li o li gl @ li gl k
(12) 6 ._zl:F f)Fjl—%:F oot +%;F adef .

A Finsler structure F' on E is a Hermitian structure on £ if and only
if the second term in (1.2) vanishes identically.

We shall introduce a partial connection in (E, H) which is the main
tool in this paper. The partial connection D is defined as a covariant
derivation in transversal direction to the fibres of PE. For the cotangent
bundle T, of PE, we shall introduce a C'*°-splitting by defining the left
splitting o of the exact sequence

0 —H" —Tpp p— (kerdp)* — 0

o(dgh) == dg +) 03¢
J

The set of local 1-forms {dz',...,dz",0%, ...,0"}, 0" := o(d¢?), is a local
co-frame field for 175, and it defines a C'*°-splitting

where H* is locally spanned by {dz!,...,dz"}, and V* by {6%,...,0"}.
We shall denote by pp, : A%Tpp) — A°(H*) and py, : A%Tpp) —
AY(H*) the natural projections with respect to the splitting (1.3) respec-
tively. Then we shall define a homomorphism D := D' + D" : A°(E) —

A ((H ®H)* ® E) so that the following diagram is commutative.

AO(E) L) A° ((TPE & TPE)* (%9 E)

| o

AYE) —— AO((H DH)* ® E)

For V Z € A°(E), we shall define

DZ = (py®1)oVZ.
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In the following, we shall show the local expression of D. For this purpose,
we rewrite the form 6?;- as follows:

(1.4) 0f = I7,dz" +Z 0",

where we put

’ ZF“ <3za Z @ agm) ’ : ZF“ 3£k )
TmaFlT
Na Z ZF aza

J

We define operators 9,0y : A° — AM0 by 0y 1= p}, 0 9, and by 0y =
0 — Oy respectively. Then

d
Onf = fdQ-:Z((fZJ;—ZN;”g)dza,
vf —Z gen 0" = 0F —onf

for V f € AY respectively. Then, by definition of 93, we get the following:

Proposition 1.1. For the given complex Finsler structure, the follow-
ing identity holds:
onF =0.

In terms of 0y, the first term of (1.4) is written as follows:

(1.5) whi=Y Ildz® =Y F"0yFj;.

T

The (1 0)-part D' : A(E) — A“9(E) and the (0, 1)-part D" : A%(E) —
AYY(E) of D are given by

D'Z = (ph® 1)(VZ), D"Z:=(py®1)(VZ)



368 Tadashi Aikou

respectively. Their local expression are given by

D'z =3 (w7 + 3 270, ) @ 5i= 3 (DaZ') d® @5,

«

D"Z = Z OnZ' @ s;

for VZ = Y. Z's; € A%(E). D = D'+ D" is a partial connection in the
following sense.

Proposition 1.2. Let (E, F') be a complex Finsler bundle. Then the
homomorphism D : A°(E) — A'(E) is uniquely determined in (E, F) and
satisfies

D(fZ)=dnf® Z+ fDZ

forVf e A and ¥V Z € AY(E), where we put dy := 9y + Ox.

PROOF. Since the operator 0y is uniquely determined from F', and
by (1.5), the operator D is also determined uniquely from F'. The second
assertion is obvious from its definition. O

The Hermitian connection V in (E, H) is metrical:
dH(Z,W)=H(VNZ, W)+ H(Z,VYW).

The partial connection D, however, is partially metrical, that is,

Proposition 1.3. ForV Z,W € A°(E), the following identities hold:
(1.6) dyH(Z,W)=H(DZ, W)+ H(Z,DW),

(1.7) D'Fyj:= 0yF5 =) Fyjwi" = 0.

§2. Curvature of partial connection D

In this section, we shall state some important properties of the partial
connection D. For this purpose, we shall prepare some lemmas.
First, extending the operator 9y, to the space AP, we have
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Lemma 2.1. The (1,0)-form w defined by (1.5) satisfies
8Hw§- + Zwﬁ Awi = 0.
'

PRrROOF. This equality is obtained by direct calculations. In fact, if
we write

ﬁHwé—l—Zwi/\w ZRaﬁdz Ad2P,
we get
% o %
jas = 52 lis — 7FN+ZFM 38~ wa

From I'j =37 F™0Fjz /62, direct calculations give
]

, .
Rias =Y CiRhs,
l,m

where we put

_ O6N.  ONg

0B T 5B T gga
On the other hand, by definition, we get also the following relation:

Zéﬂ jaB = Zcﬁ
J

These relations and the identity Y- £7C%; = 0 imply R}, 5 = 0. O
J

By the proof above, we also have the following
Lemma 2.2. 93, f =0 forV f € A°.

PRrROOF. By direct calculations, we have

1 ONG N™
(972.[f:22< ﬂ—6a>afdz°‘/\dzﬁ

S~ 5z 028 ) ogm
1 m Of . 3
_sza:ﬁRaﬁafmdz Adz".

Since Rj; =0, we get 03,f =0. O
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Secondly we shall extend D to the space AP (E) in the usual way, that
is, for V 3" ¢(z, [£])! @ s; € AP(E),

D' (Z ' ® Si> =Y ' @si+ ()P Y ¢'AD's;,
D" (Z (ﬁi & SZ) = Z 57{(# ® S;.
Then we introduce an End(E)-valued (1,1)-form R = (RY) by

(2.1) = Oy ;—Z ]agdz AdZP,

where we put

ST A 2F. LOF7 §Fin
) Jo sz Jjm F m )
Rjap = I %: (5730‘525 ; bz 5zP )

)

Then we have the following fundamental theorem.

Theorem 2.1. The partial connection D = D' + D" satisfies
D'D'=0, D"D" =0, DD =D'D" + D"D,
and forVZ € A°(E)
(2.2) DDZ = R(Z),
where R € A% (End(F)) is defined by

i,

PROOF. The first assertion is directly derived from Lemma 2.1
and 2.2. We shall prove the equation (2.2) only. Since DD(fZ) = fDDZ
for V f € A%, it is sufficient to prove DDs; = > 02™s,,. By definition of
D’ and D", we get m

(D/D// + D//D/)Si _ D//D/Si _ D// (Z Wzm-5'm>
m

= On (Z wlmsm> = Zﬁlmsm
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So we have completed the proof. O

Proposition 2.1. The partial connection D satisfies
ononH(Z,Z) = H(DZ,DZ) — H(R(Z), Z)

for any holomorphic section Z of E,

In this paper, we call R the curvature of D.

§3. Einstein-Finsler condition

Let (E,F) be a complex Finsler bundle over a Hermitian manifold
(M,g), g =3 go5(2)dz™ @ dz°. We shall define the mean curvature K;;

a7ﬁ

of (E, F) by the partial mean curvature of (E, H), that is, the g-trace
i._ Ba pi
K= g™ R
75

where R;a[} is the curvature tensor defined by (2.1). Putting K;; :=
> F; K", we shall define a Hermitian form K by

K(ZW)=> Kj;Z'W’
i,J

for VZ,W € A°(E).

Definition 3.1. A complex Finsler bundle (E, F) is said to be weakly
FEinstein-Finsler if the partial mean curvature K of (E, H) satisfies

(3.1) K = ¢(2)F;

for a function ¢ on M. If the factor ¢ is constant, (E, F') is said to be
Einstein-Finsler.

Remark 3.1. (1) We note that the original definition of K} of KOBAYA-
SHI [7] has no invariant meaning, since the quantities R 50 [7] is not
a tensor field (See (5.6) in [7]). Our definition of K, however, has an
invariant meaning because of the tensority of R;.a 5
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(2) If the given F' is a Hermitian structure, that is, F(z,{) =
> hij(2)€'€7, the curvature 2/ = 37 R;.aadz“ A dZP of D is just the one
i,j a8

of h = (h;;). Hence our definition is a natural generalization of Hermitian
case.

In the rest of this section, we are concerned with conformal changes
of complex Finsler structures. A conformal change of F' is defined by
F — F := ¢“*)F for a smooth function u(z) on M.

Lemma 3.1. The curvature R of D in (E, F) is given by

Q) = 0 + d0us.

PROOF. Since the connection form d); of D is given by (:J; = w} —I-auéj»,
the functions N ¢ derived from F is given by

.  du
N! = N! + —¢&".
* ot 0z
Hence the operator 0;; satisfies
0
Opf = vl 6" L o

o™
for V f € A%. By this relation and the formula
or:

Z 8535 3 0,

m

we get easily our assertion. Il

By this lemma, the mean curvature K ]‘ of (E, F) is given by
(3.2) K} = K; + Oud;,

where we put

5 0%u
e § Ba
Hu = 5 I 9rapih

Hence we have
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Proposition 3.1. Let (E, F') be a weakly FEinstein-Finsler bundle with
factor . Then (E,e“*)F) satisfies the Einstein-Finsler condition (3.1)
with factor ¢ + Cu.

Moreover we have

Proposition 3.2. Let (E, F') be a weakly Einstein-Finsler bundle over
a compact Kéhler manifold (M, ®). Then there exists a conformal change
of F'— F such that (E, F) is an Einstein-Finsler bundle.

PROOF. The proof is similar to Proposition 2.4 of Kobayashi [6]. For

the constant ¢ defined by
c / o" = / eP",
M M

the harmonic theory on M implies that there exists a function u(z) on M
satisfying ¢ — p(z) = Ou. If we consider the conformal change F' — F =
e*G)F for this function u(z), Proposition 3.1 implies f(} = 0(5;, and so
(E, F) is an Einstein-Finsler bundle with constant factor c. O

Remark 3.2. In the case of F' = Zhﬁ(z)f"'g, the constant ¢ is given by
,J

B fM eP"  2nmdeg(E)

T e T T vol(M)

(3.3)
where the degree deg(FE) of F is defined by

deg(E) := /M ci(E) NP1,

Hence the constant ¢ depends only on the cohomology class of @ and the
first Chern class ¢1(E), not on the Hermitian structure h (cf. KOBAYA-
SHI [6], p. 104).

The mean curvature KJ’ in (3.1) may be considered as an endomor-
phism of the bundle E. We do not know whether there exists an Hermit-
ian structure on E whose mean curvature is KJZ in (3.1), except the case
where (F, F) is modeled on a complex Minkowski space (cf. §6). Hence,
in general, the constant ¢ in Proposition 3.4 depends on the given Finsler
structure F'.

In general, for the given two Finsler bundles (E, F) and (E’, F’), we
do not know the natural way to define a Finsler structure on the tensor
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product E® E’ in a computable form. In the case where E’ is a line bundle
L, however, we can define a Finsler structure FF®* on E ® L as follows.
Since any Finsler structure F'* on a line bundle L is a Hermitian structure,
for any section A of L we may put

(3.4) FE(z,0) = a(2) A2,

where a(z) is a positive-valued C*°-function. Then, for V¢ = > &'s; @ t €
a’(E ® L), we shall define FE®L by

FEOL(2,€) = a(2) F(2,€).
Then, by Lemma 3.1, the curvature RF®L of FF®L is given by
RE®L = RE @1 + Ip ® 00loga(z),
and the mean curvature K¥®F is given by
KP®L — KE @1 + Iy ® Ologa(z).

Hence we have

Proposition 3.3. Let (E, F') be a weak Finstein-Finsler bundle with
factor ¢, and (L, F*) an arbitrary line bundle with a Hermitian metric
(3.4). Then the tensor product E ® L admits a weak Einstein-Finsler
structure with factor ¢ + Ologa(z).

§4. A vanishing theorem for holomorphic sections

In this section, we shall show a Bochner-type vanishing theorem for
holomorphic sections of complex Finsler bundle (E, F').
Let ¢ = Y. (%(2)s; be a non-vanishing holomorphic section over an

open set U. We denote by PE¢yy C PE the image of ((U) by the natural
projection E* — PF, that is,

PE:wy :={(2,[((2)]) € PE; z € U}.

We also denote by (p the corresponding holomorphic section of LE over
PE¢ ). For the holomorphic mapping f¢ : z € U — (2,[((2)]) € PE, we
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get the following commutative diagram:

LEX I EX

] Te

PEC(U) — U
fe

We say that a holomorphic section ¢ = Y (%(2)s; is parallel with
respect to D if it satisfies D(p = 0 on PE¢ (), that is,

2 [¢(2)]) = 0.

(4.1) D, (¢t =

For any holomorphic section ¢ of E, we show the following Weit-
ezenbock-type formula.

Proposition 4.1. Let (E, F') be a complex Finsler bundle over a Her-
mitian manifold (M, g). For any holomorphic section ¢ of E, the following
identity holds:

OF(2,¢(2)) = | D'¢pl” — K(CpyCp),

where '
ID'CPlI” = > g%(2)Fij(2, [((2)]) Dl DyCi.
a,B,i,j

ProOF. For any function f, we have D”"D'f = 0n0nf. We shall
apply this to the function f(z) = F(z,({(z)) = H({p,(p). Proposition 2.1
implies

OO H(Cp,Cp) = —H(R(Cp),Cp) + H(D'¢p, D'Cp).
Hence we get
00f = —H(R(CP),Cr) + H(D'Cp, D/<p).

By taking the g-trace of the equation above, we complete the proof. [

By this formula and the maximum principle of E. Hopf (cf. Theo-
rem 1.10 in p. 52 of KOBAYASHI [6]), we can show the following Bochner-
type vanishing theorem for holomorphic sections:
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Theorem 4.1. Let (E, F') be a complex Finsler bundle over a compact
Hermitian manifold (M, g).

(1) If the mean curvature K is negative semi-definite on PE, then
every holomorphic section ( of E is parallel with respect to D,
that is,

D¢p =0,

and satisfies
K(¢p,Cp) = 0.

(2) IfK is negative semi-definite on PE and negative definite at some
point of PE, then E admits no nonzero holomorphic sections.

By this theorem, we have

Proposition 4.2. Let (E,F) be an Einstein-Finsler bundle over a
compact Hermitian manifold with constant factor .
(1) If ¢ = 0, then every non-vanishing holomorphic section of E is
parallel with respect to D.
(2) If ¢ <0, then E admits no nonzero holomorphic sections.

§5. Partial second fundamental form

In this section, we shall define a (1,0)-form which plays a role of the
so-called second fundamental form. Let (F, F) be a Finsler vector bundle
over a compact Kahler manifold (M, ®) with a convex Finsler structure F'.
The Hermitian structure and the partial connection on the induced bundle
E is also denoted by H and by D respectively.

Let S be a holomorphic subbundle of E with rank s, and S the induced
bundle p~1S over PE. We denote by Hg the restriction of H to S, and
by Dg the partial connection on (S, Hg). Then we define

A(Z) = (D - Ds)Z

for a section Z € AO(S'). For the quotient bundle Q := E / g, it is proved

easily that A is an End(S,Q)-valued (1,0)-form. We shall call A the
partial second fundamental form of (E, Fs). We say that a section Z of E
is partial-holomorphic if it satisfies

D"7Z =0nZ =0.

Then we have
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Proposition 5.1. The partial second fundamental form A vanishes
identically if and only if the exact sequence

(5.1) 0-S—E—-Q—0

splits H-orthogonally and partial-holomorphically.

PRrOOF. Suppose A = 0. This assumptlon 1mphes D|s = Dg, and so
D(A°(S)) ¢ AY(S). We decompose E as E = S @ S+, where S+ =~ Q is
the H-orthogonal complement. For V& € A%(S), ¢+ € A%(S+), we have

H(DE, 1) + H(E, DER) = dyH(E,£5) =

Thus we get D(A°(S+)) ¢ A'(S1). For an arbitrary holomorphic section
o of E, we write

c=¢4¢t

where ¢ € A%(S), ¢+ € A°(S1). Since o is holomorphic, oo = Oné +
OnE+ = 0. Moreover Oy = D" implies Iy & € A¥1(S), dptt € A%(SL).
Consequently we get

OnE =0, Opét =

which means that the splitting E = S @ S+ is partial-holomorphically.
Conversely, if we denote by Hg the restriction of H to the holomorphic

bundle Q, the partial connections Dg & Dgq of (S®Q,Hs @ Hg) defines

the one of (E, H). Thus we get A = 0. O

By direct calculations, the curvature form {2 of D can be written in
the following form:

(25 +ANTA *
(5:2) 2= ( * QQ+tAAA>’

where 25 and (2g is the curvature form of the partial connection induced
on the bundle S and @ respectively. Then we have

H(2(X,X)Z,2) = Hs(2s(X, X) 2, Z) — | A(X) Z]|*

for VX € TPE and V Z € A%(S).
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Now we shall introduce an analogy of first Chern form of vector bun-
dle. We shall set as

o(E) := 5295 o(S) := \/QTZQS;.

Moreover, for a non-vanishing holomorphic section ¢ of E on an open set
U C M, we shall consider the pull-back of ¢(E) and ¢(S) by f:

cc(B) = fie(E),  cc(S) = fe(S).

cc(E) and c¢c(S) are (1,1)-forms on U. For the Kahler form
D =/=13 go5(2)dz* Adz" on M, we know the following (cf. KOBAYA-
SHI [6], p. 55):

. n—1 ~ * J n
dC(E) = Cc(E')/\Q5 _TTL g(}g jglﬁj)é ’

_ 1., AU
de(S) : =cc(S) A"} =2mg<f< Z%;)dﬁ :
j=1

where the notion § means that g(o) := Zgo‘gaag for an arbitrary (1,1)-
form 0 =Y 0,53d2* Adz” on M.

Proposition 5.2. Let (E, F) be an Einstein-Finsler bundle with con-
stant factor ¢ over a compact Kahler manifold (M,®). For any holomor-
phic subbundle S of E, we have

4e(5) _ de(E)

(5-3) rank S ~ rank F

for any non-vanishing holomorphic section . If the equality holds, the
exact sequence (5.1) splits partial-holomorphically, and S, @) are Einstein-
Finsler vector bundle with the same factor .

PrOOF. From (5.2) we get

s Tr—S
2

\/gc(é):;rzgﬁ—zz:m;/\%

A=1p=1
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where we put A = (A4Y), A = Z AR dz*. The Einstein condition (3.1)

implies g (f¢ Z !2]) = rp. Hence we get

d(E) _ % gn

T 2nm

ngS) _ 2‘:0 " (fg iiA“/\A“)@”

A=1p=1

I

Because of g( TEAN tf_l) > 0, we get (5.3). The equality holds if and only
if A =0. The second assertion is obtained from Proposition 5.1. (]

If ¢ is defined on M, the constant factor ¢ is given by
(5.4) __ 2w / dc(E)
’ SO_?“'VO](M) [P

86. Semi-stability: Special Cases

In this section, we shall consider the semi-stability of Einstein-Finsler
bundles. We recall the definition of semi-stability in the sense of Mumford-
Takemoto (cf. KOBAYASHI [6], p. 134).

Let O(E) := £ be the sheaf of germs of holomorphic sections of E.
E is said to be @-stable (resp. P-semi-stable) if for any coherent subsheaf
F C € with 0 < rank F < rank F/, the following inequality holds:

deg(F) - deg(E)

wF) = rank F rank F/

= u(E)

(resp. <). LUBKE [8] gave a proof of the following

Theorem 6.1 (Kobayashi’s theorem). Let (E,h) be an Einstein-Her-
mitian vector bundle over a compact Kahler manifold (M,®). Then E is
&-semi-stable and (E, h) is a direct sum

(E, h) = (El,hl) ®---D (Ek,hk)
of ¢-stable Einstein-Hermitian vector bundles (Ey, hy),...,(E, hy) with
the same factor c as (E, h).

As shown in Proposition 3.3, for any (weak) Einstein-Finsler bundle
(E, F) and Hermitian line bundle (L, h), the tensor product E® L admits a
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natural (weak) Einstein-Finsler structure. Then, by the idea of LUBKE (8],
we get the following

Proposition 6.1. Let (E,F) be an Einstein-Finsler bundle over a
compact Kahler manifold (M, ®) with constant factor ¢. Let F be any re-
flexive subsheaf of £ of rank F =1, i.e. line bundle F. Then the following
inequality holds:

2nm
vol(M)

¢ > u(F).

PROOF. Since F is of rank F = 1, it may be considered as (the sheaf
of germs of holomorphic sections of) a holomorphic line bundle L. For any
holomorphic line bundle over a compact Kahler manifold (M, ®), we may

consider it as Einstein-Hermitian with constant factor ¢ = fo(l]’{/[)u(L).
The monomorphism F — £ induce a non-trivial holomorphic section f :
On — € ® F*, which is considered as a global non-trivial holomorphic
section of ¥ ® L*. By Proposition 3.3, F ® L* is an Einstein-Finsler
bundle with constant factor ¢ — . Since f is a non-trivial holomorphic
section of F¥ ® L*, Proposition 4.2 completes the proof.

If the equality hold, since the bundle E ® L* is Einstein-Finsler with
its factor ¢ — ¥ = 0, Propsition 4.2 implies that the holomorphic section
f is parallel with respect to the partial connection of £ ® L*, that is,
L is parallel with respect to D. Then the pull pack E splits partial-
holomorphically as E = E' ¢ L. O

At this time, we have no information about the semi-stability of
Einstein-Finsler bundles. The difficulty lies in the facts that, for the case
of rank F > 1, there exists no computable way to define a Finsler structure
on the tensor product ® F from the given Finsler structure F' on E, and
that the constant ¢ depends on the given Finsler structure F'.

On the other hand, if it is always possible to find a Hermitian struc-
ture on F such that its mean curvature is given by KJZ in (3.1), then any
Einstein-Finsler bundle is $-semi-stable. In general, we do not know the
existence of such a Hermitian structure. So we shall treat special cases

which are reducible to the case of Hermitian-Einstein.



Einstein-Finsler vector bundles 381

§6.1. Special case I. We recall the following definition (cf. AIKOU [2, 3]).

Definition 6.1. A complex Finsler bundle (E, F') is said to be modeled
on a complex Minkowski space if its partial connection D is induced from
a connection in E, that is, I}, = I'j,(2).

In a previous papers [2], we have proved

Theorem 6.2. Let (E, F') be a complex Finsler bundle which is mod-
eled on a complex Minkowski space. Then there exists a Hermitian struc-
ture hr in E such that D is induced from the Hermitian connection of hg.

Ezample 6.1. Let (E, h) be a reducible Hermitian vector bundle in the
following sense, that is, we suppose that (F,h) is splits holomorphically
as an h-orthogonal sum

(E7 h) = (Elv h/) S2) (Lv hL)a

where (L, h) is a trivial Hermitian line bundle. (e.g., E is the holomorphic
tangent bundle of the product manifold of a compact Hermitian manifold
and a complex torus.) Then, the structure group of E is reducible to
U(r —1) x 1. The Hermitian connection V of (E, h) is also splits as

V=V &d,

where d is the exterior differentiation on L, that is, the connection form w
of (E, h) with respect to a suitable holomorphic frame field of E is written

/
as w = (u{; 8), where w’ is the connection form of (E’, h’).

Let £ = & + &5 be the corresponding decomposition of & € a®(FE).
Then, we shall define a complex Finsler structure F' on E by

1
P& = 5 {16l + il + 4 et |

where [|¢[ly; = h(&,€) and [|¢8

derived by direct calculations.
Let £(t) = &'(t) + £X(t) € a®(E) be a parallel field with respect to w

along a curve c(t) = (2(t)). Since & [|€(t)||p = 4 HﬁL(t)HEL =0, we get

Hi?L = hl (¢l €F). The convexity of F is

d

SR (1), €(0) = 0.
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This means that w is the partial connection of (E, F'). Thus (F, F) is mod-
eled on a complex Minkowski space, and its associated hp is the given h.
Moreover, (E,F) is Einstein-Finsler if and only if (E,hr) is Einstein-
Hermitian.

We suppose that an Einstein-Finsler bundle (E, F') with a constant
factor ¢ is modeled on a complex Minkowski space. Then, by Theorem 6.2,
the partial connection D is given by the Hermitian connection of the asso-
ciated (E, hr). Hence, in this case, all the results of LUBKE [8] hold, and
the constant ¢ in (5.4) is given by the ¢ in (3.3). Moreover we shall show
the following

Theorem 6.3. Let (E, F') be an Einstein-Finsler bundle over a com-
pact Kahler manifold (M, ®). If (E, F') is modeled on a complex Minkowski
space, E is ®-semi-stable and (E, F') is a direct sum

(EﬂF):(E17F1)®"‘@(EkaFk)7

where F} := F|Ej, and each (Ej, F}) is modeled on a complex Minkowski
space whose associated Hermitian vector bundles is a ®-stable Einstein-
Hermitian vector bundle with the same factor ¢ as (E, F).

PrROOF. By Theorem 6.2, if (E, F) is modeled on a complex Min-
kowski space, then there exists a Hermitian metric hrp of E such that the
mean curvature K} in (3.1) is the one of hp. Therefore (E,hp) is an
Einstein-Hermitian vector bundle over (M, ®). So, by Theorem 6.1, E is
d-semi-stable, and (F, hp) is a direct sum

(E,hp) = (E1,hp,) ® - & (Ek, hp,).

Each Finsler bundle (Ej;, F}), F; := F| g, 18 obviously modeled on a com-
plex Minkowski space, and its associated Hermitian vector bundle (£}, hr, )
is P-stable. O

§6.2. Special case II. Let (F, F') be a convex Finsler bundle. We suppose
that there exists a non-trivial holomorphic  section of E such that D{p=0.
For the function f(z) := F(z,¢(z)) = ||¢(2)]|?, by Proposition 1.1 we have

Of = (OnF) 2 ¢y = 0,
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and hence the norm of ( is constant, and so is a non-vanishing section.
This section ¢ spans a trivial holomorphic line bundle L = (¢), and its
pull back L is parallel with respect to D. Hence the pull-back E is splits
partial-holomorphically as

(E,H)=(E',H) & (L, H"),
and the partial connection D also splits as
D =D ®dy.

Then we say the triplet (E, F, () is partially reducible. If (E, F') is Hermit-
ian bundle, this notion is just the reducibility defined in Example 6.1.
Let (E, F, ) be a partially reducible convex Finsler bundle. Then we

shall define a Hermitian structure h¢ = (h%) on E by h¢ := e

h(2) = Fy (= KD

By the discussions below, we can identify the bundle (E,h¢) with
(E,H) ‘ fe(ary - In fact, the Hermitian connection V¢ of (E,h%) is given

by the form ¢ = hS¢ 18h4 Then, from (4.1) and D,¢* = 0, we get
Oht = O(ftH) = ffonH,
and so
=N (O ) = flwh
The curvature ©¢ of (E, h¢) is also given by

@ = fi = ZRM 2)])dz A dZ,

and its mean curvature K¢ by Kcé(z) = K}(z,[¢(2)])-

Then, if (F, F') is an Einstein-Finsler bundle with constant factor ¢,
the bundle (E, h¢) is Einstein-Hermitian with the factor ¢. Since the de-
gree of F is independent on the choice of Hermitian structure, the constant
¢ in (5.4) is given by c in (3.3). Thus, from Theorem 6.1 we get
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Theorem 6.4. Let (E, F,() be a partially reducible Finsler bundle
over a compact Kahler manifold (M,®). If (E, F) satisfies the Einstein-
Finsler condition, then E is ¢-semi-stable, and (E, h¢) is a direct sum

(E,he) = (B, he,) @ - @ (B, hey,)s

where (Ej, he;) is a @-stable Einstein-Hermitian vector bundle with the
same factor ¢ as (E, F').
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