Remark on the zeros of characteristic equations.

To the memory of my late friend, Tibor Szele.

By PAUL TURAN in Budapest.

1. This paper contains some remarks concerning an important question
of the classical algebra. This refers to the question, what a strip

can be given for the 4{, 43, ..., 4. zeros of the characteristic equation
bu—~2--- bin
(1.2) oR)=| : : |=0
bul 2 i bmt_z-
when we know that all 4,,4s,..., 4. zeros of the characteristic equation
Au—~A -+ Qin
(1.3) y)= : =(
An1 *** Qua— &
lie in the strip
(1.4 ae=R2=aq
and we know an upper estimation of
(1.5) F= Zkz:lbjt_ajk K
J= —

We assert that a lower estimation of 8 and an upper estimation of 8, can
be given in terms of n, F and the aj numbers, at least, when F is “small
enough”. Obviously it is enough to deal with the lower estimation and
without loss of generality we may suppose
(1.6) @ ==,

Let us denote
(1.7) max |a;| = A

I

and let finally 4 be so large that
(1.8) e =3n {2e(d+ 1)}
Then we assert the '
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Theorem. If

n on . e-tul(d'ﬂ!) 2
(1.9) ;;“]bﬁ—aj&l = (iﬁm) ’
then we have "

2. This theorem clearly belongs to the classical algebra; curiously
enough our proof will be performed via differential-equations. A direct
algebraical proof based on matrix-calculus would be of interest; such a
proof is easy when the (ai) and (bj) matrices are real and symmetrical. In
this case the restriction (1.9) can be considerably lightened; it is very pro-
bable that the same is true in the general case.

The proof is based on the following theorem on differential-equations.’)

Let the functions w;(2,, 2y, ...,2., %) for j=1,2,...,n and z,={, +in,
(5., ny reell) continuous in the halfplane ¢ =0 of the (27 1)-dimersional
(&, My e vy Gny 7, £)-space and consider the system

@1) %=gcﬁyg(n+wﬁ(n,. L A0, TR S I

with complex constants c; let
max | x| = C
j#k

and suppose all, x; zeros of the equation

Cii—X *+* Cin
(2.2) G(x)= : =0
Cul ' Cin—X
are in the half-plane Rx = 1. If the positive w satisfies the inequality
(2.3) e = 3n{2e(w + 1)}
and for the w;-functions we have for { =0
W‘Z,Z,...,Zn,tn -

0y 2Mes )_l_é, Lo

Zn‘lz_ls 2n(0*+w) 2e(o+1))’

4
=1

then for each (V;,V,,...,Y,) solution of the system (2.1) and in each
interval / in £ = 0 of length (®®+ ) we have a #* with

n ‘__2_ n
(2.5) Sixorze =0 Sixor

1) To be published in Acta Math. Acad. Sci. Hungar. The main tool of the proof
is the Theorem VIII. of my book “Eine neue Methode in der Analvsis und deren Anwen-
dungen”, Budapest, Akad. Kiad6, 1953.
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One of the main-points of this theorem is the density of these f*-values.
For our present purposes however suffices the weaker statement that there
are arbitrary big f*-values with (2.5). As easy to see from the proofs of the
quoted Acta-paper, this can be assured requiring instead of (2.4) only the
weaker inequality

lIA

(2. 6) gle(zl,.,,,,z‘,t)r ( " (62+0) Jﬂ
: gl%l’ 2n(0*+w) )

We omit a detailed repetition of the proof; the result we shall quote as the
reduced Theorem.

3. In order to deduce our theorem from (2.6) we apply it with

3.1 Cie = Qji 1=j,k=n
and
(3.- 2) w,-(z,, soey Zny t)E;:(bjk_ajk)Zk
independently of £. Then we have
C=A, GA)=vy)

and the condition

RNx; =1 J=1,...;R
is owing to (1.6) fulfilled. We may choose owing to (1.8)
(3.3) w==4.

The condition (2. 6) is by the choice (3. 2) fulfilled, since from the inequality
of Cauchy—Buniakowski we have

J‘g“lv";(zu i B BP 2 z‘(bjk"—ajk) ~
Z‘" 12 2 |

J=1
n e-uA(d‘H!) 2 -nC(w%w)
- gy et MR, SN | B SR
i’ glb’* Gl = [ZH(A’-{-A)) (2n(w’+m))
owing to (1.9) and (3. 3). The continuity-requirement of w;(z,,..., 2., f) are

by the choice (3.2) evidently fulfilled and thus the reduced theorem can be
applied to each function-system

Yit+t), ..., Ya(t+1,)
where (V,,..., ¥,) denotes an arbitrary nonvanishing solution of the system

@.4) 250 _ 3 b it
J==1.2,...,0

=
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where f, is an arbitrary positive number. If £, is chosen so that

2 vwr>o

the reduced theorem gives the existence of a sequence

(3.5) h<)h<th<---—+ o0

with g
Sme+or == Sy

i.e.

3. 6) Tim +log (é: 1Y,-(r)|'] 52(1—2-_%_—1].

On the other hand we consider a ii—zero of ®@(1)=0 with the
minimal real part, Owing to a part of a theorem of POINCARE—PERRON,?)
we have an integral (Z,,Z,,..., Z,) of (3.4) such that

G.7) fim %log[2|z,-(f)|]=m;.
t=-+o =1
Let >0 be now arbitrary and fixed and let j, be an index with

PAER AP
Then i

i (Z1z0r) = Siz01=212.01=

= 7=(31z0r)

J=

i.e. from (3.7)
fim llog( |zj(t)|=]=.-2m;.
t++m t J=1
Comparing this with (3.6) we get
2

indeed.
(Received October 21, 1955.)

?) Cf. Perron: Uber lineare Differentialgleichungen bei denen die unabhingige Variable
reel isl, J. Reine Angew. Math. 142 (1932), 254—270. The special case (3.4) could have
been easily treated directly too.



