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Remarks on Walsh-Fourier multipliers

By P. SIMON (Budapest)

Dedicated to the 60th birthday of
Professors Zoltdn Dardczy and Imre Kdtai

Abstract. We consider special multiplier operators for one- and two-parameter
Walsh-Paley system. These multipliers were defined and partly investigated in earlier
papers SIMON [2], [3]. Thus e.g. their boundedness from the dyadic Hardy space HP
into LP for some p were shown. In the present work several consequences of our previous
investigations will be proved. Furthermore, we make additional remarks and formulate
some problems with respect to this area.

1. First of all the most important concepts, notations of the Walsh-
Fourier analysis and auxiliary results will be formulated. (For details see
the book ScHIPP-~WADE-SIMON [1].) The one-dimensional Walsh(—Paley)
system will be denoted by w,, (n=0,1,...). That is,

o0
Wy, 1= H Tk,
k=0

where r;, (k=0,1,...) is the k-th Rademacher function and
n=>r onk2" (ny =0,1;k =0,1,...) is the binary decomposition of n.
If f € L'[0,1) let f be the sequence of the Walsh-Fourier coefficients f (k)

Mathematics Subject Classification: Primary 42C10, 43A22; Secondary 47B38, 60G46.
Key words and phrases: martingales and Hardy spaces, p-atoms, Walsh functions,
quasi-local operators, multipliers.

This research was supported by the Hungarian Scientific Research Funds (OTKA)
T020497.



636 P. Simon

(k=0,1,...) of f. We denote by S, f the n-th partial sum of the Walsh-
Fourier series S50 o f(k)w, i-e. S f == Sp—s f(k)wy (n=1,2,...). The
n-th (C,1)-mean o, f of 3 5o, f(k)wy is defined by o, f := LS Spf
(n=1,2,...). The functions D,, := Z:;S wg, Kp == 130 Dy (n =
1,2,...) are the exact analogues of the well-known (trigonometric) kernel
functions of Dirichlet’s and Fejér’s type, respectively. These functions have
some good properties, useful also in the following investigations. First we
mention a simple result with respect to Dirichlet kernels, which plays a

central role in the Walsh-Fourier analysis:

2 (0<z<2™)
(1) Dan () :{ - (n=0,1,...).
0 (@2"<z<])

Furthermore, it is not hard to see that
(2) Y kwp=n(Dn—K,) (n=12,...).

Let z+y be the so-called dyadic sum of z,y € [0, 1) then the next relations
hold for all x € [0,1) and s =0,1,...:

(3) 0 < Kas(x) = % <2_5D2S () + Z 2Z_SD23 (CH-Q_I_I)),
=0
(4) Ki(2)] < 327571 (Doi(@) + Das (a427071))
t=0 i=t

(25 <1< 25th).

Finally, we will use the identity

o0 o0

1 1 Ko Do
%: 2 KZ<Z—1_1+1>_25i1_ T
(5) k=2° 1=25+1

(s=0,1,...).
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The Kronecker product wy, m, (n,m =0,1,...) of two Walsh systems
is said to be the two-dimensional (or two-parameter) Walsh system. Thus
Wh,m (2,Y) = wy(2)wm(y) (z,y € [0,1)). For the two-parameter Walsh-
Fourier coefficients of a function f € L'[0,1)? the same notations will be
used as in the one-dimensional case. That is, let

1 1
f(nam> :_/0 /O f(xvy)wn,m(xvy)dxdy (nymzoala"')

and f = (f(n,m);n,m =0,1,...). Furthermore, let

n—1m-—1

Spomf = Z Z j?(k‘,l)wk,l (n,m=1,2,...)

k=0 =0

be the (n,m)-th (rectangular) partial sum of the two-parameter Walsh-
Fourier series Y% f(k,l)wy, of f € L'[0,1)%. Tt is easy to show that

1,1
Sumfla) = [ [ ft.0)DaatDatytudtdu @y € 0,1)
0o Jo
In the special case n = 2%, m = 2! (k,1 =0,1,...) we have by (1)

%wwuwy—ﬂ“/' ;o (@ye)),

I(z,y)
where the dyadic rectangle I(x,y) is defined by the Descartes product
I i (x,y) == I(z) x Ii(y).
Here I;(2) (j =0,1,...; 2 € [0,1)) stands for the (unique) dyadic interval
Li(z) =277, (v+1)277) (v=0,...,27 = 1)
containing z. If k = [ then I ;(z,y) is a so-called dyadic square.

2. The Hardy spaces play important role in the Fourier analysis,
especially in the theory of Walsh-Fourier series. The dyadic analogues of
them can be defined as follows. (For details see the book of WEISz [4].)
Let n = 0,1,... and denote F,, the o-algebra generated by the dyadic
intervals [k27",(k+1)27") (k=0,1,...,2" —1). Obviously, the sequence
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F = (Fn,n =0,1,...) of o-algebras is non-decreasing, i.e. F,, C Fp, if
n < m. If f is an integrable real function defined on [0, 1) then Sy f is the
conditional expectation of f relative to F,, (n =0,1,...).

We are going to consider (dyadic) martingales with respect to F. A
sequence f = (f,,n = 0,1,...) of integrable functions is said to be a
martingale, if each f, is F, measurable and Son f,, = f, for all n < m
(n,m =0,1,...). It is clear that for every f € L' the sequence (San f,n =
0,1,...) is a martingale (called martingale obtained from f and denoted
likewise by f). Furthermore, the definition of f(k) (k = 0,1,...) can
be extended to a martingale f in a usual way. Consequently the Walsh-
Fourier coefficients of f € L' are the same as those of the martingale
obtained from f.

We say that a martingale f = (f,,n = 0,1,...) is LP-bounded for
some 0 < p < oo if

171 = 5up | fully < .

(The symbol || f,||, denotes the usual p-norm or quasi-norm of f,.) It is
well-known that for 1 < p < oo the assumption |||, < oo is equivalent
to the existence of a real function from the space LP[0,1), from which f
is obtained. For all 0 < p < oo LP will denote the set of the LP-bounded
martingales. Hence, if 1 < p < oo then LP and LP[0,1) can be identified.

Hardy spaces can be defined in various manner. To this end let the
maximal function and the quadratic variation of a martingale f = (f,,n =
0,1,...) be denoted by

o /
f*i=sup|fal and Qf = (Z | fr — fn—1\2>1 2,
n n=0

respectively, (where f_; := 0). In particular, for f € L' the maximal
function can also be given by

f*(z) = sup2”

n

| t]=swisni@l (e o).
I () n

Furthermore, the quadratic variation of a martingale obtained from f €
L'[0,1) is not another as

N > /
QF = (IFOF + 3 1820 f ~ S0 7).

n=1
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We introduce the martingale Hardy spaces for 0 < p < oo as follows:
denote H? the space of martingales f for which || f||g» := || f*]|, < co. It
is well-known that the following equivalences hold:

(6) pll flae <NQFllp < Cpllfllar (0 <p <o)

and ¢, | fllir < | fllp < Cyll fllian (1 < p < 50), where f € HP. (Here and
later cp,C}, will denote positive constants depending only on p although
not always the same in different occurences.)

The atomic decomposition is a useful characterization of some Hardy
spaces. To demonstrate this we give first the concept of atoms: let 0 < p <
1, then a function a € L*°[0, 1) is called a p-atom if either a is identically
equal to 1 or there exists a dyadic interval I for which

1
(7) suppa C I, |lafleo < |[I|7Y?  and / a=0.
0

We shall say that a is supported on I. Then a martingale f = (f,, n =
0,1,...) belongs to H? for 0 < p < 1 if and only if there exist a sequence
(ag, kK =0,1,...) of p-atoms and a sequence (ux, &k = 0,1,...) of real
numbers such that 7> o [P < oo and

(8) [ = Zﬂkak-
k=0

Moreover, the following equivalence of norms holds:
. > 1/p
eoll fllr <inf (3 el”) < Cllflln (€ H),
k=0

where the infimum is taken over all decompositions of f of the form (8).

In the two-dimensional case the above concepts will be defined as
follows. Let Fy, m (n,m = 0,1,...) be the o-algebra generated by the
dyadic rectangles I,, ,,(z,y) (z,y € [0,1)). Hence,

Fom =o({[k27", (k+1)27") x 127", (1+1)27™) : k=0,...,2" — ;
[=0,...,2™"—1}),

where o(S) denotes the o-algebra generated by an arbitrary set system S.
Then the conditional expectation operator relative to F,, ,, is not another
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as Son gm. A sequence of integrable functions f = (f, . m;n,m =0,1,...)
is said to be a martingale if

i) fun.m is Fpn m measurable for all n,m =0,1,...
and

ii) Sonom fri = fum for all n,m,k,1 = 0,1,... such that n < k and

m <.

For example, if f € L'[0,1)? then the sequence (San om f; n,m =0,1,...)
is evidently a martingale (called martingale obtained from f). Of course,
fi = (fno, n = 0,1,...) and fo = (fom, m = 0,1,...) are (one-
dimensional) martingales with respect to the sequence of o-algebras

c({j27 5, G+1)27"):j=0,...,25 —1})  (k=0,1,...).

The concept of the Walsh-Fourier coefficients can be extended to the
martingales also in the two-parameter case. That is, f will be denote the
sequence of the Walsh-Fourier coefficients of the function or martingale f.

Denote ||g|l, (0 < p < 00) the usual LP-norm (or quasi-norm) of a mea-
surable function g defined on the unit square [0, 1)2. We say that a martin-
gale f = (fnm;n,m =0,1,...)is LP-bounded if || f[|,, := sup,, , | fr,mlp<
0o. The set of the LP-bounded martingales will be denoted by LP. If p > 1
then LP and LP[0,1)? can be identified.

The maximal function f* and the quadratic variation Q) f of a mar-
tingale f = (fam;n,m = 0,1,...) are defined by f* := sup,, ,, |fnml
and

Qf = (Z Z |fn,m - fn—l,m - fn,m—l + fn—l,m—1’2> 1/27

n=0m=0

respectively, where f_q  := fr,—1:=0 (k= —-1,0,1,...). It can be shown
that for each 0 < p < oo the norms (or quasi-norms) || f*||, and ||Qf||, are
equivalent:

coll Nl S NQfNlp < Cpllf*lp-

We introduce the martingale Hardy spaces for 0 < p < oo as fol-
lows: denote H? the space of martingales f for which || f||gr == || f*|l, <
oo. Hence, by the above mentioned equivalence ||f*|, ~ [|Qf]|, we get

[fl[ze ~ Q-



Remarks on Walsh-Fourier multipliers 641

Introduce the following o-algebras:

Fruoo i= o(fj fmk), Foom = a([j fk,m) (n,m=0,1,...).
k=0 k=0

We assume that f), o, foo,m are defined as measurable functions with re-
SpeCt to fn,oo and foo,m and S2k,2l fn,oo:fk,lv SQJ',Qlfoo,m:fj,l (kv l, n,m=
0,1,...; k <n;j <m), respectively.

The diagonal maximal function of a martingale f = (fum; n,m =
0,1,...) is defined by f°® :=sup,, |fn,n|.- Analoguosly, the so-called hybrid
maximal functions of f are given by flh = sup,, | fn,cols f2h := Sup,, | foo,m/|-
The functions ff, f2h play the same role, further we concern with f? := flf
only.

It is easy to see that in case f € L'[0, 1) the above maximal functions

can also be computed by

1
Feo - ]
m(x,y | I, m(a:,y)

1
R
n |In,n | I, n(r,y)

1
iz, y Sup / f(t,y)dt
@) =P 1L @) |‘ i TV

)

)

(Here |, m(z,y)| and |I,(z)| stand for the two- and one-dimensional
Lebesgue measure of the sets in question, respectively.) The correspond-
ing quadratic variations of a martingale f = (fy m;n,m = 0,1,...) are

introduced as follows:

@1 = (3 fun— frrna?)
n=0
@ F = (Y fue — frl?)

n=0
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The following equivalences are well-known: [|Q°f|, ~ ||f°p, Q% f lp ~
17511, and [Lf*llq ~ I1F g ~ I1f*llq ~ 1fllq (0 <p < oo, 1<q<o0).

Define the spaces H¢ and Hf of Hardy type as the set of martingales
f such that

1 1lezz = 1Q° fllp < o0 and |fllmp := |Q°fll, < o0 (0 <p < o0),

respectively.

Unfortunatly, the atomic characterization of Hardy spaces is much
more complicated in the two-dimensional case than in the one-dimensional.
Indeed, in the two-dimensional case the support of an atom in H? is not a
dyadic rectangle but an open set (see WEISZ [5]). However, a finer atomic
decomposition can be given, that is, the atoms can be decomposed into
elementary rectangle particles. This makes possible in some investigations
to examine only atoms supported on dyadic rectangles. To their definition
let 0 < p < 1. A function a € L?[0,1)? is called a rectangle HP-atom if
either a is identically equal to 1 or there exists a dyadic rectangle I such
that

suppa C I, [lall < [1]'/27V/7,

(9) 1 1
/0 a(x,t)dt = /0 a(u,y)du =0 (z,y €[0,1)).

We shall say that a is supported on I.

The atomic characterization of HY (0 < p < 1) is similar to the one-
dimensional case. Namely, a bounded measurable function a is an HY-atom
if a = 1 or there exists a dyadic square I such that

1 el
(10) suppa C I, |laflee < 11]7V/7, / / =0
o Jo

We shall say also in this case that a is supported on I. Then a martingale
f = (fam;n,m =0,1,...) is in HY if and only if there exist a sequence
(ag,k = 0,1,...) of HY-atoms and a sequence (\r,k = 0,1,...) of real
numbers such that Y2 [Ax]? < co and

(1].) ZAkSZTL72na/k - fn,n (7120,1,)
k=0
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Moreover, ¢, inf (Y7, ])\k\p)l/p < fllar < Co(Xreo \)\k|p)1/p, where
the infimum is taken over all decompositions of f of the form (11).

Later we need the concept of some Hardy-Lorentz spaces. To their
definition we denote by g the non-increasing rearrangement of a measurable
function g:

g9(t) == nf{a: [{lg| > o} <t} (£>0),

where |{|g| > a}| := [{z : |g(x)| > a}| is the distribution function of g.
For 0 < p < 00, 0 < ¢ < oo the Lorentz space LP-? is defined as follows:

bl dt\1/a
lalla = ([t E) ™.

If 0 < p < 00,q = 0o then let ||g||p.co := SUp;sqt/PG(t). The space LP? is
given by LP? := {g : ||g/p,q < 00}

The weak LP space LY (0 < p < 00) consists of all measurable func-
tions ¢ for which

lgllzz := sup al{lg| > a}'/? < o,
a>0

while we set ||g]|z= = [|g|loo- It follows immediately that LPP = LP,
P = LP (0 < p < o0).

Now, we define the martingale Hardy-Lorentz spaces H?4, HY?, H é’ a
(0 < p,q < o0) as the set of all martingales f such that

[fllzra == 1Qflp.g <00, [[fllmze :=11Q° fllp.g < o0,
1 llzza = 11Q% fllpug < 00

respectively. We remark that in the case p = ¢ the equalities H?? = HP,
HP = HE, H"” = H} hold. Moreover, for 1 < p < 00,0 < g < oo we get
HP9 ~ HYY ~ Hé”’q ~ LP9,

3. The classical theorem of Riesz-Thorin or the Marcinkiewicz the-
orem on the interpolation between some function spaces are well-known
in the Fourier analysis (see e.g. ZYGMUND [6]). The analoguous state-
ments with respect to the Hardy or Hardy-Lorentz spaces can be formu-
lated as follows, first of all in the one-dimensional case. To this end let
T be a sublinear oparator which is bounded from HP* into LP* for some
0 < po < p1 < o0o. Then the following theorem holds.
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Theorem A (WEISz [4]). Ifpo <p < p1,0 < g < oo, thenT : H?? —
LP1 js bounded.

In the case pg < 1 < p; we can write in Theorem A p = 1 and ¢ = o,
which leads to the estimation | Tf|1. < C||Qf|l1,«. Since @ is of weak
type (1,1) we get [T'f[[1« < C|If

1,4, 1.e. T is of weak type (1,1).
In the two-dimensional case the analoguous theorem on interpolation

reads as follows.

Theorem B (WEIsz [4]). Let X € {H, H,, Hy} and T be a sublinear
operator which is bounded from XP* into LP* for some 0 < pg < p1 < o0.
Then T : XP9 — LP9 is bounded for all py < p < p1,0 < ¢ < 0.

If X := Hy, and po < 1 < p;, then the weak type (1,1) of T fol-
lows similarly to the one-dimensional case, since Q¢ is of weak type (1,1).
However, if X := H (and py <1 < p;), we get only the estimation

ITf Il e < CIQS 1w < ClISH L < Cllf N

since @ is of weak type (Hbl, LY). That is, T has weak type (th, LY. We
remark that in the two-dimensional case @ is not of weak type (1,1).

To the application of the previous theorems we need to show the
(HP, LP)-boundedness of the operator T' in question, that is, the inequality
ITfll, < Cpllfllae for all f € HP. In the one-dimensional case and for
0 < p <1 - taking into consideration the atomic characterization (8) of
HP — it is enough to prove that ||T'al/, < C, holds for all p-atoms a € HP.
If T is bounded from L° into L® for some 1 < s < oo, then the above
suffiecient condition ||T'al|, < C, can be weakened as follows (WEISz [5],
SIMON [2]):

(12) / Tal? < C,.
[0,1)\I

Here a is an arbitrary p-atom supported on the dyadic interval I (see
the definition (7) of atoms). If (12) is true, then T is called p-quasi-local
(WEIsz [5]). Hence, p-quasi-locality together with (L®, L®)-boundedness
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of a sublinear operator T implies that T : H? — LP is bounded. Applying
Theorem A we get

Theorem C (WEISz [4]). Let 0 < p < 1,1 < s < oo and assume
that the sublinear operator T' is p-quasi-local and (L®, L*)-bounded. Then
T:H"Y — L"" is bounded for all p < u < s and 0 < v < co. Especially,
T is of weak type (1,1).

Since ||al|, < 1 holds for all p-atoms a, thus the assumption
f[o,1)\1 |TalP < Cpllally implies the p-quasi-locality (12) of 7. This mo-
tivates the concept of the strong p-quasi-locality. Namely, a sublinear
operator T is called strong p-quasi-local if

(13) / THP < Gl fI2
[0,1)\I

is true for all f such that supp f C I (for some dyadic interval I) and
fol f=0. (For p =1 see SCHIPP-WADE—-SIMON [1].) It is not hard to see
that the weak type (1,1) of 7" can be deduced directly from its strong 1-
quasi-locality, assumed the (L°, L*)-boundedness of T" for some 1 < s < oo.
This was proved for s = co in SCHIPP-WADE-SIMON [1]. For the sake of
the completeness we give the proof here for other exponents 1 < s < oo.
It can be assumed evidently that p > 1. Let f € L',y > |f|1 and
f = g+ h be the corresponding Calderon-Zygmund decomposition (see for
example SCHIPP-WADE-SIMON [1]). That is, g € L*°[0,1), [lg|lcc < Cu,
h = Y7 hi, the function hy is supported on a dyadic interval I, the
intervals I (k = 0,1,...) are pairwise disjoint, fol hy =0 (k=0,1,...)
and 9] = |Uo il < CJ1fl11/w bl <yl Then

HITfI >y} < KITgl > y/2} + [{|Th|] > y/2}| = A+ B,

where by the strong 1-quasi-locality we get

B <0+ [{x € [0,1)\Q: [Th(z)| > y/2}] < |0 + 2/ Th|
Yy Q

)

2 O
<o+ 2 / Thil <190+ <5 s
) kZ:O [0,1)\ I ) kZ:O
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C
— 1920+ Sl < 010 < 0‘”;”1.

On the other hand

2 ’ ! s CS s
AS() / Tg]* < — gl
Yy 0 Yy
Cs

< —lglistllgll < %ys’l(llflh +[2lh) < %Hflll-
Y Yy Y

As we mentioned already the atomic characterization of the two-
dimensional H? spaces is complicated. Although the elements of HP can-
not be decomposed into rectangle HP-atoms, in the investigation of the
HP-quasi-local operators it is enough to take these atoms. It will be as-
sumed that the operator T is sublinear. Then T is called HP-quasi-local
(see WEISz [5]) if there exists § > 0 such that for every rectangle HP-atom
a supported on the dyadic rectangle I and for all » =0,1,... one has

(14) / ITalP < C,27°".
[0,1)>\17

Here I" is the dyadic rectangle defined as follows: I" := I{ x I3, where
I = I x I, for some dyadic intervals I, Is and I7 is the (unique) dyadic
interval for which I; C I7 and [I]| =2"[[;| (j =1,2). f0<p<land T
is of type (L%, L?), then a theorem of WEISz [5] implies the boundedness
of T : HP — LP. Now, applying Theorem B we get the two-dimensional
variant of Theorem C.

Theorem D (WEISz [4]). Let 0 < p < 1 and assume that the sublinear
operator T is HP-quasi-local and bounded from L? into L?>. Then T :
H"" — L*" is bounded for all p < u < 2,0 < v < o0. In particular, T' is
of weak type (th, LY.

The definition of the quasi-locality of sublinear operators defined on
HY (0 < p <1) is similar to the one-dimensional case. Namely, a sublinear
operator T is called HY-quasi-local if

| mar<c,
[0,1)2\1
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for all HY-atoms a supported on the dyadic square I. Then it is clear that
the atomic characterization (11) of HY implies the boundedness of T :
HY — LP. Moreover, the assumption f[O,l)\I |Tal? < C), can be modified
as follows: there exists » = 0,1, ... such that

/ Tal < C,
[0,1)2\I"

holds for every H%-atom a supported on the dyadic square I.
The HY-quasi-locality leads by Theorem B to

Theorem E (WEISZ [4]). Let 0 < p < 1,1 < s < oo and assume the
sublinear operator T is HY-quasi-local and (L®, L*)-bounded. Then T is
bounded from Hg" into L*“" for all p < u < 5,0 < v < oo. Moreover, T
is of weak type (1,1).

The strong p-quasi-locality of T' can be defined in analoguous way
as in the one-dimensional case. Namely, T is called such an operator if
f[o’l)Q\I TP < Cpllf|I5 is true for all f supported on the dydadic square

I such that fol fol f =0. The decomposition lemma of Calderon-Zygmund
can also be applied in the two-dimensional case. Thus the strong 1-quasi-
locality of T' implies its weak type (1,1).

4. In earlier papers (see SIMON [2], [3]) we investigated some multiplier
operators defined on Hardy spaces HP (0 < p < 1). That is, in the one-
dimensional case let A = (\,,n = 0,1,...) be a bounded sequence of
real numbers and consider the operator T by the rule 1/37 = A f . By
well-known Parseval’s equality T is defined at least on L2. Moreover,
T\ : L? — L? is a bounded linear operator. If A;A) = i:;j_l AW
(j=0,1,...) and 0 < p < 1, then the assumption

= 1 2=N
(15) sup Z QN/ (/ |A§»)‘) (z+t)| dt)p dx < 0o
N = S Vo

implies the p-quasi-locality of T (SIMON [2]). Therefore Theorem C can
be applied with p; := 2 and the boundedness of Ty : H*Y — L™ (p < u <
2,0 < ¢ < 00) follows. Especially, we get the boundedness of T : L® — L*
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for all 1 < s < 2 and consequently by means of duality for 2 < s < oo,
too. Hence, we can write in Theorem C in place of s an arbitrary number
1 < s < co. This proves

Theorem 1. Let A be a bounded sequence of real numbers, 0 < p <1
and assume that (15) holds. Then T\ : H"" — L™" is bounded for all
p<u<oo,0<v< oo, Especially, Ty is of weak type (1,1).

For p = 1 the assumption (15) has a very simple form (SIMON [2]):

!
(16) sup Z / |A§~>‘)| < 0.
N ZxJew

On the other hand, if (16) is true, then T) is strong 1-quasi-local. Indeed,

let f be a function supported on the dyadic interval I such that fol f=0.
Without loss of generality we may assume that I = [0,27") for some
N = 0,1,.... Then f(k) = 0 (k = 0,1,...,2Y — 1), therefore T)f =

20+l

ZJO‘.;N D k=2 Akf(k)wk and

SR |

! A~
/[0,1)\1 Tl = /21\,‘2 > )\kf(k)wk‘

j=N k=27

< ji:v /2 :‘ /0 2N FOAY (@dt) dt‘daz

< ]iv /:N £ () /:N AN (z4)| de dt
_g;/ow \f(t)]dt/;N A ()| da
- Hleg:V [

We do not know whether T} is strong p-quasi-local under the assump-
tion (15) for 0 < p < 1.

Now, let Ag := 1, Aanpp = (2" + k)27 (kK = 0,1,...,2" —1). It
was shown in SIMON [2] that (15) is fulfilled, i.e. T} is p-quasi-local for all
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0 < p < 1. Moreover, the same statement holds for Ty, if 1/2 < p < 1.
Hence, by Theorem 1 we get

Corollary 1. If 0 < p < o0, 0 < ¢ < oo and the sequence \ is
defined as above, then T is bounded from HP'? into LP?. Moreover, if
1/2 < p < o0, 0< g < oo, then Tyyy : HPY — LPY is also bounded. In
particular, Ty, T}/ are of weak type (1,1).

The assumption (16) is not enough to the (L', L!)-boundedness of Ty.
Namely, the next theorem is true.

Theorem 2. Let A be the sequence as in Corollary 1. Then T), is not
bounded from L' into L'.

PROOF. Forn=1,2,... let

n—12F—1
frni=Don —1= Z Z Wk 4 -
k=0 j=0
Then by (2)
n—12F-1 ok 4 j n—1 - 2k 1 '
Tfn = Z Z TMQJC_H = Z 27<2kD2k + Z jwj)
k=0 j=0 k=0 j=0
n—1 n—1
=Y 7u(2Dgk — Koi) = (2(Dgrsr — Dar) — 1 Kor)
k=0 k=0
n—1 n—1
=2(Dgn — 1) = Y Ko = 2fn — Y _ 1K
k=0 k=0

Further we examine the sum Zz;é rpKor. Let x € [0,1), then by (3)

n—1 k
Z ri(z)Kor (z) = % Z () <27kD2k’ (z) + Z 21719D2Ic (x—FQ*l*l))
k=0

=0

n—1 &
=3 (2ro(x)+ Z Tk($)(2_kD2k (x)+ Do (z)+ Z 9=k D, (quQ_l_l)))

k= =0
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1n—1 1n—1
=ro(x) + = Z 2 %1 (2)Dox () + = (Dgr+1(z) — Dor(z))
2 2
k=1 k=1
n—1 k—1
Zrk 27 Doi (z427"71).
k 1 =0

Since

1o~ 1
HTO + 5 ;2 kT‘kDQk + 5 Z(DQkJrl - DQk) ‘1

n—1 n—1

1 1
:Hro+§z ri(Doi + = (Dzn—l)H <1+ 2% +1<3,
k=1 k=1

we need to investigate only the function

n—1 k—1
=) () P F Do (xF27).
k=1 j=0

To this end let us write F,(x) in the following form:

n—1

223 > (@) Dy (zt27) 22%1]"

7=0 k=j+1

where dj,(z) := Zk —i1Te(2)2 “F Dok (z4+27171). Let j =0,...,n—2 and
k=j341,...,n— 1. The basic property (1) of Dirichlet’s kernels implies

1 (27t <p <277l 427k
()27 Dok (427" = -1 (2797 427kl < < 27971 p27R)
0  (otherwise).

The intervals I;, = [27771 4 27k=12=0=1 4 27F) (j = 0,...,n — 2;
k=j+1,...,n—1) are pairwise disjoint and

djn(z) = =1 (z € Ijj41).

Therefore

||F||1>Z/ |F|>Z/ 2|dgn|—22f2” nl

JJ+1 JJ+1
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Since || fnll1 > %HFnHl -3> "T_l —3 and [|fn]]1 < 2, the operator T
cannot be (L', L')-bounded. This proves our theorem.

It remains open whether 7'/ is bounded from L' into L'.

In the two-dimensional case we have investigated only special multi-
pliers. Namely, let the sequence of real numbers A = (A\g;;k,0=0,1,...)
be given as follows:

gm0 =g Aig

Aoo =1, Aip:= o 0= Snfm

(n,m=0,1,...; i=2"...,2"" —1; j=2m . 2™+l _ 1) and define
Ty as J/}\\f =) f . It is clear that T) is the two-dimensional variant of the
multiplier operator from Corollary 1. In SIMON [3] we proved that T) is
HP-quasi-local for all 0 < p < 1. Moreover, if 1/2 < p <1, then also T,
is HP-quasi-local. From this it follows by Theorem D that T is bounded
from H"™" into L™ for all 0 < u < 2, 0 < v < oco. Furthermore, if
1/2 <p<1,0 <wv < oo, then the same statements holds also for 77 /5. In
particular, the operators T, T} /5 are bounded from L® into L*® (1 < s < 2)
and by duality for all 1 < s < co. Hence, Theorem D leads to

Theorem 3. Let \ be defined as above and 0 < p < 00,1/2 < u < 00,
0 < q < o0o. Then the operators T : H?? — LP% and T,y : H*9 — L"1
are bounded, respectively. Especially, Tx, T,y are weak type (th, LY.

We do not know whether T, T}/, are of weak type (1,1). However,
the following theorem is true.

Theorem 4. Let A be the sequence as in the previous theorem. Then
T) is not strong 1-quasi-local.

Proor. Let n=0,1,... and

gn(@,y) = ry(x) Don (2) Dan (y) = Z:_ wi(z) z_: w;(y)
k=2n =0
(z,y €[0,1)).

Then supp g, C [0,277) x [0,27"), ||gnlls = 1 and [,/ [ gn(z,y) dzdy = 0.
On the other hand by (1), (2)
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ontl_q n—1 2+ _q
Trgn(z,y) =27" Z k:wk(:zj)<z 2~ Z Jw;(y) + 1)
k=2 1=0 =2l
2"—1 op n—12"-1
= Z 2 2—: krn(m)wk(ac)<z Z 2 ;]rl(y)wj(y) + 1)
k=0 1=0 j=o
2m—1
=rp(2) (Dzn (x)+27" Z kwk(x))
k=0
n—1 2!-1
< (Do n) (D) +27 Y jwy(y)+1)
=0 Jj=0

= 1 (@) (2D20 (@) — Kon(2)) (2D20 (4) = 1= D_ mi(0) K (1) ).

=0
If2" <x<1,27" <y <1, then
n—1
Taga(@,9) = ral@) Kon () (14 D 1iy) Ko ().
=0

Therefore by the proof of Theorem 2 it follows that (see also (13))

1 1 L
/[0 1)2\[0,2-7)? ‘T)\gn’ > /_ /_ \Txgn(m,y)\ d.%'dy = Kon

2—n

1 n—1 1 1 n—l1 1
X/ 1+ZT’1K21’2/ Kgn(/ ’ZT[K21|—1) ch Kgn,
- 27" 27" =0

1=0 2=

where C' > 0 is a constant and n is large enough. Furthermore by (3) we
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get

1
Kon =277 1Z2l Do 24271 da

2—n

n—1 1 -n
—g 1y (/O Do (2427171 dar — /O Don (242711 dm)
=0

’I’L

=27 1Z2l 2n:1 ’

thus f[o,1)2\[0,27n)2 |T\gn| > Cn, if n is large enough. This completes the
proof.

Further we investigate the so-called restricted multiplier operators
T (@) T1(7>)\ To this end let a be a non-negative real number and

2”+1 12mFl_1

(a)f — Z Z Z )\ij 7 j Wws 5 = (Q)An,m(f)a

g=2"  j=2m n,m

where 27(1&7)71 means the summation with respect to the indices n,m =
0,1,... such that |n —m| < a. The following theorem is true.

Theorem 5. The operators T(a) T(%)\ are HE-quasi-local for all 0 <
p<L

Proor. We follow the method of WEIsz [5] and SIMON [3]. Only an
outline will be given because the proof is similar to one of the corresponding
result proved in SIMON [3]. Let T = T/Sa) or T = Tl(/ai and a be an HE-
atom. It can be evidently assumed that a is supported on the dyadic
square I := [0,27) x [0,27Y), i.e. (see the definiton (10) of HS-atoms),
lalloo < 22N/ and fol fola = fOTN fOTN a = 0. Moreover, a(i,j) = 0 if
i <2V and j < 2V, ie. Apm(a) =0if n < N and m < N. Therefore
we can suppose that n > N or m > N. Let »r = 0,1,... be a natural
number such that r — 1 < a <r. fn=N,N+1,...;m=0,1,... and
In —m| < a, then m >n—a > N —r. Similarly, if m = NN +1,...;
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n=20,1,... and |[n — m| < «, then n > N — r. This means that

Ta = z Ay o (a).

n,m=N-—r;
n—m|<a

To the HE-quasi-locality of T we need to integrate |Ta|P on the set [0,1)?\
I". Let

Ay = [27N+T7 1) X [0727N>7 Ay = [27N7 1) X [27N+T’ 1)7
Az = 1[0,27N) x 27N 1), A= 27N 1) x 270, 1),
We will show that

(17) /A TalP <C,  (i=1,2,3,4).

It is clear that the proof for ¢ = 3 and for ¢ = 4 is the same as for ¢ = 1 and
for ¢ = 2, respectively. To the proof it is enough to modify the proof of
the analoguous estimations given in SIMON [3]. Therefore we give details
only for T/ga) and for i = 1.

By our previous remarks it follows that

1 2~ N
/ Tal? = / / (Tal?
A1 2—N+r 0

00 2’+1—1 27+l _q »
S SIsE Y Y Lo
N i=N—r k=2i ]NT|1J\<a123
o] 1 71 k
Z / / ‘/ / gwk(x—i-s)
i=N-—r 27N k=2¢

|

X Z Z —wly+ dsdt‘pdxdy.

=N—r, = 23
\i*jlﬁa
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Using Holder’s inequality we conclude that

/ |TaP<2~N(1-P) E / / ‘/ / (s,t) E wk (z+s)
N—+r
=2

S |

X Z Z —wl (y+t dsdt‘dy) dx

=N—r, I= 27
|1*j|§a
00 1 2= N 7N o—
s L L
i 2N+ Mo 0 0
co  20tt_q 21+1 1 i »
X Z Z —wl (y+t dt‘dy X ’ Ewk(:v%s)’ds) dx.
j=N—r, 1= 27 k=21
|i—j|§a
From this it follows by Cauchy’s inequality that
/ |TalP <2~ NO-P)
Aq B
oo 1 2~ N M2 1, p2-
X 2”
2 Lo L
2it+1_1 -1
Z Z —wl(y—kt)dt‘ dy] ‘ Z —wk(m—i—s)‘ds)
—r, 1=27
\Z J\<Oc
< 2~ N(-p/2) Z / N / / la(s, t)|*dt] dy] ‘ Z —wk(;c—i-s)‘ds)
i=N—r +r =21

Now, applying the formulas (1), (2) and (3) we obtain

/ |TalP < 9—N(1-p/2)
Aq -

2—N

* i /1 N+tr (/0 [/01 la(s, t)|2dt] v i 27Dy ($+8+2_l_1)ds)pdx

i=N—r"’2 1=0
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oo
< 9= N(@-p/2) Z o—(i+1)p

i=N-—r
1 N—r—1 . 1/2 L
X/TNM( ; 2/ / la(s, )%dt] " Dy (a-bs 2 yds) da
oo
SZ_N(l_P/2) Z 2—(i+1)p
i=N—r
N r—1

2~ N 1 1/2 L
Z 2pl/ / [/ |a(s,t)|2dt] / Dzi(m+s+2_l_1)d5)pdm
2= N+r 0

— 9~ N(1-p/2) Z o—(i+1)p
i=N—r

N—r—1 2*1*14’,2*1\7

x( Z 21’%471 (/OQN[/Olm(s,t)th] 1/2D2i(m—i—s—i—2_l_l)ds)pdaz
0

=

< 2= N@A-p/2) Z o—(+1)p

1=N—7r
1 1/2
/ \a(s,t)|2dtds]/
0

.o 1/2\p
2 -1
Dzi(x—i—s—i—Q )ds] ) dx

N—r—1 g—1-1 2—1\' 9—N

N l
>

x[/o

o— N

N—r—1
— 92— N(1-p/2) Z 29— (z+1)p||a”p Z 2pl N21p/2
i=N—r =0

oo
<2—N(1—p/2)2—Np+2N)2—N2—p Z 2—ip/22p(N—'r‘)
i=N-—r

< CPQNP/QQ—(N—T)P/Q < Cpre

Applying Theorem E and the duality argument we get

Corollary 2. Let \ be defined as above, @« > 0, 0 < p < 00, 0 <

q < 0o. Then the operators Ti ) T1(/>)\ are bounded from HY? into LP4.

Especially, T( ) T1(7,2 are of weak type (1,1).
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