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On quasi-inner automorphisms of a finite p-group

By IZABELA MALINOWSKA* (Bialystok)

In [3] JoNAH and KONVISSER constructed a p-group of order p8, whose
the automorphism group is elementary abelian of order p'6. Later a lot
of p-groups satisfying similar properties have been found. The most inter-
esting one was presented in [1] by HEINEKEN. In fact it has been found
a class of finite p-groups all of whose normal subgroups are characteristic.
All these groups are of nilpotency class 2, they have exponent p? and their
automorphism groups are p-groups. Each automorphism ¢ of the p-group
G of this class satisfies the following condition: for every g in G there
exists h in G such that (g) = g". We call it a quasi-inner automorphism.

Until recently there were no examples of p-groups of class larger then 2
with all automorphisms quasi-inner. In this paper we present an example
of a p-group of class 3 and order p° (p > 3) with such a property. We
also show that for every r > 2 there exists a p-group P of class r with a
quasi-inner automorphism (which is not inner).

Throughout the paper terminology and notation will follow [2,4].

Let G be a group generated by a, b, ¢, d with the following relations
[a,b] = aP la,c] =d [a,d] = bP
b, ] = aP™bPF [b,d] =1 [d, c] = a*,
a?’ = b’ =P =dP = 1, where p > 3 and k,l,m # 0 (mod p).

It is easily seen that G is a p-group of order p® and of nilpotency
class 3. Moreover

(1) Z(G) = (aP, b
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(2) G = (aP, VP, d)
(3) QI(G) = <Ca d, Z(G)>
(4) M (G) = (a”).

Theorem 1. All automorphisms of G are quasi-inner if and only if
A = m? + 4kl is a quadratic non-residue for p.

Proor. Let A be a quadratic non-residue for p. The commutator
relations imply that

(5) Ca(G') = (b,G").

Of course C¢(G’) is characteristic in G.

Let ¢ be an automorphism of G. Then by (2), (3) and (5) ¢ maps
b to b*d” (mod Z(G)), ¢ to ¢'d® (mod Z(G)) and d to d® (mod Z(G))
(o, B,7,0,6 € Z). Furthermore by (4) ¢ takes a to a’c"’d’ (mod Z(QG))
(¢,n,¥ € Z). Applying ¢ to the third and the first relations gives n = 0
(mod p), a =1 (mod p), =0 (mod p) and

(6) ¢-e=1 (mod p).

Applying it to the fourth relation gives v = 1 (modp) and ( =1 (mod p).

Then € =1 (mod p) by (6). So each automorphism ¢ of G has the form:
pla) = ad",  (b)

p(c) =cd®,  (d)
where r, s € Z.

ba
d (mod Z(G))

This means that ¢ is the p-automorphism of G which induces the identity
on G/®(G). Moreover for g = a®b’c’d® (o, 3,7,6 € Z) we have

plg) = g - dH - arrp

for some k,\ € Z. We show that ¢ maps each element g to one of its
conjugates. To do this we need to find integers t,z,y,z such that for
h = atb*c¥d*

(7) w(9) =g".
A strightforward computation gives

gh =gq- dev—tgp(pt(a—my)z—lyz) pp(v—kyztaz)

where p, v are expressed in terms of ¢,y, «, 3,7,9. Thus the equality (7)
implies

(8) ay — vyt =ra+ sy (mod p).
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If & # 0 or v # 0, then there is y and ¢ satisfying the equation (8).
Hence for i =k —p, Lo = A —v
(9) (o« — my)x — lyz = Ly (mod p)
—kyr + az = Ly (mod p).

For v # 0 the system of equations (9) has a unique solution (z, 2) if
and only if

det {a__]:yw —Ol[’y} #£ 0 (mod p),

which is equivalent to
o? — mya — kly? # 0 (mod p)

i.e. if and only if A = m? + 4kl is a quadratic non-residue for p.
Now assume o = 0 (mod p). Thus the system (9) has the form

—myxr —lyz =1,
—kvyx = Lo.
It has a unique solution (z,z) if and only if [ # 0, & # 0 (modp)

which are satisfied by the assumptions.
Suppose that a = 0 and v = 0. Then we take x = 0, z = 0 and have

—0t+ (mB+10)y = M; (mod p)
=it + kSy = M5 (mod p)
for some My, My € Z which are expressed in terms of (3, 9.

Similarly it can be found (¢,y) being the solution of (10).
Now let ¢ be the automorphism of G such that

v(a) = ad, @(b) = baP™m Pk, p(c) =ced, (d) = daP'vP.

Assume that ¢ is quasi-inner and A is a quadratic residue for p. Con-
sider an element b%d? € G such that 3,6 € Z. It follows from the definition
of a quasi-inner automorphism of G that there is an element h = a*b®c¥d?
such that

(10)

olg)=g" (t,z,y,2€Z).
Notice that
©0(g)=g- aP(mB+I8) pp(kB+6) 414

g" = g - qP(mPYHOY=F pp(kBy=dt) o

(11) { —Bt+ (mB+10)y =mB+16 (mod p)
—0t + kBy =kf+ 0 (mod p)
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and this system of equations has a solution (t,y) i.e.

—8 mB+15] _ [-B mB+I§ mB+I1s
"1 k3 |T"|-5 kB kB+6

Let 2 be the coefficient matrix of the system (10) and B be the
augmented matrix of this system.

Since A is a quadratic residue for p, there is 3 #Z 0, 6 # 0 such that the
rank 7(2) = 1. Therefore 7(B) = 1, but it is easy to see that r(B) = 2.
This gives a contradiction. [J

Now let P be a group generated by a,b,c,d, x,y with the following
relations:
apr:bpr:cpzdp:xp:ypzl
r—1

la,b] =a?  |a,c] =0 [b,c] =1
a,d=c [bd =% J[ed=a" ™¥ "

la,2] = [¢,2] = [a,y] = [e,y] = 1

[w,y] = a? b,y =1
b,z] = a” [d,y) = a?" !
[d,z] =1

where p > 5, r > 2, k,m,n,l Z 0(modp). One can easily show that G
is regular and of nilpotency class .

Theorem 2. P has a quasi-inner automorphism which is not inner.

PROOF. Let ¢ be an automorphism of P such that

p(a) =a, p(b) =b, p(c) =c¢, p(d) =da?" ', p(z) =1z, p(y) =y.

¢ is not inner since Cp(z) N Cp(y) N Cp(c) = (a?, b, c).
If g = a®bPdoz M yH for o, 3,7,9,\, i € Z, then

(12) olg)=g-a .

We need to find an element h such that ¢(g) = g". Of course if § = 0
(mod p) then ¢(g) = g. Assume that § # 0 (mod p).

If @ # 0(modp), then we take h = b . Hence we get at =
0 (mod p) by (12). Clearly there exists t satisfying this equation.

If 8 % 0(modp), then we take h = a? t. Thus we get —3t = §
(mod p) by (12).
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Assume that a =0, 8 = 0(mod p). Now we take h = ¢'y*. Thus

g"=g-a”

Hence by (12)

=l (—mét+lsw+mAw) bpr_l (—ndt+niw)

—mot + (16 + mA\)w =6 (mod p)
—ndt + niw = 0 (mod p).

This equation has a unique solution (¢,w) if and only if

det [_—?ZZ(? léjl—/\m)\} # 0 (mod p),

i.e. if and only if 6 # 0 (modp). O
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