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On some subsets of the set of shifted primes
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Abstract. Let p run through the set of primes, and let a be a non-zero integer.
For some subsets W , W ∗ of the set of natural numbers we prove (see Theorem 1) that

1

π(x)
|{p : p + a ≤ x, p + a ∈ W}| ¿ log y

x
|{n : n ≤ x, n ∈ W ∗, (n− a, P (y)) = 1}|

+ y−
1
48 +

(log log 10x)3

log x
,

where |a| < y ≤ (log x)A, P (y) =
Q

p≤y p.

As an application of this main result we deduce corresponding estimates in the
case (see Theorem 2, 3)

W = W ∗ = {n : gi(n) = bi, i = 1, . . . , m}
and in the case (see Theorem 5, 6)

W = {n : g(n) ∈ [b, b + h)}, W ∗ = {n : g(n) ∈ [b(1− ε), (b + h) · (1 + ε))}
where gi, g are additive or multiplicative functions.

In particular we prove
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Theorem 4. Let f1, . . . , fk be multiplicative functions satisfying the following

conditions:

(i) there are natural numbers mi such that f
mi
i ≡ 1, i = 1, . . . , k,

(ii) for any 1 ≤ i1 < i2 < . . . < is ≤ k, 0 < ri < mi, i = 1, . . . , k and for any

Dirichlet-character χd (mod d)

lim
x→∞

1

x

X
n≤x

f
ri1
i1

. . . f
ris
is

χd(n) = 0.

Then

lim sup
x→∞

1

π(x)
|{p : p ≤ x, f1(p + 1) = ξ1, . . . , fk(p + 1) = ξk}| ≤

4

m1 . . . mk
,

where ξm1
1 = . . . = ξ

mk
k = 1.

1. Introduction and main results

Assume that g is a real-valued additive or multiplicative function.
There are many results about the behaviour of the means

1
x
|{n : n ≤ x, g(n) = b}| , 1

x
|{n : n ≤ x, b ≤ g(n) < b + h}|

as x →∞ where |A| denotes the number of elements in the set A.
Typical results in this connection are the following theorems of Halász

and Ruzsa.

Halász’s Theorem ([1]). Let g be a real-valued additive function.

Then

sup
b

1
x
|{n : n ≤ x, g(n) = b}| ¿ 1√

E(x)
,

where

E(x) =
∑

p≤x,g(p)6=0

1
p
.

We write G(x) ¿ F (x) if the functions F , G satisfy |G(x)| ≤ C|F (x)|
for some absolute constant C and all values x being considered.
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Ruzsa’s Theorem ([2]). There exists a constant C such that for any
real-valued additive function g the estimate

sup
b
|{n : n ≤ x, b ≤ g(n) < b + 1}| ≤ C

1√
D(x)

,

holds, where

D(x) = min
λ

(
λ2 +

∑

p≤x

1
p

min(1, (g(p)− λ log p)2)

)
.

These results are general and convenient for studying the behaviour of
additive and multiplicative functions. But for some functions and for some
b there are more exact estimates.

Suppose that p ranges over the set of primes and a is a non-zero
integer. The main purpose of the present paper is to prove an inequality
of the kind

1
π(x)

|{p : p ≤ x, g(p + a) ∈ A}| ¿ 1
x
|{n : n ≤ x, g(n) ∈ A∗}|+ R(x),

where g is additive or multiplicative, A and A∗ are some subsets of C and
R(x) → 0 as x →∞ and where the right hand side can be estimated, for
example, by wellknown methods.

Some results of this kind are already known. For example, in [3] N.
M. Timofeev proved that for any real-valued additive function g

sup
b

1
π(x)

|{p : p ≤ x, b ≤ g(p + 1) < b + 1}| ¿ log2(D(x) + 2)√
D(x)

.

This result is an analogue of Ruzsa’s Theorem. In [4] P.D.T.A. Elliott
proved this inequality without the factor log2(D(x) + 2). In [3], [4] an
analogue of Halasz’s result has been proved, too (see also [6], [7]). Here
we consider much more general situations and get the mentioned results
as corollaries.

Let P (t) =
∏
p≤t

p and P (v, u) =
∏

v<p≤u

p. For each natural number n

let p(n) and q(n) denote the largest and the smallest prime divisor of n,
respectively. If n = 1 put p(1) = q(1) = 1.

For the description of the above mentioned sets W we need the fol-
lowing definitions.
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Definition 1. Let

C ⊂ {((Ui, Vi))i∈N, Ui, Vi ⊂ N, i = 1, 2, . . . }

denote the class of sequences ((Ui, Vi))i∈N of pairs of subsets of N such
that

(i) Ui ∩ Uj = ∅ if i 6= j,

(ii) for every ((Ui, Vi))i∈N of C there exists s ∈ N such that for any
i1 < i2 < . . . < is the condition Vi1 ∩ Vi2 ∩ . . . . . . ∩ Vis = ∅ holds.

Next we define a class W of subsets of N.

Definition 2. W ∈ W if the following holds:
For any t > 2 there exists a sequence ((Ui, Vi))i∈N ∈ C such that

(i) for s in Definition 1 the condition s = s(t) ≤ c log t holds with some
constant c,

(ii) if n ∈ Ui, m ∈ Vi then p(n) ≤ t, q(m) > t or m = 1,

(iii) for every n ∈ W with n = n′n′′, where p(n′) ≤ t and q(n′′) > t or
n′′ = 1, there exists i ∈ N such that n′ ∈ Ui and n′′ ∈ Vi.

Let W ∈ W . For t > 2 let ((Ui, Vi))i∈N be a corresponding sequence
according to the definition of W. Then we define W (t) by

W (t) := W((Ui,Vi))i∈N(t) :=
⋃

i∈N
{n = n′n′′, n′ ∈ Ui, n′′ ∈ Vi}.

Obviously W ⊂ W (t) and m′m′′ 6= n′n′′ if (n′, n′′) ∈ Ui×Vi and (m′, m′′) ∈
Uj × Vj with i 6= j.

In the following we restrict our attention to a subclass W0 of W.

Definition 3. W ∈ W0 in case for any t > 2, together with a corre-
sponding ((Ui, Vi))i∈N from Definition 2, the set W (t) = W((Ui,Vi))i∈N(t)
belongs to W0, too.

We use the notations

W (t1, t) := (W (t1))((Ui,Vi))i∈N(t)

and W (t1, t2, . . . , tk) := W (t1, . . . , tk−1)(tk).
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Remark 1. Let g : N→ C be a complex-valued additive or multiplica-
tive function. We put

W := {n : g(n) = b}

(if g is multiplicative we assume that b 6= 0). For t > 2 we choose

N1 : = {n ∈ N : p(n) ≤ t}
N2 : = {n ∈ N : q(n) > t} ∪ {1}.

Now, let {b1, b2, . . . } be a set of complex numbers which contains all values
g(n) (n ∈ N) of g, such that bi 6= bj if i 6= j (and all bi 6= 0 if g is
multiplicative). Then we define, for each i = 1, 2, . . . ,

Ui := {n ∈ N1 : g(n) = bi}
Vi := {n ∈ N2 : g(n) = b ∗ bi}

where b ∗ bi = b− bi if g is additive and b ∗ bi = b/bi if g is multiplicative.
Then obviously s = s(t) = 2, W (t) = W and thus W ∈ W0.

For sets of this type we prove the following theorem.

Theorem 1. Let a be a non-zero integer such that |a| < y ≤ logA x

with A = 6100. Then, if W ∈ W0

1
π(x)

|{p : p ≤ x, p + a ∈ W}| ≤ 4 ·
∏

p≤y

(
1− 1

p

)−1

×M(x)

× 1
x
|{n : n ≤ x, n ∈ W (t0, t1, . . . , tk), (n− a, P (y)) = 1}|

+ O
(
y−1/48 + (log log 10x)3(log x)−1

)
,

where t0 = exp
(
(2 log log 10x)−1 · (log x)

)
,

log ti = min
(
uλ

i log2 u4
i ,

log x
4A log log x

)
, M(x) = (1 + O(log−

1
15 x)), λ = 1

48

and ui = y2k−i

, i = 1, . . . , k with k =
[
log2 t log(logA x)

log y

]
+ 1.
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Using Remark 1 we deduce from Theorem 1

Theorem 2. For any additive or multiplicative function g we have

1
π(x)

|{p : p ≤ x, g(p + a) = b}|

≤ 4
∏

p≤y

(
1−1

p

)−1

×M(x)× 1
x
|{n : n≤x, g(n)=b, ((n−a, P (y))=1}|

+ O

(
y−1/48 +

(log log 10x)3

log x

)
,

where y > |a|, M(x) = 1 + O(log−
1
15 x) and b is a complex number and

b 6= 0 if g is multiplicative.

In the same way we prove

Theorem 3. Let g1, . . . , gm be complex-valued additive or multiplica-

tive functions and let b1, . . . , bm be complex numbers where bi 6= 0 if gi is

multiplicative. Then we have

1
π(x)

|{p : p ≤ x, gi(p + a) = bi, i = 1, . . . , m}| ≤ 4
∏

p≤y

(
1− 1

p

)−1

× 1
x
|{n : n ≤ x, gi(n) = bi, i = 1, . . . ,m, ((n− a, P (y)) = 1}|

+ O
(
y−1/48 + (log log 10x)3(log x)−1

)
,

where y > |a| and M(x) = 1 + O(log−
1
15 x).

Remark 2. Observe that we obtain an estimate for any {b1, . . . , bm} ∈
Cm and not only for the supremum over {b1, . . . , bm} as it was proved in
[3], [4] (for m = 1).

Put

y := min

((
1
x
|{n : n≤x, gi(n) = bi, i = 1, . . . , m}|+1

x

)−48

+2|a|, logA x

)
.
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Using the inequality

∏

p≤y

(
1− 1

p

)−1

≤ c1 log y,

we obtain from Theorem 3 the following

Corollary 1. Let g, . . . , bm be complex-valued additive or multiplica-

tive functions and b1, . . . , bm ∈ C. Put

E(x, b1, . . . , bm) =
1
x
|{n ≤ x, gi(n) = bi, i = 1, . . . ,m}|+ (log x)−1.

Then

1
π(x)

|{p : p ≤ x, gi(p + a) = bi, i = 1, . . . , m}|

¿ log
(
2E−1(x, b1, . . . , bm)

) · E(x, b1, . . . , bm) +
(log log 10x)3

log x
,

where bi ∈ C, and bi 6= 0 if gi is multiplicative.

2. Application to multiplicative functions I

Theorem 4. Let f1, . . . , fk be multiplicative functions satisfying the

following conditions:

(i) there are natural numbers mi such that fmi
i ≡ 1, i = 1, . . . , k,

(ii) for any 1 ≤ i1 < i2 < . . . < is ≤ k, 0 < ri < mi, i = 1, . . . , k and for

any Dirichlet-character χd (mod d)

lim
x→∞

1
x

∑

n≤x

f
ri1
i1

. . . f
ris
is

χd(n) = 0.

Then

lim sup
x→∞

1
π(x)

|{p : p ≤ x, f1(p + 1) = ξ1, . . . , fk(p + 1) = ξk}|

≤ 4
m1 . . . mk

,

where ξ1, . . . , ξk ∈ C with ξm1
1 = . . . = ξmk

k = 1.
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Proof. An application of Theorem 3 gives

1
π(x)

|{p : p ≤ x, fi(p + 1) = ξi, i = 1, . . . , k}| ≤ 4
1
x

∏

p≤y

(
1− 1

p

)−1

× |{n : n ≤ x, fi(n) = ξi, i = 1, . . . , k, ((n− a, P (y)) = 1}|

+ O

(
1

y1/48

)
(1)

where 1 < y ≤ log x. In terms of the Möbius function we have

1
x
|{n : n ≤ x, fi(n) = ξi, i = 1, . . . , k, (n− 1, P (y)) = 1}|(2)

=
∑

d≤Q
d|P (y)

µ(d)
1
x
|{n : n ≤ x, fi(n) = ξi, i = 1, . . . , k, n ≡ 1 (mod d)}|

+ O

( ∑

d|P (y)
d>Q

1
d

)

Next, we make use of the following result.

Lemma 1. For any y, any u > e3, and 2 ≤ v < u we have

∑

p|n⇒v<p≤u
n>y

1
n
¿

(
log u

log v

)4

exp
(
− log y

log u

)
.

Proof of Lemma 1. Applying Rankin’s method gives

∑

p|n⇒v<p≤u
n>y

1
n
≤ y−

1
log u ·

∑

p|n⇒v<p≤u

n−1+ 1
log u

¿ exp


− log y

log u
+

∑

v<p≤u

1
p

exp
(

log p

log u

)
 ¿ exp

(
− log y

log u
+ e log

log u

log v

)

which proves Lemma 1.
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Returning to (2) we see that the second sum is

¿ log4 y exp
(
− log Q

log y

)
.

Let Q = ey. Then the representation

1
x
|{n : n ≤ x, fi(n) = ξi, i = 1, . . . , k, n ≡ 1 (mod d)}|

=
1

m1 . . . mk

1
x

∑

n≤x

k∏

i=1

(
1 + (ξ−1

i fi(n)) + . . . + (ξ−1
i fi(n))mi−1

)

× 1
ϕ(d)

∑
χd

χd(n)

holds and condition (ii) shows that this sum equals

1
xϕ(d)m1 . . .mk

∑

n≤x
(n,d)=1

1 + o(1) =
1

dm1 . . . mk
+ o(1).

Thus for any fixed y > 1 we have

1
x
|{n : n ≤ x, fi(n) = ξi, i = 1, . . . , k, (n− 1, P (y)) = 1}|

=
1

m1 . . . mk

∏

p≤y

(
1− 1

p

)
+ o(1) + O

(
1

y1/48

)
.

By (1) we obtain Theorem 4.

Remark 3. Let us suppose that the functions f1, . . . , fk satisfy con-
dition (i) of Theorem 4 for any 1 ≤ i1 < . . . < is ≤ k, 0 < ri < mi and
that for any Dirichlet-character χd (mod d) such that χr

d(n) ≡ χ0(n) with
r = m1 . . . mk, the series

∑
p

(
1− Re f

ri1
i1

(p) . . . f
ris
is

(p)χd(p)
) 1

p
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diverges. Then, using the theorem of G. Halász [5] we conclude that for
any χd (mod d)

lim
x→∞

1
x

∑

n≤x

χd(n)fri1
i1

(n) . . . f
ris
is

(n) = 0.

Hence the function f1, . . . , fk satisfy condition (ii) of Theorem 4, too.

We need the following two results.

Lemma 2 (Theorem 3 [6]). Assume that a is a non-zero integer and
f is a multiplicative function with |f(n)| ≤ 1. Further, assume that there
exists a primitive Dirichlet-character χd (mod d) and a real number t0
such that ∑

p≤x

∣∣1− χd(p)f(p)p−it0
∣∣ log p

p
≤ ε(x) log x,

where ε(x) decreases and tends to zero but ε(x)
√

log x tends to infinity as
x →∞. Then

1
π(x)

∑

p≤x

f(p + a) =
µ(d)
ϕ(d)

χ̄d(a)
xit0

1 + it0

∏

p|a
p6=2

(
1 +

∞∑
r=1

χd(pr)f(pr)
pr(1+it0)

)

×
∏

p≤x
p-ad

(
1 +

∞∑
r=1

1
ϕ(pr)

(
χd(pr)f(pr)p−irt0 − χd(pr−1)f(pr−1)p−i(r−1)t0

))

+ O
(
εβ(y)

)
,

where β = β(d) > 0, y = x
√

ε(x), and the constant implied in O(. . . )
depends only on a.

Lemma 3. Let f be a multiplicative function with fm(n) ≡ 1, and,
for any 1 ≤ j ≤ m− 1, let the series

(3)
∑

p

(
1− Re f j(p)

) 1
p

diverge. If there exists a primitive Dirichlet-character χδ (mod δ) such
that the series

(4)
∑

p

(1− Re f(p)χδ(p))
1
p
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converges, then

lim sup
x→∞

1
π(x)

|{p : p ≤ x, f(p + 1) = ξ}| ≤ m + 1
2m

.

Proof. For any z with |z| = 1 it follows that

1− Re zn = Re(1− z)(1 + z + . . . + zn−1)

= n Re(1− z) + Re(1− z)
(
(z − 1) + . . . + (zn−1 − 1)

)

≤ n Re(1− z) + |z − 1|2 n2

2
≤ 2n2(1− Re z).

Since the series (4) converges we conclude that the series

∑
p

(
1− Re(f(p)χδ(p))j

) 1
p

converges, too. Now, the series (3) diverge. Hence we obtain that for
1 ≤ j ≤ m − 1, χj

δ is not principal. Let χδ(j) be a primitive character
which generates (χδ)j . We have

∑

p≤x

∣∣1− (f(p))jχδ(j)(p)
∣∣ log p

p

≤

4

∑

p≤y

log p

p
+ 2 log x

∑
p>y

(
1− Re(f(p)χδ)j

) 1
p




1
2


∑

p≤x

log p

p




1
2

−→ 0

as x → ∞ if y = y(x) → ∞ as x → ∞ such that log y(x)/ log x → 0. We
see that f j satisfies the conditions of Lemma 2 and therefore

1

π(x)

�����X
p≤x

fj(p + 1)

����� ≤ µ2(δ(j))

ϕ(δ(j))

Y
p≤x

�����1− 1

p− 1
+

∞X
r=1

f(pr)

pr

�����+ o(1) ≤ µ2(δ(j))

ϕ(δ(j))
+ o(1)

holds for any 1 ≤ j ≤ m− 1. Hence

1
π(x)

|{p : p ≤ x, f(p + 1) = ξ}| = 1
mπ(x)

m−1∑

j=0

ξ−j
∑

p≤x

f j(p + 1)

≤ 1
m

+
1
m

m−1∑

j=1

µ2(δ(j))
ϕ(δ(j))

+ o(1).
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Since δ(j) ≥ 3 this completes the proof of Lemma 3.

Corollary 2. Suppose that f1, f2, . . . , fk are multiplicative functions

with fmi
i (n) ≡ 1 and that, for any 1 ≤ i1 < . . . < is ≤ k, 1 ≤ ri ≤ mi − 1,

i = 1, . . . , k the series

(5)
∑

p

(
1− Re f

ri1
i1

(p) . . . f
ris
is

(p)
) 1

p

diverges. Then

∆(ξ1, . . . , ξk)

:= lim sup
x→∞

1
π(x)

|{p : p ≤ x, f1(p + 1) = ξ1, . . . , fk(p + 1) = ξk}|

≤ max
(

4
m1 . . . mk

,
3
4

)
.

Proof. Suppose that for any χδ and for any 1 ≤ i1 < . . . < is ≤ k,
1 ≤ ri ≤ mi − 1, i = 1, . . . , k the series

(6)
∑

p

(1− Re f(p)χδ(p))
1
p
,

diverges where f(p) = f
ri1
i1

(p) . . . f
ris
is

(p). We show that for any t 6= 0 the
series

(7)
∑

p

(
1− Re f(p)χδ(p) · p−it

) 1
p

diverges, too. For, if this series converges then the series with 1 −
Re f(p)χδ(p)p−it replaced by 1−Re(f(p)χδ(p)p−it)m converges, too. Sup-
pose m = m1 . . . mk. Then, we obtain that the series

∑
p

(
1− Re χm

δ (p)p−imt
) 1

p

converges for t 6= 0. But this series diverges, and the contradiction shows
that the series (7) diverges, too.



On some subsets of the set of shifted primes 441

Using Halász’s theorem [5] we conclude that the conditions of The-
orem 4 are satisfied. Therefore we have ∆ ≤ 4/m1 . . .mk.

Now suppose that there exist 1 ≤ i1 < . . . < is ≤ k, 1 ≤ ri ≤
mi − 1, i = 1, . . . , k and a primitive character χδ such that the series (6)
converges. Put f = f

ri1
i1

. . . f
ris
is

and let m be the least common multiple
of the numbers mi1 · (mi1 , ri1)

−1, . . . ,mis · (mis , ris)
−1. For any 1 ≤ l < m

we have
f l(n) = f

lri1
i1

(n) . . . f
lris
is

(n) = f j1
i1

(n) . . . f js

is
(n)

where 0 ≤ j1 < mi1 , . . . , 0 ≤ js < mis . If j1 = j2 = . . . = js = 0 then
m|l where 1 ≤ l < m. Hence ji 6= 0 and it follows that the hypothesis of
Lemma 3 for f is satisfied. Using Lemma 3 we get

∆(ξ1, . . . , ξk) ≤ lim sup
x→∞

1
π(x)

∣∣{p : p ≤ x, f(p + 1) = ξ
ri1
i1

. . . ξ
ris
is
}
∣∣

≤ m + 1
2m

≤ 3
4
.

Thus Corollary 2 is proved.

In particular we have

Corollary 3. Assume that f3
1 (n) ≡ 1, fm

2 (n) ≡ 1, m ≥ 2. If for any

1 ≤ i ≤ m− 1, 0 ≤ j ≤ 2 the series

∑
p

(1− Re f1(p))
1
p
,

∑
p

(
1− Re f j

1 (p)f i
2(p)

) 1
p

diverges then

lim sup
x→∞

1
π(x)

max
ξ,η

|{p : p ≤ x, f1(p + 1) = ξ, f2(p + 1) = η}| ≤ 3
4
.

Remark 4. It is not difficult to show that under the conditions of
Corollary 2 the inequality

lim sup
x→∞

1
π(x)

max
ξ1,... ,ξk

∆(ξ1, . . . , ξk) ≤
(

4
m1m2 . . .mk

,
3
4

)
.

holds.

Using Corollary 3 we prove
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Corollary 4. Suppose that the functions f1, f2 satisfy the conditions
of Corollary 3 and

lim inf
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

f1(p + 1)

∣∣∣∣∣ ≥ Θ >

√
7

4
.(8)

Then

lim sup
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

f2(p + 1)

∣∣∣∣∣ ≤ σ

where σ = 1−
(

1
2

√
4
3Θ2 − 1

3 − 1
4

)
(1− cos π

m ).

Proof. Let ξ be a complex third root of unity and

a1(x, i) =
1

π(x)

∣∣{p : p ≤ x, f1(p + 1) = ξi}
∣∣ .

Then we have

1
π(x)

∑

p≤x

f1(p + 1) =
2∑

i=0

ξia1(x, i).

Now suppose that α = u0 + u1ξ + u2ξ
2, where ui ∈ R. Then

|α|2 = u2
0 + u2

1 + u2
2 − u0u1 − u0u2 − u1u2.

It is easy to prove that the maximum of |α|2 taken over all (u0, u1, u2)
such that 0 ≤ u0 ≤ a, 0 ≤ u1 ≤ a, 0 ≤ u2 ≤ a, a > 1

2 , u0 + u1 + u2 = 1
equals 1+3a(a−1) and is achieved at the points: (a, 1−a, 0), (1−a, a, 0),
(a, 0, 1−a), (0, a, 1−a), (1−a, 0, a), (0, 1−a, a). Let c be a solution of the

equation 1 + 3c(c − 1) = Θ2, c = 1
2(1 +

√
4
3Θ2 − 1

3). From (8) it follows
that

(9) lim inf
x→∞

max
i=0,1,2

a1(x, i) ≥ c.

Now suppose that

1
π(x)

∑

p≤x

f2(p + 1) =
m−1∑

i=0

a2(x, i)ηi,
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where

a2(x, i) =
1

π(x)

∣∣{p : p ≤ x, f2(p + 1) = ηi}∣∣ .

Using Corollary 3 and (9) we obtain

(10)

a2(x, i) =
2∑

j=0

1
π(x)

∣∣{p : p ≤ x, f1(p + 1) = ξj , f2(p + 1) = ηi}
∣∣

≤ 3
4

+ (1− c) + o(1) = b + o(1),

where b = 5
4 − 1

2

√
4
3Θ2 − 1

3 . If Θ >

√
7

4 then b < 1. Let w be a complex
number of modulus 1 such that

w ·
m−1∑

i=0

a2(x, i)ηi ≥ 0.

Then

1− 1
π(x)

∣∣∣∣∣
∑

p≤x

f2(p + 1)

∣∣∣∣∣ ≥
m−1∑

i=0

a2(x, i)(1− Re wηi).

Since the inequality 1 − Re wηi < 1 − cos π
m holds for only one i among

the values considered, the right-hand side is greater than or equal to

m−1∑

i=0

a2(x, i)
(
1− cos

π

m

)
−max

i
a2(x, i)

(
1− cos

π

m

)
≥ (1− b)

(
1− cos

π

m

)
.

Hence

lim sup
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

f2(p + 1)

∣∣∣∣∣ ≤ 1− (1− b)
(
1− cos

π

m

)
,

and this proves Corollary 4.

From Corollary 2 we deduce
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Corollary 5. Let f2
1 (n) ≡ 1, f2

2 (n) ≡ 1 and fm
3 (n) ≡ 1. If for

0 ≤ i ≤ 1, 0 ≤ j ≤ 1, 0 ≤ l ≤ m− 1, i + j + l 6= 0 the series

∑
p

(
1− f i

1(p)f j
2 (p)Re f l

3(p)
) 1

p

diverges then

lim sup
x→∞

1
π(x)

|{p : p ≤ x, fi(p + 1) = ξi, i = 1, 2, 3}| ≤ 3
4
.

In the same way as before we prove

Corollary 6. Suppose that the functions f1, f2, f3 satisfy the condi-

tions of Corollary 5. Further assume that for i = 1, 2

lim inf
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

fi(p + 1)

∣∣∣∣∣ ≥ Θ,

where Θ > 3
4 . Then

(11) lim sup
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

f3(p + 1)

∣∣∣∣∣ ≤ 1−
(

Θ− 3
4

) (
1− cos

π

m

)
.

Proof. Assume, for example, that for i = 1, 2

lim inf
x→∞

1
π(x)

∑

p≤x

fi(p + 1) ≥ Θ.

Since f1 · f2 = (1− f1)(1− f2) + f1 + f2 − 1 we get

lim inf
x→∞

1
π(x)

∑

p≤x

f1(p + 1)f2(p + 1) ≥ 2Θ− 1.

Put

a1(x, i, j) :=
1

π(x)

∣∣{p : p ≤ x, f1(p + 1) = (−1)i, f2(p + 1) = (−1)j}
∣∣ .
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We have

lim inf
x→∞

max
i,j=0,1

a1(x, i, j) ≥ lim inf
x→∞

1
π(x)

∑

p≤x

(1+f1(p+1))(1+f2(p+1))
4

≥ 1
4
(1 + 2Θ + 2Θ− 1) = Θ.

In the same way as before (see (10)) we obtain

a3(x, i) ≤ 3
4

+ (1−Θ) + o(1),

and this leads to the inequality (11).

Remark 5. Let f be a multiplicative function such that fm(n) ≡ 1,
and let the series ∑

p

1− Re f(p)χd(p)
p

diverge for any Dirichlet-character χd (mod d). We conjecture that

lim
x→∞

1
π(x)

∑

p≤x

f(p + 1) = 0.

For example, it has been conjectured that

lim
x→∞

1
π(x)

∑

p≤x

µ(p + 1) = 0

where µ is the Möbius function. At the present time it has even not been
proved that

lim sup
x→∞

1
π(x)

∣∣∣∣∣
∑

p≤x

(−1)Ω(p+1)

∣∣∣∣∣ < 1

where Ω(n) is the number of all prime divisors of n.
The best results in this direction has been proved by P.D.T.A. Elli-

ott (see [7]). He can prove the nontrivial estimate in the case f4(n) ≡ 1.

Remark 6. Let Pk be the set of integers n ≥ 2 the number of distinct
prime factors of which is ≤ k, i.e. P1 = P, and let Pk,+1 := Pk + 1.
Let furthermore M0 be the class of those complex-valued (completely)
multiplicative functions which are nowhere zero.
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In [13] Kátai conjectured that λ(p + 1) takes on both the values 1
and −1 infinitely often, if p runs over P. Here λ is the Liouville-function.
If the equation p−2q = 1 has infinitely many solutions in primes, then the
same is true for p+1 = 2(q+1). Since λ(p+1) = λ(2)λ(q+1) = −λ(q+1),
the conjecture hence would follow.

By using this simple observation and Chen’s method (see [9]) one can
prove the following assertion: For every a ∈ N there exists an infinite
sequence of pairs of integers P

(ν)
2 +1, Q

(ν)
2 +1 ∈ P2,+1 (ν = 1, 2, . . . ), such

that
P

(ν)
2 + 1 = a(Q(ν)

2 + 1)

holds true.

This implies the following assertion, evidently.

If f ∈M0, then either f(a) = 1 identically, or f takes on at least two
distinct values on the set P2,+1 ∩ [t,∞) for every t > 0.

Conjecture (Kátai [14]). If f ∈M0 and f is not indentically 1, then
f(p + 1) (p ∈ P) takes on at least two distinct values.

3. Application to additive functions

We return to Theorem 1 and shall prove results of a different type.
Let g be a real-valued additive function and W = {n : b ≤ g(n) < b + h}.
For any t > 2 consider Ui = {n1 : p(n1) ≤ t, ih(t) ≤ g(n1) < (i + 1)h(t)},
Vi = {n2 : (n2, P (t)) = 1, b − (i + 1)h(t) ≤ g(n2) < b − ih(t) + h},
i = 0,±1, . . . . Then Ui ∩ Uj = ∅ for i 6= j, and if s ≥ s(t) = h

h(t) we

have Vi1 ∩ . . . ∩ Vis = ∅ for any i1 < . . . < is. If n1 ∈ Ui, n2 ∈ Vi then
n = n1n2 ∈ W (t) = {n : b− h(t) ≤ g(n) < b + h(t) + h}. Hence

W (t0, . . . , tk)={n : b−h(t0)−· · ·−h(tk) ≤ g(n)<b+h+h(t0)+. . .+h(tk)}

and s(tk) = h + 2h(t1) + . . . + 2h(tk−1)
h(tk) . Let h(t) = h

log t
. By construc-

tion t0 = exp
(

log x
12 log log 10x

)
and log ti = min

(
uλ

i log2 u4
i ,

log x
4A log log x

)
where

λ = 1
48, ui = y2k−i

, i = 1, . . . , k. Hence

s(tj)≤ log tj

(
1+2

k∑

i=0

1
log ti

)
¿


k

4A log log x

log x
+

∑

i≥1

1
uλ

i


 log tj¿ log tj
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and, for x ≥ x0, y ≥ 2|a|,

h(t0) + . . . + h(tk) ≤ h

(
k∑

i=0

1
log ti

)
≤ h

log y
.

Thus by Theorem 1 we obtain

Theorem 5. Let g be a real-valued additive function. Then

1
π(x)

|{p : p ≤ x, b ≤ g(p + a) < b + h}|

≤ 4
∏

p≤y

(
1− 1

p

)−1 1
x

∣∣∣∣
{

n : n ≤ x, ((n− a), P (y)) = 1,

−h
1

log y
≤g(n) < b+h

(
1 +

1
log y

)}∣∣∣∣M(x)+O

(
1

y1/48
+

(log log 10x)3

log x

)
,

where M(x) = 1 + O(log−1/15 x) and 2|a| ≤ y ≤ logA x.

Put

y =
(

1
x
|{n : n≤x, b−hε≤ g(n) < b + h(1+ε)}|+ 1

log x

)−48

+ exp
(

1
ε

)
.

Then we have

Corollary 7. For any real-valued additive function g the estimate

1
π(x)

|{p : p ≤ x, b ≤ g(p + a) < b + h}| ¿ε

¿ S(b, h, ε, x) · log 2S−1(b, h, ε, x) +
(log log 10x)3

log x
,

holds, where

S(b, h, ε, x) :=
1
x
|{n : n ≤ x, b− hε ≤ g(n) < b + h(1 + ε)}|+ 1

x
.

Suppose that A ≤ g(p + a) < B. We divide the interval
[
A,B

)
into

intervals
[
b, b + 1

)
. For each interval for which

R(x, b) :=
1
x
|{n : n ≤ x, b− 1 ≤ g(n) < b + 2}| 6= 0
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we have

1
π(x)

|{p : p ≤ x, b ≤ g(p + a) < b + 1}|

¿ R(x, b) log 2
(
R(x, b)

)−1 +
(log log 10x)3

log x
.

Let x1, . . . , xn be positive numbers such that x1 + . . . + xn = y. Then, by
Jensen’s inequality, we get

x1 log
1
x1

+ . . . + xn log
1
xn

≤ y log
n

y
.

Using this inequality we obtain the following result.

Corollary 8. For any real-valued additive function g we have

1

π(x)
|{p : p ≤ x, A ≤ g(p + a) < B}| ¿ 1

x
|{n : n ≤ x, A− 1 ≤ g(n) < B + 1}|

× log
2 · |B −A + 1|

1

x
· |{n : n ≤ x, A− 1 ≤ g(n) < B + 1}|+ 1

x

+ |B −A + 1| · (log log 10x)3

log x
.

4. Application to multiplicative functions II

In the same way as before we can prove similar results for multiplica-
tive functions.

Let f be a real-valued multiplicative function and b > 0. Then

1
π(x)

|{p : p ≤ x, b ≤ f(p + a) < b ·H}|

=
1

π(x)
|{p : p ≤ x, log b ≤ log |f(p + a)| < log b + log H, f(p + a) > 0}|.

Let, for any t > 2, U+
i = {n = n1 : n1 ∈ Ui, f(n1) > 0}, V +

i = {n = n2 :
n2 ∈ Vi, f(n2) > 0}, U−

i = {n = n1 : n1 ∈ Ui, f(n1) < 0}, V −
i = {n =

n2 : n2 ∈ Vi, f(n2) < 0} where as before Ui = {n1 : p(n1) ≤ t, ih(t) ≤
log |f(n1)| < (i + 1) · h(t)}, Vi = {n2 : (n2, P (t)) = 1, log b− (i + 1)h(t) ≤
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log |f(n2)| < log b + log H − ih(t)}. If b < 0 and H > 1 we have

1
π(x)

|{p : p ≤ x, f(p + a) ∈ [
b, bH

)}|

=
1

π(x)
|{p : p ≤ x, |f(p + a)| ∈ [|b|, |b|H)

, f(p + a) < 0}|.

Here we define U+
i , V +

i , U−
i , V −

i in the same way as before but f(n1) ·
f(n2) < 0 for n1 ∈ U±

i , n2 ∈ V ±
i .

Thus we have

Theorem 6. Let f be a real-valued multiplicative function, b 6= 0 and

H > 1. Then

1
π(x)

∣∣{p : p ≤ x, f(p + a) ∈ [
b, bH

)}∣∣ ≤ 4
∏

p≤y

(
1− 1

p

)−1

× 1
x

∣∣∣
{

n : n ≤ x,
(
n− a, P (y)

)
= 1, f(n) ∈ [

bH−σ(y), bH1+σ(y)
)}∣∣∣

×M(x) + O

(
1

y1/48
+

(log log 10x)3

log x

)
,

where σ(y) = 1
log y

, M(x) = 1 + O(log−1/15 x) and 2|a| ≤ y ≤ logA x.

Corollary 9. For any real-valued multiplicative function f we have

1
π(x)

∣∣{p : p ≤ x, f(p + a) ∈ [
b, b ·H)}

∣∣ ¿ε

¿ T (b,H, ε, x) · log
(
2 (T (b,H, ε, x))−1

)
+

(log log 10x)3

log x
,

where b 6= 0, H > 1 and

T (b,H, ε, x) =
1
x

∣∣{n : n ≤ x, f(n) ∈ [
bH−ε, bH1+ε

)}
∣∣ +

1
log x

.
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Corollary 10. For any real-valued multiplicative function f and B >

A > 0 we have

1
π(x)

|{p : p ≤ x, f(p + a) ∈ [
A,B

)}|

¿ 1
x
|{n : n ≤ x, f(n) ∈ [

Ae−1, Be
)}|

× log
2 · | log

eB

A
|

1
x

∣∣{n : n ≤ x, f(n) ∈ [
Ae−1, Be

)}
∣∣ +

1
x

+
∣∣∣∣log

eB

A

∣∣∣∣ ·
(log log 10x)3

log x
.

5. Examples and remarks

Example 1. Let E be an arbitrary nonempty set of primes. Put

E(x) =
∑

p≤x, p∈E

1
p

and let ω(n,E), Ω(n,E) be the number of different prime divisors of n

from E and the number of all prime divisors of n (counted with multiplic-
ities) from E, respectively. Halász [10] and Norton [11] proved that the
inequality

|{n : n ≤ x, g(n,E) = m}| ≤ c1(δ)xEm(x)
m! exp(E(x))

holds for m ≤ (2 − δ)E(x), where δ > 0 and g(n, E) = Ω(n,E) (see [10])
or g(n,E) = ω(n,E) (see [11]).

If E is the set of all primes then the corresponding functions are either
equal to ω or Ω and

|{n : n ≤ x, g(n) = m}| ≤ c2
x

log x

(log log x)m−1

(m− 1)!

for m ≤ (2− δ) log log 10x, δ > 0.
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By Corollary 1 we obtain

|{p : p ≤ x, g(p + a,E) = m}| ¿ x

log x

Em+1(x)
m! exp(E(x))

+
(log log 10x)3

log2 x

for m ≤ (2− δ)E(x) and

|{p : p ≤ x, g(p + a) = m}| ¿ x

log2 x

(log log 10x)m

(m− 1)!
+

(log log 10x)3

log2 x

for m ≤ (2− δ) log log 10x, δ > 0.
Let us remark that in this case there are more exact results (see [12]).

Example 2. Norton [11] proved

|{n : n ≤ x, τ(n) ≥ log x}| ¿ x(log x)−σ(log log x)−1/2

where σ = 1− (1 + log log 2/ log 2) = 0.086 . . . .
By Corollary 10 we have

1
π(x)

|{p : p ≤ x, τ(p + a) ≥ log x}|

≤ 1
π(x)

∣∣{p : p ≤ x, τ(p + a) ∈ [log x, log2 x]
}∣∣ +

1
π(x)

1
log2 x

∑

p≤x

τ(p + a)

¿
√

log log x

logσ x
.

Remark 7. In the papers [3] and [4] the set

W =
{
p : g(p + a) ∈ [

h, h + 1
)}

has been considered where g is an additive function. The main idea was
the following. For every real u we have

1∫

−1

(1− |t|)eitu dt =

(
sin 1

2u
1
2u

)2
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and for |u| ≤ 1 this integral is larger than 4/π2. Hence

Qh :=
1

π(x)

∣∣{p : g(p + a) ∈ [
h, h + 1

)}∣∣

≤ 3
π(x)

∑

n≤x
(n,P (u,z))=1

1∫

−1

(1− |t|)e−ithf(n + a) dt +
z

π(x)

where f(n) = exp (itg(n)). Timofeev [3] treats the sum

∑

n≤x
(n, P (y,z))=1

f(n + a)

by the large sieve and by the dispersion method of Linnik. This was
possible when log z/ log x → 0 and log y → ∞, as x → ∞. Elliott [4]
used the fact that the non-negativity of

1∫

−1

(1− |t|)eitu du

allows the application of Selberg’s sieve. Hence

Qh ≤ 3
π(x)

1∫

−1

(1− |t|)e−ith
∑

dj |P (ω,z)
dj≤z
j=1,2

λd1λd2

∑

n≤x
n≡0 (mod [d1,d2]),

(n, P (y,z))=1

f(n + a) dt +
z

π(x)
.

This idea and the new estimates of multiplicative functions on arithmetic
progressions with small moduli d = [d1, d2] allows Elliott [4] to improve
the bound of Timofeev [3], and he proved results which are best possible.
This method allows to estimate sup

h
Qh.

We do not use here estimates for multiplicative functions. Using only
the properties of the set W we have proved in particular (see Theorem 5
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and Corollaries 7, 8) for any h

1
π(x)

∣∣{p : p ≤ x, g(p + a) ∈ [
h, h + 1

)}∣∣ ≤ 4
∏

p≤y

(
1− 1

p

)
1
x

×
∣∣∣∣
{

n : n ≤ x, ((n− a), P (y)) = 1, g(n) ∈
[
h− 100

log y
, h + 1 +

100
log y

)}∣∣∣∣

×
(

1 + O

(
1

log1/15 x

))
+ O

(
y−1/48 +

(log log 10x)3

log x

)
.

Using this we obtain

sup
h

Qh ¿ log(D−1(x) + 2)√
D(x)

.

The result is not as good as the estimate of Elliott. The condition
((n− a), P (y)) = 1 may be incorporated into sums of the Möbius function.
Then the problem is reduced to the study of multiplicative functions on
arithmetic progressions with small moduli. Here we have investigated this
problem only in one case (see Corollaries 2–6).

6. Proof of Theorem 1

We observe that the main property of W is the possibility of the
representation

∑

n∈W

1 =
∑

i

∑

n1∈Ui

∑

n2∈Vi

1

with a small error term.

For the proof of Theorem 1 we need the following preliminary result.

Lemma 4. Let a be a non-zero integer. Let {an}, {bm} be sequences

of complex numbers, such that, if n ≤ z1 or (n, a) 6= 1 then an = 0 and

if m ≤ z2 or (m, a) 6= 1 then bm = 0. Put r(x, v, u) := {n : n ≤ x,
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(n− a, P (v, u)) = 1}, and

M1(x) := max
y≤x

(
y−1

∑

n≤y

( ∑

km=n

|ak||bm|
)2) 1

2

,

M2(x) := max
ty≤x

(
1
ty

∑

n≤t

|an|2
∑

n≤y

|bn|2
) 1

2

,

∆(x, d) :=
∑

nm∈r(x,v,u),
nm≡a (mod d)

anbm − 1
d

∑

nm∈r(x,v,u)

anbm.

Then

R(Q, v, u, z) :=
∑

d≤Q,
d|P (u,z)

3ω(d)|∆(x, d)|

¿ x
8
√

u
M1(x)

(
log z

log v

)126

+ x
√

M1(x)M2(x)
(

log z

log v

)123√
log Q(log u)6

×
(

log
2x

z1z2

) (
uQ exp(log2 u)√

x
+ u

3
4

(
1√
z1

+
1√
z2

)
+

1√
u

) 1
2

.

uniformly for 1 < v ≤ u ≤ z where 16 + |a| ≤ u ≤ exp
(

3
√

log x
)
,

Qu exp(log2 u) ≤ √
x.

Remark 8. The same estimate holds for the sum
∑

d≤Q
p|d⇒v<p≤u

3ω(d)|∆(x, d)|.

Proof. Applying Cauchy’s inequality gives

R(Q, v, u, z) ≤
( ∑

d≤Q,
d|P (u,z)

9ω(d)|∆(x, d)|
) 1

2

· (R1(Q, v, u, z))
1
2 ,
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where

R1(Q, v, u, z) :=
∑

d≤Q,
d|P (u,z)

|∆(x, d)|.

The first sum does not exceed

∑

n≤x

( ∑

km=n

|ak||bm|
)
·
( ∑

d≤Q,
d|(P (u,z),n−a)

9ω(d) +
∑

d|P (u,z)

9ω(d)

d

)

¿ √
xM1(x)

((∑

n≤x

( ∑

d≤Q
d|(P (u,z),n−a)

9ω(d)

)) 1
2

+
√

x

(
log z

log u

)9
)

The number of representations of d as [d1, d2] is less than τ3(d). Thus we
obtain that the first sum on the right-hand side is

¿ 2x
∑

d1,d2|P (u,z)
[d1,d2]≤x

9ω(d1)9ω(d2)

[d1, d2]
¿ 2x

∑

d≤x

81ω(d)

d
τ3(d) ¿ 2x

(
log z

log u

)243

Therefore we have

R(Q, v, u, z) ¿ √
x
√

M1(x)
(

log z

log u

)122 √
R(Q, v, u, z).

Now we only have to prove that

R1(Q, v, u, z) ¿ x
4√u

M1(x)

�
log z

log v

�7

+ x
log z

log v
(log Q)(log u)2

�
log

2x

z1z2

�2

M2(x) 
uQ exp(log2 u)√

x
+

u
3
4√
z1

+
u

3
4√
z2

+
1√
u

!
.(12)

First, put

∆1(x, d) =
∑

nm∈r(x,v,u),
nm≡a (mod d)

anbm − 1
ϕ(d)

∑

nm∈r(x,v,u),
(nm,d)=1

anbm.



456 K.-H. Indlekofer and N. M. Timofeev

Then, since (d, P (u)) = 1 we have

1− ϕ(d)
d

= 1−
∏

p|d

(
1− 1

p

)
≤

∑

δ>u,
δ|d

1
δ
,

and therefore we obtain

∑

d≤Q,
d|P (u,z)

|∆(x, d)−∆1(x, d)|

≤
∑

d≤Q,
d|P (u,z)

1
ϕ(d)

(∑

δ>u,
δ|d

1
δ

∑

nm≤x

|anbm|+ ϕ(d)
d

∑

nm≤x,
(nm,d)>1

|anbm|
)

.

Using Cauchy’s inequality again, we conclude that the righthand side is at
most

√
xM1(x)

(
√

x
∑

δ>u

1
δϕ(δ)

∑

d|P (u,z)

1
ϕ(d)

+
∑

d|P (u,z)

1
d

( ∑

n≤x,
(n,d)>1

1

) 1
2
)

¿ xM1(x)

(
1
u

log z

log u
+

∑

δd|P (u,z),
δ>u

τ(δd)√
δδd

)

¿ x√
u

M1(x)
(

log z

log u

)4

.

Thus

R1(Q, v, u, z) ¿ R2(Q, v, u, z) +
x√
u

M1(x)
(

log z

log u

)4

,

where

R2(Q, v, u, z) =
∑

d|P (u,z),
d≤Q

|∆1(x, d)|.
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Using Eratosthenes’s sieve yields

R2(Q, v, u, z)

≤
∑

δ≤y,
δ|P (v,u)

∑

d≤Q,
d|P (u,z)

∣∣∣∣∣
∑

nm≤x,
nm≡a (mod dδ))

anbm − 1
ϕ(d)

∑

nm≤x,
nm≡a (mod δ),

p(nm,d)=1

anbm

∣∣∣∣∣

+ R4(Q, v, u, z) := R3(Q, v, u, z) + R4(Q, v, u, z),

where

R4(Q, v, u, z) ¿
∑

nm≤x

|anbm|
( ∑

δ>y,
δ|P (v,u)

∑

d≤Q,
d|P (u,z),
δd|n−a

1

)
log z

log u
.

By applying Cauchy’s inequality we obtain

R4(Q, v, u, z) ¿ √
xM1(x)

(∑

n≤x

( ∑

δ>y,
δ|P (v,u)

∑

δd|n−a,
d|P (u,z)

1

)2) 1
2 log z

log u

¿ xM1(x)

( ∑

δ>y,
δ|P (v,u)

τ3(δ)
δ

∑

d|P (u,z)

τ3(d)
d

) 1
2 log z

log u
.

Here we used again the fact that the number of representations of d as
[d1, d2] is less than τ3(d). Taking y = exp(ln2 u) and α = 1/ ln u we see
that (see the proof of Lemma 1)

∑

δ>y,
δ|P (v,u)

τ3(δ)
δ

¿ 1
yα

exp

(
3

∑

v≤p≤u

pα

p

)
¿

(
log u

log v

)12 1
u

and therefore it follows that

R4(Q, v, u, z) ¿ xM1(x)
1√
u

(
log z

log v

)7

.
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Thus we have established the inequality

R1(Q, v, u, z) ¿ R3(Q, v, u, z) + xM1(x)
1√
u

(
log z

log v

)7

.

Now we want to make the summation over n, m independent from each
other. For this aim we divide the intervals z1 < n ≤ x

z2
, z2 < m ≤ x

z1
into

intervals of type
(
N,

(
1 + 1√

u

)
N

]
and

(
M,

(
1 + 1√

u

)
M

]
. The number

of such full intervals lying in the interval mn ≤ x, N ≥ z1, M ≥ z2

is bounded by O

(
u

(
log 2x

z1z2

)2
)

. The last intervals for which n ∈ I =
(

x
(
1 + 1√

u

)−2

, x
(
1 + 1√

u

)2
]

contribute to R3(Q, v, u, z) not more than

∑

mn∈I

|an||bm|
( ∑

d|P (v,z),
d|n−a,
d≤Qy

1

) (
1 + O

(
log z

log v

))

¿ x
4
√

u
M1(x)

( ∑

d≤(Qy)2,
d|P (v,z)

τ3(d)
d

) 1
2 log z

log v
¿ x

4
√

u
M1(x)

(
log z

log v

)4

.

Here we used the condition (Qy)2u ≤ x.
Now we have proved that

R1(Q, v, u, z)¿
(√

u log
2x

z1z2

)2

max
M,N

R5(Q, M, N) +
x
4
√

u
M1(x)

(
log z

log v

)7

where

R5(Q,M, N) :=
∑

δ≤y,
δ|P (v,u)

∑

d≤Q,
d|P (u,z)

∣∣∣∣∣
∑

n∈
�

N,
�
1+ 1√

u

�
N
i

∑

m∈
�

M,
�
1+ 1√

u

�
M
i
,

nm≡a (mod dδ)

anbm

− 1
ϕ(d)

∑

n∈
�

N,
�
1+ 1√

u

�
N
i

∑

m∈
�

M,
�
1+ 1√

u

�
M
i
,

nm≡a (mod δ),
(nm,d)=1

anbm

∣∣∣∣∣
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and the maximum has been taken over MN ≤ x, M ≥ z2, N ≥ z1. Using
Dirichlet-characters we obtain

R5(Q, M, N) ≤
X
δ≤y,

δ|P (v,u)

X
d≤Q,

d|P (u,z)

1

ϕ(dδ)

X
χδ

X
χd 6=χ0

����� X
n∼N

anχdδ(n)

����� ����� X
m∼M

bmχdδ(m)

�����,
where n ∼ N and m ∼ M mean that n ∈

(
N,

(
1 + 1√

u

)
N

]
and m ∈(

M,
(
1 + 1√

u

)
M

]
, respectively. Let χ∗k be the primitive character which

generates χdδ. We have χd 6= χ0 and d|P (u, z), δ|P (v, u) and therefore
k > u and k|P (v, z). Thus

R5(Q,M,N) ≤
∑

d|P (v,z)

1
ϕ(d)

∑

u≤k≤Qy,
k|P (v,z)

1
ϕ(k)

∑

χ∗k

|SN (χ∗k)| |FM (χ∗k)| ,

where

SN (χ∗k) =
∑

n∼N,
(n,d)=1

anχ∗k(n), FM (χ∗k) =
∑

m∼M,
(m,d)=1

bmχ∗k(m).

We divide the interval u < k ≤ Qy into intervals [Q1, 2Q1]. Using Cauchy’s
intquality yields

R5(Q, M, N) ¿ log(Qy)
log z

log v
max
d≤x

max
Q1

1

Q1

X
k≤2Q1

k

ϕ(k)

X
χ∗

k

|SN (χ∗k)FM (χ∗k)|

¿ log(Qy)
log z

log v
max
d≤x

max
Q1

1

Q1

 X
k≤2Q1

k

ϕ(k)

X
χ∗

k

|FM (χ∗k)|2
! 1

2

×
 X

k≤2Q1

k

ϕ(k)

X
χ∗

k

|SN (χ∗k)|2
! 1

2

.

Hence by Gallagher’s inequality (see [8])

∑

k≤Q

k

ϕ(k)

∑

χ∗k

∣∣∣∣∣
M+N∑

n=M+1

χ∗k(n)an

∣∣∣∣∣

2

≤ (Q2 + πN)
M+N∑

n=M+1

|an|2
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we have

R5(Q, M, N) ¿ log(Qy)
log z

log v
max

Q1∈[u,Qy]

√
xM2(x)Q−1

1

��
Q2

1 +
πN√

u

��
Q2

1 +
πM√

u

�� 1
2

¿ x log(Qy)
log z

log v

�
Qy√

x
+

1
4√u
√

z1
+

1
4√u
√

z2
+

1

u
√

u

�
·M2(x)

and therefore

R1(Q, v, u, z) ¿

¿ x(log Q)(log u)2
log z

log v

�
log

2x

z1z2

�2
 

Qu exp(log2 u)√
x

+
u

3
4

√
z1

+
u

3
4

√
z2

+
1√
u

!
M2(x)

+
x
4√u

M1(x)

�
log z

log v

�7

.

Thus we have proved (16), and this gives Lemma 4.

Proof of Theorem 1. Let n = n1n2, where (n, a) = 1, p(n1) ≤ z1,
(n1, a) = 1 and (n2, P (z1)) = 1. For 10

√
x < t ≤ √

x we have

|{p : p ≤ x, p + a ∈ W}|
≤ |{n1n2 ≤ x, n1 ≥ z2, n2 ≥ z1, n1n2 ∈ W, (n1n2 − a, P (t)) = 1}|

+ |{n1n2 ≤ x, n1 < z2, (n1n2 − a, P (t)) = 1}|
+ |{n1 ≤ x}|+ O(t).

Using Selberg’s sieve (see [9]) we obtain that the second term of the right-
hand side is

≤ |{n1n2 ≤ x, n1 ≤ z2, (n2(n1n2 − a), P (z1)) = 1}|

¿
∑

n1≤z2

1
ϕ(n1)

x

log z1 log z1
¿ x

log z1

log z2

log z1
.

By Lemma 1 we get

|{n1 : n1 ≤ x}| ≤ √
x + x

∑
√

x<n1

1
n1

¿ x exp
(
−1

2
log x

log z1

)
(log z1)4.
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Let z1 = exp
( log x

12 log log 10x

)
, z2 = (log x)A, A > 0. Then

|{p : p ≤ x, p + a ∈ W}|(13)

≤ |{n1n2 : n1n2 ≤ x, n1 ≥ z2, n2 ≥ z1, n1n2 ∈ W, (n1n2 − a, P (t)) = 1}|

+ O

(
x

log2 x
· (log log 10x)3

)
.

By the definition of W we have

|{n1n2 : n1n2 ≤ x, n1 ≥ z2, n2 ≥ z1, n1n2 ∈ W, (n1n2 − a, P (t)) = 1}|

≤
∑

i

|Ai(t)|

where

Ai(t) =

|{n1n2 : n1n2≤x, n1 ∈ Ui, n2 ∈ Vi, n1≥z2, n2≥z1, (n1, a)=1, (n1n2−a, P (t))=1}| .

To estimate |Ai(t)| we apply Selberg’s linear sieve (see Theorem 8.3 [9]).
Let Π = {p : u < p ≤ t}, let η be a multiplicative function such that
η(p) = 1 for p > u and η(p) = 0 for p ≤ u and

Xi =

|{n1n2 : n1n2≤x, n1 ∈ Ui, n2∈Vi, n1≥z2, n2≥z1, (n1, a) = 1, (n1n2 − a, P (u)) = 1}| .

For 2 ≤ u ≤ z we have

− log u− C1 ≤
∑

u≤p<z

η(p)
log p

p
− log

z

u
≤ C2.

Thus the conditions of Theorem 8.3 [9] is satisfied. Therefore

|Ai(t)| ≤
∏

u<p≤t

(
1− 1

p

)
|Ai(u)|

{
F

(
log ξ2

log t

)
+ O

(
log u

(log ξ)1/14

)}

+
∑

d≤ξ2

d|P (u,t)

µ2(d)3ω(d)|ηi(x, d)|,(14)
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where

ηi(x, d) = |{n1n2 : n1n2 ∈ Ai(u), n1n2 ≡ a (mod d)}| − 1
d
|Ai(u)|.

Now we apply Lemma 4. Let a(n, i) = 1 if n = n1 ∈ Ui, (n1, a) = 1,
n1 ≥ z2 and b(n, i) = 1 if n = n2 ∈ Vi, n2 ≥ z1 and a(n, i) = b(n, i) = 0
otherwise. In the notation used in Lemma 4 we have

∑

d≤ξ2

d|P (u,t)

|ηi(x, d)| = R(ξ2, 1, u, t).

Let ξ2 = Q =
√

x
u2 exp(log2 u)

, u = logA/4 x, t = ξ. By definition z1 =

exp
( log x

12 log log x

)
and z2 = logA x. Hence

R(ξ2, 1, u, t) ¿ x(log x)126−
A
32 ·

(
M1,i(x) +

√
M1,i(x)

√
M2,i(x)

)
.

Applying Cauchy’s inequality leads to

∑

i

M1,i(x) =
∑

i

max
y≤x

(
1
y

∑

n1n2≤y
n1∈Ui,n2∈Vi

1

) 1
2

≤
(∑

i

∑

n1≤x
n1∈Ui

1
n1

) 1
2
(∑

i

∑

n2≤x
n2∈Vi

1
n2

) 1
2

.

It follows from the definition of W that Ui ∩ Uj = ∅ for i 6= j and
Vi1 ∩ . . . ∩ Vis = ∅ if i1 < . . . < is and s ≥ s(z1). Thus

∑

i

M1,i(x) ¿
√

s(z1) · log x.

In the same way we obtain

X
i

q
M1,i(x) ·

q
M2,i(x) ¿

qp
s(z1) · log x. ·

 X
i

X
n1∈Ui
n1≤2x

1

n1

X
i

X
n2∈Vi
n2≤2x

1

n2

! 1
2

¿
p

s(z1) log x.
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By (18) it follows that

∑

i

|Ai(t)| ≤
∏

u<p≤t

(
1− 1

p

)

×
{

F (2) + O(log−1/15 x)
} ∑

i

|Ai(u)|+ O
(√

s(z1) · (log x)127−
A
32

)
.

We have (see [9], p. 226) F (2) = eγ and

∏

p≤x

(
1− 1

p

)
=

e−γ

log x

(
1 + O

(
1

log x

))
.

Hence, by (17), we obtain

|{p : p ≤ x, p + a ∈ W}|

≤ 4
∏

p≤u

(
1− 1

p

)−1 (
1 + O(log−1/15 x)

)
· 1
log x

·
∑

i

|Ai(u)|

+ O
(√

s(z1)x(log x)127−
A
32

)
+ O

(
(log log 10x)3

log2 x

)
.

By the definition of W we know that if n1 ∈ Ui and n2 ∈ Vi, then n =

n1n2 ∈ W (z1) and further that Ui ∩ Uj = ∅ means, for i 6= j, that n1n2 6=
n′1n

′
2 if n1 ∈ Ui, n2 ∈ Vi, n′1 ∈ Uj , n′2 ∈ Vj . Therefore if A ≥ 32 · 127 + 16

we see that

|{p : p ≤ x, p + a ∈ W}|(15)

≤ 4
∏

p≤u

(
1− 1

p

)−1 (
1 + O(log−1/15 x)

)
· 1
log x

|{n : n ≤ x, n ∈ W (z1), (n− a, P (u) = 1)}|+ O

(
x

log2 x
(log ln 10x)3

)
.
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Now we show that for any |a| < √
u < u < logA x, A ≥ 32 · 127 + 16, the

estimate

|{n ≤ x : n ∈ W, (n− a, P (u)) = 1}|

≤
∏

√
u≤p<u

(
1− 1

p

)
·
∣∣{n : n ≤ x, n ∈ W (z3),

(
n− a, P

(√
u
))

= 1}
∣∣

+O

(
x

uλ log u

)
+ O

(
x · (log log 10x)2

log x

)

holds, where log z3 = min
(
uλ log2 u4,

log x
4A log log x

)
with λ = 1

48.

Let p(n1) ≤ z3 and (n2, P (z3)) = 1. Following the same argument as
before, we deduce

|{n1n2 ≤ x, n1n2 ∈ W, (n1n2 − a, P (u)) = 1}t|

≤
�����n1n2 ≤ x, n1n2 ∈ W, (n1n2 − a, P (u)) = 1, z4 < n1 ≤ z5,

x

z2
5

< n2 ≤ x

z4

�����
+ |{n1n2 : n1 ≤ z4, n1n2 ≤ x}|+ |{n1n2 : n1 > z5, n1n2 ≤ x}|

+

����{n1n2 : n1 ≤ z5, n2 ≤ x

z2
5

}
���� .

The second term is (see Selberg’s sieve [9])

¿
∑

n1≤z4

1
ϕ(n1)

x

log z3
¿ x

log z4

log z3
.

The third term can be estimated by (see Lemma 1)

¿ x
∑

z5<n1≤x

1
n1

¿ x exp
(
− log z5

log z3

)
· log4 z3,

and the fourth term does not exceed x/z5.

Let z4 = u4, log z3 = min
(
uλ log2 z4,

log x
4A log log 10x

)
and log z5 =

(log z3) · log(uλ ln5 z3). Obviously

log z5 ≤ log x

4A log log 10x
· (λA + 5) log log 10x ≤ 1

10
log x.
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Hence z5 ≤ x1/10 and

|{n1n2 : n1n2 ≤ x, (n1n2 − a, P (u)) = 1, n1n2 ∈ W}|(16)

≤
∑

i

Λi(u, z3, z4, z5, 1) + O

(
x

uλ log u

)
+ O

(
x · (log log 10x)2

log x

)

where

Λi(u, z3, z4, z5, d)

=
∣∣∣{n1n2 : n1n2 ≤ x, n1 ∈ Ui, n2 ∈ Vi, (n1, a) = 1, (n1n2 − a, P (u)) ,

z4 < n1 ≤ z5,
x

z2
5

< n2 ≤ x

z4
, n1n2 ≡ a (mod d)}

∣∣∣

The condition (n1n2 − a, P (u)) = 1 can be expressed by a sum over the
Möbius function. This leads to

∑

i

Λi(u, z3, z4, z5, 1) ≤
∏

√
u≤p<u

(
1− 1

p

) ∑

i

Λi(
√

u, z3, z4, z5, 1)

+
∑

i

∑

d≤Q
d|P (

√
u,u)

∣∣∣∣Λi(u, z3, z4, z5, d)− 1
d
Λi(u, z3, z4, z5, 1)

∣∣∣∣

+s(z3)
∑

d>Q
d|P (u)

x

d
.(17)

Using Lemma 1 we see that the third sum has an upper bound

¿ s(z3) · x exp
(
− log Q

log u

)
· log4 u ¿ x

uλ log u

if log Q = (log u) log(u2λ(log u)7). The second sum will be estimated by
Lemma 4. Put z1 := z4, u :=

√
u, z = u, z2 := x

z2
5

≥ x4/5 so that

Q = exp
(
(log u) log(u2λ log7 u)

) ≤ xε. Let a(n, i) = 1 if n = n1 ∈ Ui,
z4 < n1 ≤ z5, (n1, a) = 1 and a(n, i) = 0 otherwise, and further b(n, i) = 1
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if n = n2 ∈ Vi, x
z2
5

< n2 ≤ x
z4

and b(n, i) = 0 otherwise. Using Lemma 4

we conclude that the second sum is bounded by

¿ x
16
√

u
(log u)126

∑

i

M1,i(x) + x(log u)129
√

log2 u
log z2

5
4
√

u

∑

i

√
M2,i(x).

We have log z5 = log z3 · log(uλ log5 z3) ¿ uλ · log3 u with λ ≤ 1
48 . From

this we conclude that the second sum on the right-hand side of (17) is

¿ x
17
√

u

(∑

i

M1,i(x) +
∑

i

√
M1,i(x)

√
M2,i(x)

)

¿ x
17
√

u

(∑

i

(∑ a(n, i)
n

)) 1
2

·
(∑

i

(∑ b(n, i)
n

)) 1
2

¿ x
17
√

u
·
√

s(z3) · ln z5 ¿ x
17
√

u
· u 3

2 λ ln3 u ¿ x

u1/48 log u

if λ ≤ 1
48 . Here we used s(z3) ¿ ln z3. By (17) and (16) we have

|{n : n ≤ x, (n− a, P (u)) = 1, n ∈ W}|(18)

≤
∏

√
u≤p<u

(
1− 1

p

) ∣∣{n : n ≤ x,
(
n− a, P (

√
u)

)
= 1, n ∈ W (z3)}

∣∣

+ O

(
x

uλ log u
+ x · (log log 10x)2

log x

)
.

Put u1 = y2k

, u2 = y2k−1
, . . . , uk = y, L = log x, l = log log 10x, M(x) =(

1 + O(log−1/15 x)
)
, k =

[
log2

log(log x)A

log y

]
+ 1, and let |a| < y ≤ LA,

A = 32 · 127 + 16, λ = 1
48. Using (15) and (18) we obtain

|{p : p ≤ x, p + a ∈ W}|

≤ 4
Y

p≤u1

�
1− 1

p

�−1 M(x)

L
|{n : n ≤ x, n ∈ W (t0), (n− a, P (u1)) = 1}|+ O

 
x · l3

L2

!
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≤ 4
Y

p≤u2

�
1− 1

p

�−1 M(x)

L
|{n : n ≤ x, n ∈ W (t0, t1), (n− a, P (u2)) = 1}|

+ O

 
x

uλ
1L

+ x · l2

L2
log u1 + x · l3

L2

!
≤ 4

Y
p≤y

�
1− 1

p

�−1

|{n : n ≤ x, n ∈ W (t0, . . . , tk), (n− a, P (y)) = 1}| M(x)

L

+ O

0@ x

L

X
i≥0

y−λ2i
+ x · l2

L2

X
i≤k

2i log y + x · l3

L2

1A ,

Where t0 = exp
( log x

12 log log 10x

)
, log ti = min

(
uλ

i log2 u4
i ,

log x
4A log log x

)
,

i = 1, . . . , k, λ = 1
48. This ends the proof of Theorem 1.
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