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On the stability of the square-norm equation

By ATTILA GILANYT (Debrecen)

Dedicated to Professors Zoltan Dardczy and Imre Kdtai
on the occasion of their 60th birthday

Abstract. The main result of this paper is the following: if a > 0, a # 2 and a
real function f satisfies

fle+2y) —2f(z +y) + f(z) —2f(y) = o(y”)
((z,y) = (0,0), z <0 <z +2y),

then there exists a real function ¢ such that

q(x +2y) —2q9(z +y) +q(x) —2q(y) =0 (z,y €R)

and

f(2) = q(z) = o(|z[*) (z —0).

1. Introduction
In the present paper we consider the square-norm functional equation

gz +y)+aq(z—y) —2q(x) —29(y) =0  (z,y €R)

for real functions ¢ and we call its solutions quadratic functions. We write
this equation in the form

q(z +2y) —2q(z +y) +q(z) —2¢(y) =0 (v,y €R)
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and we prove the following stability theorem: If, for & > 0 o # 2, a real
function f satisfies

i @) = 2f(@ 4 y) + f(z) — 2f(y)

(=,9)—(0,0) ye
z<0<z+2y

=0,

that is
flx+2y) —2f(z+y) + f(z) — 2f(y) = o(y™)
((z,y) — (0,0), 2 <0< x4+ 2y),

then there exists a quadratic function ¢ : R — R for which

f(@) = q(x) = o(|z|*)  (z —0).

By giving some counterexamples we also prove that the statement is not
valid for o = 2.

The study of the stability of functional equations in the sense above
was inspired by some works of A. DINGHAS, A. SIMON and P. VOLKMANN
on the Dinghas interval-derivative ([1], [6], [7], [9]). For some results con-
cerning the stability of monomial and polynomial functional equations in
this sense we refer to [2], [3], [4], [6] and [7], a similar consideration of the
square-norm equation to what we have here is given in [8].

2. Stability

Lemma 1. Let 0 be a positive real number and f : (—0,9) — R be a
function. If, for a nonnegative real number K > 0,

(1) [f@+2y) =2f(x+y) + f2) - 2f(y)| < K
(x € (—0,0], y,x+ 2y € [0,9))

then there exist a K > 0 and a quadratic function q : R — R, for which

[f(x) —q(x)| < K (2 €(=4,9)).

PROOF. We prove that (1) implies the existence of a real number
K7 > 0, such that

(2) |f(z+2y) —2f(z+y) + f(z) —2f(y)| < K1
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for all z, y, x + 2y € (—4,d). By Corollario 1 in [8] this property yields
our statement.

Let 6 > 0, and f : (—0,0) — R satisfy (1). If we write z =y = 0
in (1), we obtain [2f(0)| < K, furthermore, with z = —y we get

3) fy) = f(=y)l <2K  (y€(0,6)).

Let & and ¢ be fixed real numbers with the property z, 3, £+2y € (—4,0).
Then we have one of the following relations:

>

(A) ze€(-4,0],y€][0,9), T+2y€]0,0);
(B) z€10,9),y€[0,9), z+2y € [0,0);
(C) z€(-6,0],y€l0,0), x4+ 2y € (—9,0];
(D) ze€(-94,0],y € (—0,0], z+ 2y € (—6,0];
(E) z€]0,9),y€(—6,0],z+2y€[0,0);
(F) z€][0,0),y€(=9,0], z+2y e (—9,0].
In case (A) the statement is trivial. In case (B) writing x = —z — 2y and

y=2Z+ 7y in (1) we obtain
|f(@)=2f(=y)+ f(-z—2y) —2f(2 +9)| < K.

The addition of this inequality to |f(z + 2y) — f(—z — 2y)| < 2K and
12f(=¥) — 2f(y)| < 4K gives

(4) [f(z+2y) —2f(z+y)+ f(@)-2f(H| <7K  (z,5,7+7 € [0,0)).

In case (C) from (3) we get

(2 +29) — f(=(T+29) —2f (2 +7) + 2f(—(Z + 7))
+(7) = f(=7) = 2f(9) + 2/ (9)] < 8K,
which together with (4) yields (2). In case (D) inequalities (3) and (4 )

similarly imply (2). In case (E) we get (2) by writing z = z+2y and y =
n (4). Finally (1) and (3) give (2) in case (F).
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Theorem 1. Let o > 0, o # 2 be a real number. If a function
f R — R satisfies

(5) flx+2y) =2f(z+y) + flx) —2f(y) = o(y®)

then there exists a quadratic function q : R — R, such that

f(@) —q(@) = o(|z]*)  (z—0).

PRrROOF. For o > 2 the statement was proved in Theorem 4 in [4].
Now let v € [0,2). By (5) there exist positive real numbers § and K,
such that

|f(z+2y) =2f(z+y)+ flz) - 2f(y)| < K
(x € (—0,0], y,z+ 2y €10,9)),

therefore, by Lemma 1 there exist a K > 0 and a quadratic function
q : R — R with the property

[f(x) —q(x)| < K (z € (=4,0)).

For the function ¢ : (—0,9) — R, e(z) = f(x) — ¢(x) Theorem 1 in [4]
implies €(0) = 0 and

(6) £(22) — 2%¢(2) = o(|2|%) (z —0).

Using these results our proof is similar to some reasoning in the proof of
Théoreme 2 in [7]. It is easy to see that (6) is equivalent to the following
property: there exist a positive real number §; and a continuous, increasing
function h : [0,61] — R, such that lim,\ o h(z) = 0 and

6(22) —4e(2)| < [2|%h([2]) (2 € [=01,41]).

For

G itz e [<01,01), 2 #0,
0, ifz=0
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we have
| [21°8(2) — 2°72|2|%E(22) | <

that is )
|6(2) —277%8(22)| < 2z (2 e [=01,41]).

For the real numbers

st =supd 2] | 51

2k

5
<2l < Qkil} (k € N)

we get
1. /0
< 2972 ~h|{ = keN
Sk+1 < sk + 1 <2k) (k eN),
therefore, limy_, ., s = 0, which implies

e(z) =o(]2|*) (2 —0).

3. Instability

Lemma 2. Let ¢ be a positive real number and f : [-d,0] — R be a
continuous, odd function, which is two times differentiable on the interval
(0,96) and f"(x) <0, (x € (0,0)). Then we have

(7) fle+2y) = 2f(z+y)+ f(x) 20
fory € [0, 3], z € [-2y, —y] and
(8) fle+2y) =2f(z+y)+ f(z) <0

for ye [07 g]f T e [—y,O]
PROOF. Let § > 0 be given and f : [—0, ] satisfy the properties in
the Lemma. By the well-known mean value theorem for divided differences

(s. a. 0. [5], p. 168), for all pairwise different x1, x2,z3 € [0, d] there exists
a & € (0,0), such that

() f(x1) f(x2) f(x3)
(1 —@2)(z1 —23) (22 —1)(P2 —23) (73 — 1) (73 — 72)
_ [

2 =0.
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For y = 0 inequalities (7) and (8) are trivial.
Let y € (0, g}, x € (—2y,—y) be fixed and 2x + 3y # 0. If we write
x1 =x+2y, x9 = —x —y and 3 = —x in (9), we obtain

@ yf(x+2y)

(2z + 3y)(2z + 2y)y (
+(22 + 2y) f (=2 — y) — (22 + 3y) f(—x)) < O;
putting x1 =0, x9 = x 4+ 2y and x3 = —x — y we get
1
(x+2y)(z+y)(2z + 3y)
+(x+y)f(x+2y) + (x4 29) f(—x —y)) <O;

(1)

((—2z — 3y) f(0)

1 =0, 20 = x4+ 2y and x3 = —x gives

1
z(z + 2y)(2x + 2y) ((

+af(x+2y) + (z +2y) f(—x)) <0;

(I11)

—2x — 2y) f(0)

1 =0, 20 = —x —y and x3 = —x implies
1
z(z+y)y

(Iv) (Wf(0) +zf(=z —y) + (=2 — y) f(—x)) <O0.

In the case when 2z + 3y < 0 we have

1) yf(z+2y) + 22+ 2y) f(—z —y) — 2z + 3y) f(—2) < 0;
(Il) (=22 =3y)f(0) + (z +y)f(z +2y) + (z + 2y) f(—z — y) < O;
(II) (=22 —2y)f(0) + zf(z + 2y) + (z + 2y) f(—=z) < 0;
Iv’) yf(0) +zf(—z—y)+ (-2 —y)f(-z) <O0.

The addition of these inequalities yields

2(x +y)(f(z +2y) +2f(—x —y) — f(—x)) <0,

thus z +y < 0 gives

flx+2y)+2f(—z—y) - f(-x) >0,
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and f being odd (7) is implied. If 2z 4 3y > 0 then instead of (II’) we get

Iy 2z +3y)f(0) = (z+y)f(r+2y) — (z +2y) f(—2 —y) <0,

and the addition of (II”), (III’) and (IV’) yields (7). Finally, since f is
continuous, we have (7) also for x = —y, © = —2y and x = —%y .
For y € (0, g], z € (—y,0) and 2x + y # 0 we prove (8) in a similar
way by replacing
(D) m=2+2y,z2=2+y, 3= —1;
(I) z1=0,20 =242y, 23 =x+y;
(III) 21 =0, zo = + 2y, x3 = —x;
(IV) 21=0,22 =24y, x3=—2
in (9). The continuity of f gives (8) for x =0 and z = —

e

Theorem 2. Let § € (0,1) and 8 > 0 be real numbers. For the
function fg: [—d,d] — R

22 In(—In(|z|?)), ifz
(10) pawy = { o MO R
we have
(11) fo(e +2y) = 2fp(x +y) + f5(x) — 2f3(y) = o(y*)

((z,y) = (0,0), # <0 <x+2y),
but there exists no quadratic function q : R — R, such that

fa(x) —a(@) = o(|z]*)  (z—0).

PrOOF. Let 6 € (0,1) and 5 > 0 be given and we define the function
f = fs:[~8,6] = R by (10),
We prove that (11) holds for this function. Let

flz+2y) —2f(z+y)+ f(x) —2f(y)
y2

(y € (0, g] , T E [—2y,0]> )

F(l‘,y) =
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For y € (0,8], x € (—2y,0), = # —y we have

OF 1 Blx +2y)
%(x,y) = (2(3: +2y) In(— In(|z + 2y|7)) + n(|z + 2y[?)
Bz +y)
— 4z +y) In(=In(jz +y|7)) - iz 147
rin(—In HZ'B ﬁx
+ 221 ( 1 (’ ‘ ))+ln(|$|5)>7
that is OF 9
o5 (@) = (9@ +2) = 20z +y) + (),
T y
where
o { v (In(=In(2}") + gyl ) - o€ [-0.8]2 #0,
0, if x =0.

This function is continuous, odd, two times differentiable on (0,d) and
g"(x) <0, (z €(0,9)). Lemma 2 gives

oF

i R )

(@,y) 20 (y€ (0,3

and
oF

dx
therefore, for a fixed y € (0, g], F is increasing in its first variable on the
interval (—2y, —y) and decreasing in its first variable on (—y,0). Further-

(@90 e,5) ve (-y0),

more, F' is continuous in its first variable and
lim F(—2y,y) = lim F(—y,y) = lim F(0,y) =0,
y—0 y—0 y—0

which implies (11) for f.
Now we suppose that ¢ : R — R is a quadratic function with the
property
f@) —q(x) =o(jz*)  (x—0).

The function f is continuous, therefore, there exists a real number € > 0,
such that ¢ is bounded on the interval (0,¢), thus it has the form ¢(x) =
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cx?, (z € R) with a ¢ € R. However, there does not exist a ¢ € R for which

lim (In (—In(|2|%)) —c) =0.

Remark. The construction of the counterexamples in Theorem 2 is
based on [7], where the function f: (0,1) — R, f(z) = zln(—In(z)) was
given.
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