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On the sublattice-lattices of lattices

By G. TAKACH (Szeged)

Abstract. Let L and K be lattices with Sub(L) 2 Sub(K). We prove the fol-
lowing statements: (I) If L is simple then L = K or L = K9 (II) If L satisfies a
self-dual infinitary Horn sentence v stronger then the modular identity, then 1 holds
in K. A corollary of (II) is: A modular lattice variety is closed under isomorphisms of
sublattice-lattices if and only if it is self-dual.

1. Introduction

For a lattice L, let Sub(L) denote the lattice of all sublattices of L, and
L the dual of L. Sublattice lattices were investigated by several authors,
either from the algebraic or from the combinatoric point of view. For an
overview and a comprehensive bibliography see KOH [4].

Let L and K be lattices. If L = K or L = K9 then Sub(L) = Sub(K).
The converse is not true in general. Thus, our first problem is (see
GRATZER [3], p. 56, Problem 1.4): Find conditions under which Sub(L)
determines L up to isomorphism (or dual isomorphism). Our second prob-
lem (see GRATZER [3], p. 56, Problem 1.8) is: Which properties of a lattice
L are preserved in K under the isomorphism Sub(L) = Sub(K)?

FiLippov [2] provided sufficient and necessary conditions on L and K
(these conditions are, however, complicated) for Sub(L) = Sub(K), and
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from this he deduced that modularity, distributivity and complemented-
ness are preserved under isomorphisms of sublattice-lattices. Moreover, he
showed that relatively complemented, uniquely complemented and ordinal-
sum indecomposable modular lattices are determined by their sublattice-
lattices. CHEN, KoH and TEO [1], decomposing lattices into ordinal and
delta-sums, proved the following results: Let L and K be lattices with
Sub(L) 2 Sub(K). (I) If L is sectionally complemented or L is an ordinal-
sum indecomposable semimodular lattice of finite height then L = K or
L = K% (II) If L is a pseudocomplemented lattice of finite height then
K or K% is a pseudocomplemented lattice of finite height. The results (I)
of [1] were recently sharpened by the author [5]: Let L and K be lattices
with Sub(L) = Sub(K). If L is weakly complemented, or L is semimod-
ular, strongly atomic and ordinal-sum indecomposable, then L = K or
L = K% A new proof of Filippov’s result on ordinal-sum indecomposable
modular lattices was given too.

In this paper we shall prove that every self-dual infinitary Horn sen-
tence which is stronger then the modular identity is preserved under iso-
morphisms of sublattice-lattices. As our first problem, using the method
described in [5] we show that simple lattices are determined by their
sublattice-lattices.

2. Preliminaries

In this section we review the basic definitions, notations and recall
the results of [2] and [5] used in the proofs.

Let L be a lattice, a,b € L, X, Y C L. We write acb if a is comparable
with b, and acb otherwise. Let o € {<,>,0,5}. We write XaV if zay
holds for every z € X,y € Y. We define X, (a) = {z € X\ {a} | zaa} and
Xa(Y) = Nyey Xaly).

A sublattice H of L is called prime if L \ H is also a sublattice and
homogeneous if L\ H = L,(H) U Lz(H), i.e. for any x € L \ H we have
either xoH or xoH. Let H be a homogeneous sublattice of L. We shall
use the notation M = M(H) = {x € L,(H) | hi < x < hy for some
hi,hs € H}

Now we define the concept of the ordinal-sum of lattices. Let I be a
chain and for every ¢ € I let A; be a lattice. Consider the disjoint union
of the A;’s and let x < y mean that x € A;, y€ Ajandi < j,orz,y € 4;
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and r < y. We call the lattice obtained the ordinal-sum of the A;’s and
denote it by @,
notation Ay @ A;. A lattice A is said to be ordinal-sum decomposable if

A;. For I = (5 (i.e., the two element chain) we use the

A = Ay® A, for some lattices Ag and A, and ordinal-sum indecomposable
otherwise.

Assume that Ag and A; are bounded lattices. The delta-sum AqgAA;
is the lattice obtained from Ay @ A; by identifying 14, and 04, .

We shall make use of the following earlier results:

Lemma 1 ([2]). If H is a homogeneous sublattice of L and x € Lz(H),
thenxVy=axVzandx Ny=xz Az foranyy,z € H.

Lemma 2 ([2]). If Sub(L) = Sub(K) and L has no proper! homoge-
neous prime sublattices, then L = K or L = K%,

Lemma 3 ([5]). Let L be an ordinal-sum indecomposable lattice and
H a proper homogeneous prime sublattice of L. Then Lz(H) # ().

By an infinitary Horn sentence we mean a formula
v Api=a = p=g¢
i€l

where p;, q;, p, q are lattice terms. The equation p = ¢ is said to be the
conclusion of .

3. Simple lattices

This section is devoted to proving the following theorem:

Theorem 4. Let L and K be lattices with Sub(L) = Sub(K). If L is
simple then L = K or L = K¢ .

First we need two lemmata on the structure of lattices having homo-
geneous prime sublattices. In these lemmata we write shortly “sublattice”
for “sublattice or empty”, and we use these “sublattices” freely as ordinal
summands.

LA sublattice H of L is called proper if H # L and |H| > 1.
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Lemma 5. Let L be a lattice and H(# () a homogeneous prime sub-
lattice of L. Then L,(H), L-(H), L-(H) and M are sublattices, and
L,(H)y=L(H)®M@& L-(H).

PROOF. L.(H),L~(H) and M are sublattices by the definition and
since H is prime. Clearly L,(H) = Lo(H)UM U L~ (H) and Lo (H) <
M < L-(H), proving the last statement, which trivially implies that
L,(H) is a sublattice. O

Lemma 6. Let L be a lattice and H(# () a homogeneous prime sub-
lattice of L. Then H' = H U M is also a homogeneous prime sublattice of
L and M(H') = 0.

PROOF. Let a € H and b € M. Then there exist elements ¢,d € H
such that c< b < d,andso aAc<aAb<aVb<aVd As H and M are
sublattices, this means that H' is sublattice. By the transitivity of < we
have Lo (H) < H' < L~ (H) and Lz(H)oH'. Hence

L<(H/):L<(H), L>(H/):L>(H) and LE(H/):LE(H),

therefore H' is homogeneous and M (H') = (). To prove that H' is prime,
it is enough to show that for a,b € L\ H', aV b,aANb ¢ M, as H is prime.
Since {aVb,aNb}o{a, b} and < is transitive, neither aVb € M nor anNb € M
will hold if @ or b is an element of Lz(H). But if a,b € Lo(H)U L+ (H)
then by Lo(H) =L (H)® M & L~ (H) we obtain aVb,aNb¢ M. O

PROOF of Theorem 4. Suppose indirectly that L is simple but neither
L = K nor L =2 K% Then by Lemma 2 there exists a proper homogeneous
prime sublattice H of L. Consider H' = H U M(H) and define a binary
relation 6 on L:
10y < x,y€ H or z=uy.

We claim that 6 is a nontrivial congruence. 6 is clearly an equivalence. To
show the substitution property, assume that a0b, a # b and ¢ € L. We have
to prove that (aV c)8(bV c) and (a Ac)f(bAc). The first two assumptions
imply that a,b € H'. If c€ H' then aV¢,bVec € H'. If c € L.(H’) then
aVec=a,bvVec=be H andif c € L-(H') then aVc=c¢ = bV c. Finally,
if c € Lz(H') then Lemma 1 implies that aVVe = bVe. A similar argument
holds for A, and so 6 is a congruence.

As any simple lattice is ordinal-sum indecomposable, we can use
Lemma 3, which together with Lemma 6 gives Lz(H') = Lz(H) # 0.
Thus H’ is a proper sublattice, and since it is a congruence class of 6, 6 is
a nontrivial congruence, a contradiction. O
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4. Horn sentences in ordinal-sums of lattices

The result that ordinal-sum indecomposable modular lattices are de-
termined by their sublattice lattices was presented originally in the follow-
ing way:

Theorem ([2]). Let L and K be lattices and suppose that L is mod-

ular. Then Sub(L) 2 Sub(K) if and only if K can be obtained from L by
dualizations and permutations of the ordinal summands of L.

This has a straightforward corollary pertinent to our second problem:

Corollary 8. Suppose that ¢ is a self-dual lattice property which im-
plies modularity. If (Vi € I : ¢(A;)) <= ¢(D,c; Ai), then ¢ is preserved
under isomorphisms of sublattice-lattices.

In this section we consider properties that can be characterized by
infinitary Horn sentences.

Lemma 9. Let A and B be bounded lattices. Then AAB € SP(A, B).
PrROOF. The map oo : AAB — A X B,

{ (z,0p), ifzeA,
TO =
(1a,z), ifzeB

is an embedding. O

Theorem 10. Let A and B be lattices and v an infinitary Horn sen-
tence which is not equivalent to the identity x = y. If v holds in A and B
then v holds in A ® B.

PROOF. Suppose first that A and B are bounded lattices satisfying ).
Then A @ B = AAC2AB C SP(A, B,Cs) by Lemma 9. Since 1) trivially
holds in Cs, it holds in A & B too.

Now let A and B be arbitrary lattices satisfying ¢, and assume that
1 does not hold in A & B. As the conclusion of ¢ has only finitely many
variables, there exists a finitely generated sublattice C' = [z, x1,. .., zy] of
A & B such that ¢ fails in C. Let D = [{z; | x; € A} and E = [{z; | x; €
B}]. Clearly, D and E are bounded lattices satisfying ¢, and C = D ® E.
Consequently, 1 holds in C, a contradiction. O

Using induction, we can generalize this theorem from two ordinal
summands to finitely many ones, and since the conclusion of an infinitary
Horn sentence contains only finitely many variables, we have
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Corollary 11. If an infinitary Horn sentence which is not equivalent
to the identity x = y holds in the lattices A; (i € I) then it holds also in

@iel A;.
Combining Corollary 8 and Corollary 11 we obtain

Theorem 12. Let L and K be modular lattices with Sub(L)= Sub(K)
and let i be a self-dual infinitary Horn sentence. If 1 holds in L then it
holds in K too.

Remark. If ¢ is a non self-dual infinitary Horn sentence then it is
not preserved under isomorphisms of sublattice-lattices. Indeed, let A be
a lattice such that ¢ holds in A but not in A% Then Sub(4 ® A) =
Sub(A @ A%), ¢ holds in A® A but it does not hold in A ® A?. Moreover,
A ® A4 is self-dual, hence 1) is not satisfied in (A @ A?)? either.

A special case of our second problem is (see GRATZER [3], p. 56,
Problem 1.5): Which equational classes V are closed under isomorphisms
of sublattice-lattices, i.e., L € V and Sub(L) = Sub(K) imply K € V?
This was known for the trivial varieties, and the classes M resp. D of
modular resp. distributive lattices. By Theorem 12 and the Remark after
it we have

Corollary 13. A variety contained in M is closed under isomorphisms
of sublattice-lattices if and only if it is self-dual.
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