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On positive definite quadratic forms

By L. S. GODDARD Aberdeen (Scotland).

The well known necessary and sufficient condition for a quadratic form
to be positive definite has been proved recently by three authors, A. CsAszAR
(1], T. SzELE [2] and E. EGERVARY [3]. In this note another proof is given.
This involves only the elementary theory ofmatrices, and is theshortest of
all four proofs.

Consider the quadratic form, xwhere x
{jq,...,Xn}, x' is the transpose of x, thatisthe row vector (x,,..., X,,), and
Ais a symmetric matrix of order nver the real

matrix consisting of the elements of Aithe first r rows and first columns,
(AO= 1), and by |,4j the determinant of
Lemma 1: FAx is  positive

This follows from the fact that if is singular there exists a non-zero
vector, ¢, such that Ac= 0. Then c¢'Ac= 0, and xMx is therefore not po-
sitive definite.

Lemma 2: M==0 (== 1,2,...,n)
gular matrix, L, of  the form
1
such A= L'DL,
where

and “i= id,|/.j4;_jl.
This lemma may be verified by direct computation. A proof has been
outlined by TuRiNG [4J, p. 289.



L. S. Goddard : On positive definite quadratic forms. 47

We now have the

Theorem: The necessary andfi'JIx
defi'ite is that
[A]>0 (/=1,2
Proof: Sufficiency.Since |[4i|> 0 (/= 1,2,...,we have, by lemma 2,
A-
Now
x'4x = (x7/)D(Lx) = y'7>y= d,yf+ "yH -——--- H .tf,
where
y=Lx= {ylt...,ynk
ce S1,. .., oare all positive, y'Z)y and therefore x'JIx is positive definite,
NecessityLet Xr= {Xl,.. .,xr}. Since x'JIx is positive definite it follows,
by considering the vector {x,,..., xr,0,..., 0}, that x{JIrxr is positive definite.
Hence, by lemma 1,|A|4=0. Thisistrueforr=1,...,n. Thus, bylemma?2.
A= Idnd, as before,
x'i4x = d,yH y
where y = LxBut xMx, and hence y'Z)y, ispositivedefinite. Hence ¢ >0
i = 1..., n and thus
IA!>o0
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