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Regular functions that preserve digital representation

By ZOLTAN BOROS (Debrecen)

Dedicated to Professors Zoltan Dardczy and Imre Kdtai
on the occasion of their 60th birthday

Abstract. A functional equation related to generalized number systems in Eu-
clidean spaces is investigated. Reasonable sufficient conditions, under which every so-
lution of the equation is continuous or every smooth solution of the equation is linear,
are established.

Definitions. Let us consider a finite set P with {0} & P C R, a
positive integer IV, and a sequence (g,): Z — RY such that > 77 | |g,| < 00
(where |u| denotes the Euclidean norm of u € RY) and for every vector
x € RY there exist m € Z and &, € P (n=m, m+ 1,...) satisfying » =
> &ngn. Such a pair (P, (g,)) will be called a digital representation
system in RY. We say that a function f: RY — R preserves the digital
representation with respect to (P, (gy,)) if

1) 13 etn) = 3 cuttan

n=m n=m

holds for every m € Z and e, € P (n=m, m+1,...).
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Remark 1. Obviously every linear functional f : RV — R satisfies (1).
It is, however, an open problem whether there exist non-linear solutions f
of (1). For the particular case N = 1 analogous problems are investigated
in [9], [5] and [1]; the main theorems in [5] and [1] suggest the conjecture
that every solution of (1) has to be linear. We neither prove nor disprove
this conjecture in this generality here. Our aim is to take the first step to-
wards the characterization of representation preserver functions involving
dimensions greater than (or equal to) one.

Proposition 1. If f preserves the digital representation with respect
to the digital representation system (P, (q,)), then > >~ | f(gn)| < 0.

Proor. Let p € P\ {0}, ¢, = p if f(gn) > 0, while ¢, = 0 if
f(gn) <0, and 8§, =p — &, (n € N). It follows from equation (1) that the
following series are convergent and

f (Z ffn%) -/ (Z%%)
= Zgnf(qn) — Z nflgn) = pz | f(qn)l-

NOTATION. In the sequel we consider a fixed digital representation
system (P, (g,,)) in RY and the corresponding sets defined by

Sm:{ Z Enln | En € P (n:m+1,m+2,...)} (m € Z),

n=m+1

k
Rk:{zfl(ﬂ‘glep (l:1,2,,]€)} (kGN) and
=1

Tm:{ Z 81Ql‘81€P (l:m—k,...,m),kEN} (m e 7).
l

=m—k

We will also write || P|| = max{|p| | p € P},

om =PIl > lanl, and om =[P > [f(g.)| (m € Z).
n=m+1 n=m+1

We will denote the open ball with radius 7 and centered at = by B,.(x), the
interior of the set H by H°, and the (metric) closure of the set H by H.
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Remark 2. 1t follows from 0 € P that 0 € S, N R N1, for every
m € Z and k € N, where 0 denotes the zero vector in RY. Moreover, if
f: RN — R preserves the digital representation with respect to (P, (q,)),
then

fE+s)=f(t)+ f(s) (teTy, s€Sy,) (meZ)

and

fe+tu+w)=f(z)+ f(u)+ f(w) (z€To, u€ R, weSk) (keN).

In particular, f(0) = 0. Let us also observe that

Sm C B,,,(0) and f(Sy) C B,,,(0) (me€Z).

We may (and will) assume that ¢, # 0 (n € Z).

Definition. We call the digital representation system (P, (g,)) non-
accumulative if Ty’ = ().

Proposition 2. The digital representation system (P, (q,)) is non-
accumulative if and only if the set T;, N B contains finitely many elements
for every m € Z and for every bounded set B C RY.

PROOF. The finite intersection property is clearly sufficient: one only
has to apply it for m = 0 and B = B,.(x) with arbitrary » > 0 and z € R"V.
Conversely, if (P, (g,)) is non-accumulative and B C RY is bounded, then
Ty N B is finite (cf. the Bolzano-Weierstrass theorem). If m < 0, then we
have T,,, C Ty, hence T,,, N B C TyN B, thus T}, N B is also finite. If m > 0,
let rp, = ||P|| Y%, l¢t] and By = B + Ba,.,,(0). If u € T,,, N B, then there
exist t € Ty and w € R,, such that u = ¢t + w. In this case t € By, since
[t —u| = |w| < rpy < 27p,. Obviously By is bounded, thus Ty N By is finite.
The set R, is also finite and T,,, " B C (Ty N By) + Ry, hence T, N B is
also finite.

The first part of the following result is proved for geometric sequences
in [4] and in full generality in [2]. Tt is, however, reasonable to involve the
short proof, which is due to MAKSA (cf. [10]), into this presentation as
well.
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Lemma 1. The set S,, , corresponding to a digital representation sys-
tem (P, (qn)), is compact and satisfies S,, = S, for every m € Z.

PROOF. The set of sequences with values in the finite set P can be
considered as a topological product of infinitely many copies of the compact
set P, hence it is also compact. The mappings ¢n(Em+1,Em+2s---) = Endn
are continuous and the sum ¢ = > >0 41 @n is uniformly convergent,
hence ¢ is also continuous and the codomain S, of ¢ is compact.

Now it follows easily that the interior of 5, is non-void for every
m € Z. Indeed, if we assume that S°, = () for some m € Z, then S, =
S yields that S,, is a nowhere dense set. Since 7, is a countable set
and RN = T,, + S,,, we obtain that R" is a set of first category, which
contradicts the completeness of RV (cf. Baire’s theorem).

Let us begin the proof of S, = S°, (for arbitrary m € Z) with the
the trivial inclusion ﬁ C Sp;m = Sm. In order to prove the reversed
inclusion we consider arbitrary x € S,, and r > 0. Then there exist ¢,
(n=m+1,m+2,...) and k € N such that x = Y>° . €,qn, k > m,
and o} < r/2. Let x = Zi:mﬂ Engn and s = Y0 L EnGn = T — Tp.
Since S{ # 0, there exists u € S}. Let y = 2 +u. Theny € x,+ S, C S,
and |y — x| = |u — s| < 20y, < r, which completes the proof.

Having enumerated some interesting properties of digital representa-
tion systems we begin the investigation of representation preserver func-
tions.

Theorem 1. If the digital representation system (P,(q,)) is non-
accumulative and f : RN — R preserves the digital representation with
respect to (P, (qy)), then f is continuous.

PROOF. Let us fix zg € RY and ¢ > 0 arbitrarily. Due to Proposition
1 there exists m € N such that g,, < 0/2. Let 1 € B,,, (v0). If u € T,
with |u — z9| > 20, then |z; — u| > oy, hence 1 —u ¢ S,,. The
intersection W = T,,, N By, (z0) is finite, therefore W7 + S, is compact
for every Wy C W. Thus there exists r €]0, o, [ such that for every t € W
we have either xg € t + S, or (t + Spn) N Br(29) = 0. Let us now consider
an arbitrary x € B,.(xg). Then there exists t € W such that x — ¢t € S,
and zo —t € S, hence (cf. Remark 2)

|f(x) = f(zo)| = [ (f(t) + flz — 1)) — (f(t) + f(z0 — 1)) |
=|f(x—t)— flwo—t)] < 20m < 0.
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Ezample 1. 1f (0, P) is a canonical number system in the ring of Gauss-
ian integers and g, = 0~ (n € Z), then (P, (g,)) is a digital representa-
tion system in C (now regarded as R?) by [7] and obviously T} = ) (since
To = Z +iZ). Further examples are provided in [6] and [8].

The following generalizations of the notion of directional derivatives,
which will serve as powerful devices in our investigations, are closely related
to Clarke’s generalized directional derivatives (cf. [3]). Let us note that
our generalized directional derivatives are not necessarily finite.

Definition. f D CRY, f: D - R, o € D°, v € RV, and § > 0 such
that Bs(xo) C D, let

A f(z0,v) = {1(f(x+tv) — f(x)) | t € R with z,z + tv € B(s(l‘o)} ,
9% f(x0,v) = inf 83 f (x0,v), O f(x0,v) = supdy f(zo,v),
oL f(zo,v) = gii%ﬁgf(xo,v), and Oy f(xo,v) = %ig[l)@gf(:vg,v).

Lemma 2. If 0 € S, for every m € Z and f : RN — R preserves
the digital representation with respect to the digital representation system
(P, (gn)), then Op, f(z,v) < dy f(y,v) for every z,y,v € RV.

PRrROOF. Let x,y,v € RY and € > 0. We may assume that v # 0
(the v = 0 case is trivial). Our definitions yield lim,, o 0, = 0, hence
there exists m € Z such that o, < ¢/2. Since RN = T, + S,,, we can
choose ',y € T, such that x € 2’ + S,,, and y € y' + S,,, which implies
max{|z’ — z|, |y — y|} < om < €/2. By our assumption there exists r > 0
with B,(0) C Sy, Let & € ]0, iy min{r,e/2}[ and t € ] — 4,4[. This choice
yields tv € S,,, hence

(& + tv) — 2| < |to] + |2 — 2| = [t| [o] + |2’ — 2] <§+§:g
ie. ' +tv € B.(x) and, similarly, y’ + tv € B.(y). Due to Remark 2 we
have

fltv) _ f@) + flto) = f() _ fa'+tv) = fa) O f(z,v)

t t t
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and, analogously, @ € 95 f(y,v), thus

f(tv)
t

Opf(z,v) < < g f(y,v).

Letting € tend to 0 we obtain the statement.

Proposition 3. If D € RY and f : D — R is continuously differ-
entiable at xo € D°, then Jr, f(xo,v) = Juf(zo,v) = f'(zo)v for every
v eRV,

PROOF. Under our assumption there exists » > 0 such that f is
differentiable on B,(xg). If 2 € B,(x), v € RY, and t € R\ {0} such
that = + tv € B,.(x), then we can apply Lagrange’s mean value theorem,
which yields (f(z + tv) — f(x))/t = f'(x + t1v)v with some ¢; between 0
and t. Since f’ is continuous at g, this implies the statement.

Theorem 2. If0 € S8, for every m € Z, f : RY — R is continuously
differentiable, and f preserves the digital representation with respect to
the digital representation system (P, (qy)), then f is linear.

Proor. Combining Lemma 2 with Proposition 3 we obtain that
f'(z)v < f'(y)v for every x,y,v € RY. The reversed inequality follows
by interchanging x and y, therefore f’ is constant, hence f is an affine
function with f(0) = 0 (cf. Remark 2), i.e. f is linear.

Definition. The digital representation system (P, (gy,)) will be called
uniform if there exist K > 0, R > 0, and a mapping d: Br(0) \ {0} — Z
such that for every # € Bg(0) \ {0} we have x € Sy(,) and K|z| > 04(,).

Lemma 3. If the digital representation system (P, (gy)) is uniform,
then there exists M > 0 such that for every v € RY and k € Z we have
[vTqn| > M|v||qn| for some n > k.

PRrROOF. We shall use the notation introduced in the above definition.
Let M = ﬁ and assume that, on the contrary, there exist v € RY and k €
Z such that |v' q,| < M|v||g,]| for every n > k (whence v # 0). Obviously
one can replace v with u = Av in the above inequality if A € R\{0}. We can
choose mg € Z such that my > k and o,,, < R. Let 6 = 0y, /K. For any
x € Br(0)\ {0} obviously |z| < 04(,), hence K > 1. Then 6 < R and for
every z € B5(0)\ {0} we have 0,,,, = K6 > K|x| > 04(4), thus d(z) > my.
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Let u = ﬁv. Then u € Bs(0) \ {0}, hence there exist m = d(u) € Z and

en€P (n=m+1,m+2,...)such that u =3 . £,q, and

% %
uf? = [uTul = Ju" D" engn| =] D enulan]
n=m+1 n=m+1
o> o
< Y lelluTanl < >0 IPIM |uflgn] = Mluloy, < MK]ul*,
n=m-+1 n=m+1

i.e. MK > 1, which contradicts the above given formula for M.

Theorem 3. If (P,(gq,)) is a uniform digital representation system
in RNV, f: RV — R preserves the digital representation with respect to
(P, (gn)), and xo,yo € RN such that f is differentiable at zo and o, then
F(z0) = F'(yo)-

In particular, if f is a differentiable representation preserver function
with respect to a uniform digital representation system, then f is linear.

PROOF. Let o, denote the coefficient of ¢, in the digital representa-
tion of x¢ and choose o), € P\ {a,} for every n € Z (where, of course,
ay, = 0 for almost all, i.e. except finitely many, negative integers n). Since
f is differentiable at xq, for arbitrary € > 0 there exists m; € Z such that
forn > my and x = ZkEZ\{n} axqr + ol,qn we have

|f(x) = f(z0) = f'(z0)(z — 20)]

g >
|z — x0]
_ ‘(O‘;m — ) f(qn) — f,(xo)(a/n — Q)| _ |f(qn) — f,(x())Qn|
[(ay, — an)gn] |Gn| ’

ie., |f(gn) — f'(z0)an| < €lgn|. Analogously, there exists my € Z such
that for every n > mso we have |f(¢,) — f'(yo)qn| < €|lgn|- Applying
these inequalities and choosing n > max{m,ms} as in Lemma 3 with

v=(f"(x0) — f'(y0))", we obtain
2elgn| > [(f'(x0) = ' (0))anl = MI(f'(x0) = f'(0)) | lgnl-

Since € > 0 was arbitrary, this yields f'(z¢) = f/(yo)-

Ezample 2. It follows from the proof of Theorem 5 in [4] that for any
non-real ¢ € C with 0 < |g| < 1 there exist N € N and ry > 0 such that
with Py = {0,1,..., N} the pair (Py, (¢")) is a digital representation sys-
tem in C (as R?) and Byjr,,, (0) C Sk = ¢* Sy (k € Z), therefore (Py, (¢"))
is uniform.
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