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Einstein-Finsler vector bundles

By TADASHI AIKOU (Kagoshima)

Abstract. In the present paper, we shall be concerned with Einstein-Finsler bun-
dles, and study the semi-stability of them.

§0. Introduction

Let π : E → M be a holomorphic vector bundle over a complex
manifold M , and p : PE → M the projective bundle of E. If a complex
Finsler structure F is given on E, a natural connection on the pull-back
Ẽ = p−1E is defined, and the differential geometry of (E,F ) has been
studied (cf. Abate–Patrizio [1], Aikou [2, 3], Faran[4], Kobayashi [5,
7], Patrizio–Wong [9], Royden [10], Rund [11]).

In this paper, we are concerned with Einstein-Finsler bundles. This
notion has been introduced by Kobayashi [7] as a natural generalization
of Hermitian case, and the following problem is proposed:

What are algebro-geometric consequences of the Einstein-condition?
The original definition of Einstein-Finsler condition due to Kobaya-

shi [7], however, has no invariant meanings as he pointed out himself.
Hence the first purpose of this paper is to give the definition of Einstein-
Finsler condition so that it has an invariant meaning, and to discuss
Einstein-Finsler bundles (cf. Chapt. IV in Kobayashi [6]). We define
Einstein-Finsler condition in terms of the curvature tensor of a partial
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connection, not of a Hermitian connection. The second purpose is to dis-
cuss the semi-stability of Einstein-Finsler bundle over a compact Kähler
manifold.

In §1, we recall the notion of complex Finsler structures on a holomor-
phic vector bundle and its partial connection, and in §2, we shall show some
properties of its curvature which plays an important role in this paper.

In §3, we introduce the notion of Einstein-Finsler bundles in terms of
the curvature tensor field of the partial connection, and in §4, we shall show
a vanishing theorem of Bochner-type for holomorphic sections of complex
Finsler bundles. In §5, we are concerned with the second fundamental
form of partial connections. In §6, we shall discuss the semi-stability of
Einstein-Finsler bundles over a compact Kähler manifold under a special
condition.

We shall introduce some basic notations. Let M be a complex man-
ifold of dimension n, and E a holomorphic vector bundle of rank r over
M . Each fibre Ez is a complex vector space of complex dimension r. In
the case of r = 1, any complex Finsler structure is Hermitian. Hence,
throughout the remainder of the paper, we shall always assume r > 1. We
denote by p : PE → M the projective bundle associated to E, and Ẽ the
induced bundle p−1E over PE:

Ẽ
p̃−−−−→ E

π̃

y
yπ

PE −−−−→
p

M

We denote by LE the tautological line subbundle of Ẽ:

LE := {(v, V ) ∈ E × PE; v ∈ V } .

There exists a natural homomorphism τ : E → LE which maps E× biholo-
morphically to LE×, where E× (resp. LE×) denotes the open submanifold
of E (resp. LE) consisting of the non-zero elements.

Let {U, (zi)} be a complex coordinate system of M , and {π−1(U),
(zα, ξi)} the induced complex coordinate system on E with respect to a
holomorphic frame field {s1, . . . , sr} on U .



Einstein-Finsler vector bundles 365

Definition 0.1. A complex Finsler structure F on E is a real valued
function satisfying the following conditions:

(1) F is C∞-class on E×;
(2) F (z, ξ) ≥ 0, and “0” if and only if ξ = 0;
(3) F (z, λξ) = |λ|2 F (z, ξ) for ∀λ ∈ C.

If a complex Finsler structure F is given on E, the norm ‖ξ‖ of an
arbitrary section ξ ∈ Γ (E) is defined by ‖ξ(z)‖ =

√
F (z, ξ(z)). Moreover,

a Hermitian structure h on L(E) is introduced by h(τ(ξ(z))) = F (z, ξ(z)),
and so there exists a one-to-one corresponding between Hermitian struc-
tures on LE and Finsler structures on E (cf. Kobayashi [5]).

We shall use the following notation throughout this paper:

ap (resp. Ap): the space of p-forms on M (resp. PE),

ap,q (resp. Ap,q): the space of (p, q)-forms on M (resp. PE),

Ap(Ẽ) (resp. Ap,q(Ẽ)): the space of Ẽ-valued p-forms (resp. (p, q)-forms)
on PE,

ap(E) (resp. ap,q(E)): the space of E-valued p-forms (resp. (p, q)-forms)
on M .

§1. Finsler structures and partial connections

For any local holomorphic frame field s = (s1, . . . , sr) of E, we denote
by (z, ξ) = (z1, . . . , zn, ξ1, . . . , ξr) the induced local coordinate system on
E, and by (z, [ξ]) the point of PE represented by (z, ξ). A complex Finsler
structure F is said to be convex if the Hermitian matrix (Fij̄) defined by

(1.1) Fij̄ :=
∂2F

∂ξi∂ξ̄j

is positive-definite. In the following, we always assume the convexity of F .
By the condition (3) in Definition 0.1, matrix components Fij̄ defined by
(1.1) are functions on PE.

Putting Zi = ξi ◦ p, we take (z, [ξ], Z) = (z1, . . . , zn, ξ1 : · · · : ξr,

Z1, . . . , Zr) as a local coordinate system for Ẽ. Then, for ∀Z,W ∈ A0(Ẽ),
a Hermitian structure H on Ẽ is defined by

H(Z,W ) :=
∑

i,j

Fi j̄Z
iW̄ j .



366 Tadashi Aikou

The Hermitian connection ∇ : A0(Ẽ) → A1(Ẽ) in (Ẽ, H) is given by the
form

(1.2) θi
j :=

∑

l

F l̄i∂Fjl̄ =
∑

l,α

F l̄i
∂Fjl̄

∂zα
dzα +

∑

l,k

F l̄i
∂Fjl̄

∂ξk
dξk.

A Finsler structure F on E is a Hermitian structure on E if and only
if the second term in (1.2) vanishes identically.

We shall introduce a partial connection in (Ẽ, H) which is the main
tool in this paper. The partial connection D is defined as a covariant
derivation in transversal direction to the fibres of PE. For the cotangent
bundle T ∗PE of PE, we shall introduce a C∞-splitting by defining the left
splitting σ of the exact sequence

0 −→ H∗ −→ T ∗PE −→←−
σ

(ker dp)∗ −→ 0

by

σ(dξi) := dξi +
∑

j

θi
jξ

j .

The set of local 1-forms {dz1, . . . , dzn, θ1, . . . , θr}, θi := σ(dξi), is a local
co-frame field for T ∗PE , and it defines a C∞-splitting

(1.3) T ∗PE = H∗ ⊕ V∗,

where H∗ is locally spanned by {dz1, . . . , dzn}, and V∗ by {θ1, . . . , θr}.
We shall denote by p′H : A0(T ∗PE) → A0(H∗) and p′′H : A0(T ∗PE) →
A0(H̄∗) the natural projections with respect to the splitting (1.3) respec-
tively. Then we shall define a homomorphism D := D′ + D′′ : A0(Ẽ) →
A0

(
(H⊕ H̄)∗ ⊗ Ẽ

)
so that the following diagram is commutative.

A0(Ẽ) ∇−−−−→ A0
(
(TPE ⊕ T̄PE)∗ ⊗ Ẽ

)
∥∥∥

ypH⊗1

A0(Ẽ) −−−−→
D

A0
(
(H⊕ H̄)∗ ⊗ Ẽ

)

For ∀Z ∈ A0(Ẽ), we shall define

DZ := (pH ⊗ 1) ◦ ∇Z.
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In the following, we shall show the local expression of D. For this purpose,
we rewrite the form θi

j as follows:

(1.4) θi
j =

∑
α

Γ i
jαdzα +

∑

k

Ci
jkθk,

where we put

Γ i
jα :=

∑

l

F l̄i

(
∂Fjl̄

∂zα
−

∑
m

Nm
α

∂Fjl̄

∂ξm

)
, Ci

jk :=
∑

l

F l̄i
∂Fjl̄

∂ξk
,

Nm
α :=

∑

j

ξjΓm
jα =

∑
m,r

F r̄m ∂Flr̄

∂zα
ξl.

We define operators ∂H, ∂V : A0 → A1,0 by ∂H := p′H ◦ ∂, and by ∂V :=
∂ − ∂H respectively. Then

∂Hf :=
∑
α

δf

δzα
dzα :=

∑
α

(
∂f

∂zα
−

∑
m

Nm
α

∂f

∂ξm

)
dzα,

∂Vf :=
∑
m

∂f

∂ξm
θm = ∂f − ∂Hf

for ∀ f ∈ A0 respectively. Then, by definition of ∂H, we get the following:

Proposition 1.1. For the given complex Finsler structure, the follow-

ing identity holds:

∂HF ≡ 0.

In terms of ∂H, the first term of (1.4) is written as follows:

(1.5) ωi
j :=

∑
α

Γ i
jαdzα =

∑
r

F r̄i∂HFjr̄.

The (1, 0)-part D′ : A0(Ẽ) → A1,0(Ẽ) and the (0, 1)-part D′′ : A0(Ẽ) →
A0,1(Ẽ) of D are given by

D′Z := (p′H ⊗ 1)(∇Z), D′′Z := (p′′H ⊗ 1)(∇Z)
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respectively. Their local expression are given by

D′Z =
∑

i

(
∂HZi +

∑
m

Zmωi
m

)
⊗ si :=

∑
α

(
DαZi

)
dzα ⊗ si,

D′′Z =
∑

i

∂̄HZi ⊗ si

for ∀Z =
∑
i

Zisi ∈ A0(Ẽ). D = D′ + D′′ is a partial connection in the

following sense.

Proposition 1.2. Let (E, F ) be a complex Finsler bundle. Then the

homomorphism D : A0(Ẽ) → A1(Ẽ) is uniquely determined in (E,F ) and

satisfies

D(fZ) = dHf ⊗ Z + fDZ

for ∀ f ∈ A0 and ∀Z ∈ A0(Ẽ), where we put dH := ∂H + ∂̄H.

Proof. Since the operator ∂H is uniquely determined from F , and
by (1.5), the operator D is also determined uniquely from F . The second
assertion is obvious from its definition. ¤

The Hermitian connection ∇ in (Ẽ, H) is metrical:

dH(Z,W ) = H(∇Z,W ) + H(Z,∇W ).

The partial connection D, however, is partially metrical, that is,

Proposition 1.3. For ∀Z, W ∈ A0(Ẽ), the following identities hold:

dHH(Z,W ) = H(DZ, W ) + H(Z, DW ),(1.6)

D′Fij̄ := ∂HFij̄ −
∑
m

Fmj̄ω
m
i = 0.(1.7)

§2. Curvature of partial connection D

In this section, we shall state some important properties of the partial
connection D. For this purpose, we shall prepare some lemmas.

First, extending the operator ∂H to the space Ap, we have
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Lemma 2.1. The (1, 0)-form ωi
j defined by (1.5) satisfies

∂Hωi
j +

∑
r

ωi
r ∧ ωr

j = 0.

Proof. This equality is obtained by direct calculations. In fact, if
we write

∂Hωi
j +

∑
r

ωi
r ∧ ωr

j :=
∑

α,β

Ri
jαβdzα ∧ dzβ ,

we get

Ri
jαβ =

δ

δzα
Γ i

jβ −
δ

δzβ
Γ i

jα +
∑

l

Γ i
lαΓ l

jβ −
∑

l

Γ i
lβΓ l

jα.

From Γ i
jα

=
∑
l

F m̄iδFjm̄/δzα, direct calculations give

Ri
jαβ =

∑

l,m

Ci
jlR

l
αβ ,

where we put

Ri
αβ :=

δN i
α

δzβ
− δN i

β

δza
.

On the other hand, by definition, we get also the following relation:
∑

j

ξjRi
jαβ = Ri

αβ .

These relations and the identity
∑
j

ξjCi
jl ≡ 0 imply Ri

jαβ ≡ 0. ¤

By the proof above, we also have the following

Lemma 2.2. ∂2
Hf ≡ 0 for ∀ f ∈ A0.

Proof. By direct calculations, we have

∂2
Hf =

1
2

∑

m,α,β

(
δNm

β

δzα
− δNm

α

δzβ

)
∂f

∂ξm
dzα ∧ dzβ

=
1
2

∑

m,α,β

Rm
αβ

∂f

∂ξm
dzα ∧ dzβ .

Since Rm
αβ ≡ 0, we get ∂2

Hf ≡ 0. ¤
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Secondly we shall extend D to the space Ap(Ẽ) in the usual way, that
is, for ∀ ∑

i

φ(z, [ξ])i ⊗ si ∈ Ap(Ẽ),

D′
(∑

i

φi ⊗ si

)
=

∑

i

∂Hφi ⊗ si + (−1)p
∑

i

φi ∧D′si,

D′′
(∑

i

φi ⊗ si

)
=

∑

i

∂̄Hφi ⊗ si.

Then we introduce an End(Ẽ)-valued (1, 1)-form R = (Ri
j) by

Ωi
j := ∂̄Hωi

j =
∑

α,β

Ri
jαβ̄dzα ∧ dz̄β ,(2.1)

where we put

Ri
jαβ̄ := −δΓ i

jα

δz̄β
= −

∑
m

F m̄i

(
δ2Fjm̄

δzαδz̄β
−

∑

k,l

F l̄k
δFjl̄

δzα

δFkm̄

δz̄β

)
.

Then we have the following fundamental theorem.

Theorem 2.1. The partial connection D = D′ + D′′ satisfies

D′D′ ≡ 0, D′′D′′ ≡ 0, DD = D′D′′ + D′′D′,

and for ∀Z ∈ A0(Ẽ)

(2.2) DDZ = R(Z),

where R ∈ A1,1(End(Ẽ)) is defined by

R(Z) =
∑

i,j

ZjΩi
j ⊗ si.

Proof. The first assertion is directly derived from Lemma 2.1
and 2.2. We shall prove the equation (2.2) only. Since DD(fZ) = fDDZ
for ∀ f ∈ A0, it is sufficient to prove DDsi =

∑
m

Ωm
i sm. By definition of

D′ and D′′, we get

(D′D′′ + D′′D′)si = D′′D′si = D′′
(∑

m

ωm
i sm

)

= ∂̄H
(∑

m

ωm
i sm

)
=

∑
m

Ωm
i sm.
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So we have completed the proof. ¤

Proposition 2.1. The partial connection D satisfies

∂H∂̄HH(Z, Z) = H(DZ, DZ)−H(R(Z), Z)

for any holomorphic section Z of Ẽ,

In this paper, we call R the curvature of D.

§3. Einstein-Finsler condition

Let (E, F ) be a complex Finsler bundle over a Hermitian manifold
(M, g), g =

∑
α,β

gαβ̄(z)dzα ⊗ dz̄β . We shall define the mean curvature Kij̄

of (E,F ) by the partial mean curvature of (Ẽ, H), that is, the g-trace

Ki
j :=

∑

α,β̄

gβ̄αRi
jαβ̄ ,

where Ri
jαβ̄

is the curvature tensor defined by (2.1). Putting Kij̄ :=∑
m

Fmj̄K
m
i , we shall define a Hermitian form K by

K(Z, W ) =
∑

i,j

Kij̄Z
iW̄ j

for ∀Z, W ∈ A0(Ẽ).

Definition 3.1. A complex Finsler bundle (E, F ) is said to be weakly
Einstein-Finsler if the partial mean curvature K of (Ẽ,H) satisfies

(3.1) Kij̄ = ϕ(z)Fij̄

for a function ϕ on M . If the factor ϕ is constant, (E,F ) is said to be
Einstein-Finsler.

Remark 3.1. (1) We note that the original definition of Ki
j of Kobaya-

shi [7] has no invariant meaning, since the quantities Ri
jαβ̄

in [7] is not
a tensor field (See (5.6) in [7]). Our definition of Ki

j , however, has an
invariant meaning because of the tensority of Ri

jαβ̄
.
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(2) If the given F is a Hermitian structure, that is, F (z, ξ) =∑
i,j

hij̄(z)ξiξ̄j , the curvature Ωi
j =

∑
α,β

Ri
jαβ̄

dzα ∧ dz̄β of D is just the one

of h = (hij̄). Hence our definition is a natural generalization of Hermitian
case.

In the rest of this section, we are concerned with conformal changes
of complex Finsler structures. A conformal change of F is defined by
F → F̃ := eu(z)F for a smooth function u(z) on M .

Lemma 3.1. The curvature R̃ of D̃ in (E, F̃ ) is given by

Ω̃i
j = Ωi

j + ∂̄∂uδi
j .

Proof. Since the connection form ω̃i
j of D̃ is given by ω̃i

j = ωi
j+∂uδi

j ,

the functions Ñ i
α derived from F̃ is given by

Ñ i
α = N i

α +
∂u

∂zα
ξi.

Hence the operator ∂H̃ satisfies

∂H̃f = ∂Hf −
∑
m

ξm ∂f

∂ξm
∂u

for ∀ f ∈ A0. By this relation and the formula

∑
m

∂Γ i
jα

∂ξ̄m
ξ̄m ≡ 0,

we get easily our assertion. ¤

By this lemma, the mean curvature K̃i
j of (E, F̃ ) is given by

(3.2) K̃i
j = Ki

j + ¤uδi
j ,

where we put

¤u := −
∑

α,β

gβ̄α ∂2u

∂zα∂z̄β
.

Hence we have
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Proposition 3.1. Let (E, F ) be a weakly Einstein-Finsler bundle with

factor ϕ. Then (E, eu(z)F ) satisfies the Einstein-Finsler condition (3.1)
with factor ϕ + ¤u.

Moreover we have

Proposition 3.2. Let (E,F ) be a weakly Einstein-Finsler bundle over

a compact Kähler manifold (M, Φ). Then there exists a conformal change

of F → F̃ such that (E, F̃ ) is an Einstein-Finsler bundle.

Proof. The proof is similar to Proposition 2.4 of Kobayashi [6]. For
the constant c defined by

c

∫

M

Φn =
∫

M

ϕΦn,

the harmonic theory on M implies that there exists a function u(z) on M

satisfying c− ϕ(z) = ¤u. If we consider the conformal change F → F̃ :=
eu(z)F for this function u(z), Proposition 3.1 implies K̃i

j = cδi
j , and so

(E, F̃ ) is an Einstein-Finsler bundle with constant factor c. ¤

Remark 3.2. In the case of F =
∑
i,j

hij̄(z)ξiξj , the constant c is given by

(3.3) c =

∫
M

ϕΦn

∫
M

Φn
=

2nπ deg(E)
r · vol(M)

,

where the degree deg(E) of E is defined by

deg(E) :=
∫

M

c1(E) ∧ Φn−1.

Hence the constant c depends only on the cohomology class of Φ and the
first Chern class c1(E), not on the Hermitian structure h (cf. Kobaya-

shi [6], p. 104).
The mean curvature Ki

j in (3.1) may be considered as an endomor-
phism of the bundle E. We do not know whether there exists an Hermit-
ian structure on E whose mean curvature is Ki

j in (3.1), except the case
where (E, F ) is modeled on a complex Minkowski space (cf. §6). Hence,
in general, the constant c in Proposition 3.4 depends on the given Finsler
structure F .

In general, for the given two Finsler bundles (E, F ) and (E′, F ′), we
do not know the natural way to define a Finsler structure on the tensor
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product E⊗E′ in a computable form. In the case where E′ is a line bundle
L, however, we can define a Finsler structure FE⊗L on E ⊗ L as follows.
Since any Finsler structure FL on a line bundle L is a Hermitian structure,
for any section λ of L we may put

(3.4) FL(z, λ) = a(z) |λ|2 ,

where a(z) is a positive-valued C∞-function. Then, for ∀ ξ =
∑

ξisi ⊗ t ∈
a0(E ⊗ L), we shall define FE⊗L by

FE⊗L(z, ξ) := a(z)F (z, ξ).

Then, by Lemma 3.1, the curvature RE⊗L of FE⊗L is given by

RE⊗L = RE ⊗ 1 + IE ⊗ ∂̄∂ log a(z),

and the mean curvature KE⊗L is given by

KE⊗L = KE ⊗ 1 + IE ⊗¤ log a(z).

Hence we have

Proposition 3.3. Let (E, F ) be a weak Einstein-Finsler bundle with

factor ϕ, and (L,FL) an arbitrary line bundle with a Hermitian metric

(3.4). Then the tensor product E ⊗ L admits a weak Einstein-Finsler

structure with factor ϕ + ¤ log a(z).

§4. A vanishing theorem for holomorphic sections

In this section, we shall show a Bochner-type vanishing theorem for
holomorphic sections of complex Finsler bundle (E, F ).

Let ζ =
∑
i

ζi(z)si be a non-vanishing holomorphic section over an

open set U . We denote by PEζ(U) ⊂ PE the image of ζ(U) by the natural
projection E× → PE, that is,

PEζ(U) := {(z, [ζ(z)]) ∈ PE; z ∈ U} .

We also denote by ζP the corresponding holomorphic section of LE over
PEζ(U). For the holomorphic mapping fζ : z ∈ U → (z, [ζ(z)]) ∈ PE, we
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get the following commutative diagram:

LE× τ←−−−− E×

ζP

x
xζ

PEζ(U) ←−−−−
fζ

U

We say that a holomorphic section ζ =
∑
i

ζi(z)si is parallel with

respect to D if it satisfies DζP = 0 on PEζ(U), that is,

(4.1) Dαζi :=
∂ζi

∂zα
+

r∑
m=1

ζm(z)Γ i
mα(z, [ζ(z)]) = 0.

For any holomorphic section ζ of E, we show the following Weit-
ezenböck-type formula.

Proposition 4.1. Let (E, F ) be a complex Finsler bundle over a Her-
mitian manifold (M, g). For any holomorphic section ζ of E, the following
identity holds:

¤F (z, ζ(z)) = ‖D′ζP ‖2 −K(ζP , ζP ),

where
‖D′ζP ‖2 :=

∑

α,β,i,j

gβ̄α(z)Fij̄(z, [ζ(z)])DαζiDβζj .

Proof. For any function f , we have D′′D′f = ∂̄H∂Hf . We shall
apply this to the function f(z) = F (z, ζ(z)) = H(ζP , ζP ). Proposition 2.1
implies

∂H∂̄HH(ζP , ζP ) = −H(R(ζP ), ζP ) + H(D′ζP , D′ζP ).

Hence we get

∂∂̄f = −H(R(ζP ), ζP ) + H(D′ζP , D′ζP ).

By taking the g-trace of the equation above, we complete the proof. ¤
By this formula and the maximum principle of E. Hopf (cf. Theo-

rem 1.10 in p. 52 of Kobayashi [6]), we can show the following Bochner-
type vanishing theorem for holomorphic sections:
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Theorem 4.1. Let (E,F ) be a complex Finsler bundle over a compact
Hermitian manifold (M, g).

(1) If the mean curvature K is negative semi-definite on PE, then
every holomorphic section ζ of E is parallel with respect to D,
that is,

DζP = 0,

and satisfies
K(ζP , ζP ) = 0.

(2) If K is negative semi-definite on PE and negative definite at some
point of PE, then E admits no nonzero holomorphic sections.

By this theorem, we have

Proposition 4.2. Let (E, F ) be an Einstein-Finsler bundle over a
compact Hermitian manifold with constant factor ϕ.

(1) If ϕ = 0, then every non-vanishing holomorphic section of E is
parallel with respect to D.

(2) If ϕ < 0, then E admits no nonzero holomorphic sections.

§5. Partial second fundamental form

In this section, we shall define a (1, 0)-form which plays a role of the
so-called second fundamental form. Let (E, F ) be a Finsler vector bundle
over a compact Kähler manifold (M, Φ) with a convex Finsler structure F .
The Hermitian structure and the partial connection on the induced bundle
Ẽ is also denoted by H and by D respectively.

Let S be a holomorphic subbundle of E with rank s, and S̃ the induced
bundle p−1S over PE. We denote by HS the restriction of H to S̃, and
by DS the partial connection on (S̃, HS). Then we define

A(Z) := (D −DS)Z

for a section Z ∈ A0(S̃). For the quotient bundle Q̃ := Ẽ
/
S̃, it is proved

easily that A is an End(S̃, Q̃)-valued (1, 0)-form. We shall call A the
partial second fundamental form of (E, FS). We say that a section Z of Ẽ
is partial-holomorphic if it satisfies

D′′Z = ∂̄HZ = 0.

Then we have
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Proposition 5.1. The partial second fundamental form A vanishes

identically if and only if the exact sequence

(5.1) 0 → S̃ → Ẽ → Q̃ → 0

splits H-orthogonally and partial-holomorphically.

Proof. Suppose A ≡ 0. This assumption implies D |S̃ = DS , and so
D(A0(S̃)) ⊂ A1(S̃). We decompose Ẽ as Ẽ = S̃ ⊕ S̃⊥, where S̃⊥ ∼= Q̃ is
the H-orthogonal complement. For ∀ ξ ∈ A0(S̃), ξ⊥ ∈ A0(S̃⊥), we have

H(Dξ, ξ⊥) + H(ξ, Dξ⊥) = dHH(ξ, ξ⊥) = 0.

Thus we get D(A0(S̃⊥)) ⊂ A1(S̃⊥). For an arbitrary holomorphic section
σ of Ẽ, we write

σ = ξ + ξ⊥

where ξ ∈ A0(S̃), ξ⊥ ∈ A0(S̃⊥). Since σ is holomorphic, ∂̄Hσ = ∂̄Hξ +
∂̄Hξ⊥ = 0. Moreover ∂̄H = D′′ implies ∂̄Hξ ∈ A0,1(S̃), ∂̄Hξ⊥ ∈ A0,1(S̃⊥).
Consequently we get

∂̄Hξ = 0, ∂̄Hξ⊥ = 0,

which means that the splitting Ẽ = S̃ ⊕ S̃⊥ is partial-holomorphically.
Conversely, if we denote by HQ the restriction of H to the holomorphic

bundle Q̃, the partial connections DS ⊕DQ of (S̃ ⊕ Q̃,HS ⊕HQ) defines
the one of (Ẽ, H). Thus we get A ≡ 0. ¤

By direct calculations, the curvature form Ω of D can be written in
the following form:

(5.2) Ω :=
(

ΩS + A ∧ tĀ ∗
∗ ΩQ + tĀ ∧A

)
,

where ΩS and ΩQ is the curvature form of the partial connection induced
on the bundle S̃ and Q̃ respectively. Then we have

H(Ω(X, X̄)Z, Z) = HS(ΩS(X, X̄)Z, Z)− ‖A(X)Z‖2

for ∀X ∈ TPE and ∀Z ∈ A0(S̃).
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Now we shall introduce an analogy of first Chern form of vector bun-
dle. We shall set as

c(Ẽ) :=
√−1
2π

r∑

j=1

Ωj
j , c(S̃) :=

√−1
2π

s∑

j=1

Ω j
S j .

Moreover, for a non-vanishing holomorphic section ζ of E on an open set
U ⊂ M , we shall consider the pull-back of c(Ẽ) and c(S̃) by fζ :

cζ(E) := f∗ζ c(Ẽ), cζ(S) := f∗ζ c(S̃).

cζ(E) and cζ(S) are (1, 1)-forms on U . For the Kähler form
Φ =

√−1
∑

gαβ̄(z)dzα ∧ dz̄β on M , we know the following (cf. Kobaya-

shi [6], p. 55):

dζ(E) := cζ(E) ∧ Φn−1 =
1

2nπ
g̃

(
f∗ζ

r∑

j=1

Ωj
j

)
Φn,

dζ(S) : = cζ(S) ∧ Φn−1 =
1

2nπ
g̃

(
f∗ζ

s∑

j=1

Ω j
S j

)
Φn,

where the notion g̃ means that g̃(σ) :=
∑

gαβ̄σαβ̄ for an arbitrary (1, 1)-
form σ =

∑
σαβ̄dzα ∧ dz̄β on M .

Proposition 5.2. Let (E,F ) be an Einstein-Finsler bundle with con-

stant factor ϕ over a compact Kähler manifold (M, Φ). For any holomor-

phic subbundle S of E, we have

(5.3)
dζ(S)
rankS

≤ dζ(E)
rankE

for any non-vanishing holomorphic section ζ. If the equality holds, the

exact sequence (5.1) splits partial-holomorphically, and S, Q are Einstein-

Finsler vector bundle with the same factor ϕ.

Proof. From (5.2) we get

2π√−1
c(S̃) =

s∑

j=1

Ωj
j −

s∑

λ=1

r−s∑
µ=1

Aµ
λ ∧ Āµ

λ,
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where we put A = (Aµ
λ), Aµ

λ =
n∑

α=1
Aµ

λαdzα. The Einstein condition (3.1)

implies g̃
(
f∗ζ

r∑
j=1

Ωj
j

)
= rϕ. Hence we get

dζ(E)
r

=
ϕ

2nπ
Φn,

dζ(S)
s

=
ϕ

2nπ
Φn − 1

s
g̃

(
f∗ζ

s∑

λ=1

r−s∑
µ=1

Aµ
λ ∧ Āµ

λ

)
Φn.

Because of g̃
(
f∗ζ A ∧ tĀ

) ≥ 0, we get (5.3). The equality holds if and only
if A ≡ 0. The second assertion is obtained from Proposition 5.1. ¤

If ζ is defined on M , the constant factor ϕ is given by

(5.4) ϕ =
2nπ

r · vol(M)

∫

M

dζ(E).

§6. Semi-stability: Special Cases

In this section, we shall consider the semi-stability of Einstein-Finsler
bundles. We recall the definition of semi-stability in the sense of Mumford-
Takemoto (cf. Kobayashi [6], p. 134).

Let O(E) := E be the sheaf of germs of holomorphic sections of E.
E is said to be Φ-stable (resp. Φ-semi-stable) if for any coherent subsheaf
F ⊂ E with 0 < rankF < rankE, the following inequality holds:

µ(F) :=
deg(F)
rankF <

deg(E)
rankE

= µ(E)

(resp. ≤). Lübke [8] gave a proof of the following

Theorem 6.1 (Kobayashi’s theorem). Let (E, h) be an Einstein-Her-
mitian vector bundle over a compact Kähler manifold (M, Φ). Then E is
Φ-semi-stable and (E, h) is a direct sum

(E, h) = (E1, h1)⊕ · · · ⊕ (Ek, hk)

of Φ-stable Einstein-Hermitian vector bundles (E1, h1), . . . , (Ek, hk) with
the same factor c as (E, h).

As shown in Proposition 3.3, for any (weak) Einstein-Finsler bundle
(E, F ) and Hermitian line bundle (L, h), the tensor product E⊗L admits a
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natural (weak) Einstein-Finsler structure. Then, by the idea of Lübke [8],
we get the following

Proposition 6.1. Let (E, F ) be an Einstein-Finsler bundle over a

compact Kähler manifold (M, Φ) with constant factor ϕ. Let F be any re-

flexive subsheaf of E of rank F = 1, i.e. line bundle F . Then the following

inequality holds:

ϕ ≥ 2nπ

vol(M)
µ(F).

Proof. Since F is of rank F = 1, it may be considered as (the sheaf
of germs of holomorphic sections of) a holomorphic line bundle L. For any
holomorphic line bundle over a compact Kähler manifold (M, Φ), we may
consider it as Einstein-Hermitian with constant factor ψ = 2nπ

vol(M)µ(L).
The monomorphism F → E induce a non-trivial holomorphic section f :
OM → E ⊗ F∗, which is considered as a global non-trivial holomorphic
section of E ⊗ L∗. By Proposition 3.3, E ⊗ L∗ is an Einstein-Finsler
bundle with constant factor ϕ − ψ. Since f is a non-trivial holomorphic
section of E ⊗ L∗, Proposition 4.2 completes the proof.

If the equality hold, since the bundle E ⊗ L∗ is Einstein-Finsler with
its factor ϕ − ψ = 0, Propsition 4.2 implies that the holomorphic section
f is parallel with respect to the partial connection of E ⊗ L∗, that is,
L is parallel with respect to D. Then the pull pack Ẽ splits partial-
holomorphically as Ẽ = Ẽ′ ⊕ L̃. ¤

At this time, we have no information about the semi-stability of
Einstein-Finsler bundles. The difficulty lies in the facts that, for the case
of rankF > 1, there exists no computable way to define a Finsler structure
on the tensor product ⊗E from the given Finsler structure F on E, and
that the constant ϕ depends on the given Finsler structure F .

On the other hand, if it is always possible to find a Hermitian struc-
ture on E such that its mean curvature is given by Ki

j in (3.1), then any
Einstein-Finsler bundle is Φ-semi-stable. In general, we do not know the
existence of such a Hermitian structure. So we shall treat special cases
which are reducible to the case of Hermitian-Einstein.
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§6.1. Special case I. We recall the following definition (cf. Aikou [2, 3]).

Definition 6.1. A complex Finsler bundle (E,F ) is said to be modeled
on a complex Minkowski space if its partial connection D is induced from
a connection in E, that is, Γ i

jα = Γ i
jα(z).

In a previous papers [2], we have proved

Theorem 6.2. Let (E, F ) be a complex Finsler bundle which is mod-

eled on a complex Minkowski space. Then there exists a Hermitian struc-

ture hF in E such that D is induced from the Hermitian connection of hF .

Example 6.1. Let (E, h) be a reducible Hermitian vector bundle in the
following sense, that is, we suppose that (E, h) is splits holomorphically
as an h-orthogonal sum

(E, h) = (E′, h′)⊕ (L, hL),

where (L, hL) is a trivial Hermitian line bundle. (e.g., E is the holomorphic
tangent bundle of the product manifold of a compact Hermitian manifold
and a complex torus.) Then, the structure group of E is reducible to
U(r − 1)× 1. The Hermitian connection ∇ of (E, h) is also splits as

∇ = ∇′ ⊕ d,

where d is the exterior differentiation on L, that is, the connection form ω

of (E, h) with respect to a suitable holomorphic frame field of E is written

as ω :=
(

ω′ 0
0 0

)
, where ω′ is the connection form of (E′, h′).

Let ξ = ξ′ + ξL be the corresponding decomposition of ξ ∈ a0(E).
Then, we shall define a complex Finsler structure F on E by

F (z, ξ) =
1
2

{
‖ξ‖2E +

√
‖ξ‖4E + 4 ‖ξL‖4EL

}
,

where ‖ξ‖2E = h(ξ, ξ) and
∥∥ξL

∥∥2

EL = hL(ξL, ξL). The convexity of F is
derived by direct calculations.

Let ξ(t) = ξ′(t) + ξL(t) ∈ a0(E) be a parallel field with respect to ω

along a curve c(t) = (z(t)). Since d
dt ‖ξ(t)‖E = d

dt

∥∥ξL(t)
∥∥

EL = 0, we get

d

dt
F (z(t), ξ(t)) = 0.
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This means that ω is the partial connection of (E, F ). Thus (E, F ) is mod-
eled on a complex Minkowski space, and its associated hF is the given h.
Moreover, (E, F ) is Einstein-Finsler if and only if (E, hF ) is Einstein-
Hermitian.

We suppose that an Einstein-Finsler bundle (E, F ) with a constant
factor ϕ is modeled on a complex Minkowski space. Then, by Theorem 6.2,
the partial connection D is given by the Hermitian connection of the asso-
ciated (E, hF ). Hence, in this case, all the results of Lübke [8] hold, and
the constant ϕ in (5.4) is given by the c in (3.3). Moreover we shall show
the following

Theorem 6.3. Let (E, F ) be an Einstein-Finsler bundle over a com-

pact Kähler manifold (M,Φ). If (E, F ) is modeled on a complex Minkowski

space, E is Φ-semi-stable and (E, F ) is a direct sum

(E, F ) = (E1, F1)⊕ · · · ⊕ (Ek, Fk),

where Fj := F |Ej
, and each (Ej , Fj) is modeled on a complex Minkowski

space whose associated Hermitian vector bundles is a Φ-stable Einstein-

Hermitian vector bundle with the same factor c as (E, F ).

Proof. By Theorem 6.2, if (E, F ) is modeled on a complex Min-
kowski space, then there exists a Hermitian metric hF of E such that the
mean curvature Ki

j in (3.1) is the one of hF . Therefore (E, hF ) is an
Einstein-Hermitian vector bundle over (M,Φ). So, by Theorem 6.1, E is
Φ-semi-stable, and (E, hF ) is a direct sum

(E, hF ) = (E1, hF1)⊕ · · · ⊕ (Ek, hFk
).

Each Finsler bundle (Ej , Fj), Fj := F |Ej
is obviously modeled on a com-

plex Minkowski space, and its associated Hermitian vector bundle (Ej , hFj )
is Φ-stable. ¤

§6.2. Special case II. Let (E, F ) be a convex Finsler bundle. We suppose
that there exists a non-trivial holomorphic ζ section of E such that DζP =0.
For the function f(z) := F (z, ζ(z)) = ‖ζ(z)‖2, by Proposition 1.1 we have

∂f = (∂HF )(z,ζ(z)) = 0,
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and hence the norm of ζ is constant, and so is a non-vanishing section.
This section ζ spans a trivial holomorphic line bundle L = 〈ζ〉, and its
pull back L̃ is parallel with respect to D. Hence the pull-back Ẽ is splits
partial-holomorphically as

(Ẽ, H) = (Ẽ′,H ′)⊕ (L̃,HL),

and the partial connection D also splits as

D = D′ ⊕ dH .

Then we say the triplet (E, F, ζ) is partially reducible. If (E,F ) is Hermit-
ian bundle, this notion is just the reducibility defined in Example 6.1.

Let (E, F, ζ) be a partially reducible convex Finsler bundle. Then we
shall define a Hermitian structure hζ =

(
hζ

ij̄

)
on E by hζ := f∗ζ H:

hζ
ij̄

(z) := Fij̄(z, [ζ(z)]).

By the discussions below, we can identify the bundle (E, hζ) with
(Ẽ, H)

∣∣
fζ(M) . In fact, the Hermitian connection ∇ζ of (E, hζ) is given

by the form θζ = hζ−1
∂hζ . Then, from (4.1) and Dαζi = 0, we get

∂hζ = ∂(f∗ζ H) = f∗ζ ∂HH,

and so
θζi

j =
∑
m

hζm̄i

f∗ζ (∂HFjm̄) = f∗ζ ωi
j .

The curvature Θζ of (E, hζ) is also given by

Θζi

j(z) = f∗ζ Ωi
j =

∑

α,β

Ri
jαβ̄(z, [ζ(z)])dzα ∧ dz̄β ,

and its mean curvature Kζ by Kζi
j(z) = Ki

j(z, [ζ(z)]).
Then, if (E, F ) is an Einstein-Finsler bundle with constant factor ϕ,

the bundle (E, hζ) is Einstein-Hermitian with the factor ϕ. Since the de-
gree of E is independent on the choice of Hermitian structure, the constant
ϕ in (5.4) is given by c in (3.3). Thus, from Theorem 6.1 we get
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Theorem 6.4. Let (E, F, ζ) be a partially reducible Finsler bundle

over a compact Kähler manifold (M, Φ). If (E,F ) satisfies the Einstein-

Finsler condition, then E is Φ-semi-stable, and (E, hζ) is a direct sum

(E, hζ) = (E1, hζ1)⊕ · · · ⊕ (Ek, hζk
),

where (Ej , hζj ) is a Φ-stable Einstein-Hermitian vector bundle with the

same factor c as (E, F ).
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