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Oscillation criteria for nonlinear differential
equations with several deviating arguments

By S. R. GRACE (Giza)

Abstract. In this paper we reduce the problem of the oscillation of the solu-
tions of nonlinear differential equations with several deviating arguments of the form

%m% o %ﬁm%m(t) £ f(t,z[g1(t)],- .. ,z[gm(¢)]) = O to the problem of oscil-

lation of a certain set of second order ordinary differential equations of the type

(a,l(t)y(t)) +Qi(®)|y(t)Psgny(t) =0, i=1,2,... ,n— 1 and A > 0.

The obtained criterion extends the results by LovELADY, KusaNO, NAITO and TRENCH
in such a way that they can be applied in cases of nonlinear differential equations with
several deviating arguments.

1. Introduction

Consider the functional differential equation
(E; 9) Lyz(t) +0f(t,x[g1(t)],- .. ,z[gm(t)]) =0,

where § = £1, n > 3, Lox(t) = =(t), Lrx(t) = ﬁ(t)(Lk_lx(t))' , k=
L,2,....n, ("=4%4), ap(t) = 1, a; : [to,00) — (0,00), i=1,2,...,n — 1,

gj : [to,o0) = R, j=1,2,...,m, f:[to,00) x R™ — R are continuous
and tlim gj(t) =00, j=1,2,...,m.

We will assume that

o0

(1) /a,-(s)dszoo, i=1,2,...,n—1

There exist continuous functions ¢ : [tp,00) — R4 = [0,00) and
o : [tp,00) — R, and nonnegative constants \; (i = 1,2,...,m) with
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A; = A > 0 such that

o

=1

(|zi) for ¢ € [to, 00)

s

2) f(t7x17 s 7~rm)sgnx1 > Q(t)

.
I

~—

and zyz; >0 (i=1,2,...,m), and
(3) o(t) =min{t, g1(t),... . gm()}.
The domain of L,, D(L,) is defined to be the set of all functions
x: [Ty,00) — R such that L;z(t), j =0,1,...,n exist and are continuous

on [T,,00), T, > tg. A solution of equation (E;J) is called oscillatory if it
has arbitrarily large zeros; otherwise, it is called nonoscillatory. Equation
(E;0) is said to be oscillatory if all of its solutions are oscillatory.
Equation (F;§) is said to be almost oscillatory if:
(i) for 6 = 1 and n even, every solution of equation (F;¢) is oscillatory;

(ii) for 6 = 1 and n odd, every solution x of equation (E;J) is either
oscillatory or |L;xz(t)| — 0 monotonically as t — oo, i=0,1,... ,n—1;

(iii) for = —1 and n even, every solution z of equation (£} 0) is oscillatory,
|L;z(t)] — 0 monotonically as t — oo, i = 0,1,...,n — 1 or else
|L;z(t)| — oo monotonically as t — oo, ¢ =0,1,... ,n—1;

(iv) for 6 = —1 and n odd, every solution x of equation (E}; §) is either oscil-
latory or |L;xz(T")| — oo monotonically as t — oo, i =0,1,... ,n— 1.

Next, equation (E;J) is said to have “property A” if (i) and (ii) are
satisfied and (iii) and (iv) are replaced by:

(iii)” for 6 = —1 and n even, every solution z(t) of equation (F;¢) is either
oscillatory or |L;xz(t)| — 0 monotonically as t — oo, i=0,1,... ,n—1;

(iv)’ for 6 = —1 and n odd, every solution of equation (F;J) is oscillatory,
respectively.
Also, equation (E;J) is said to have “property B” if (i) and (iv) are
satisfied and (ii) and (iii) are replaced by:

(ii))’ for § = 1 and n odd, every solution of equation (E;J) is oscillatory.

(iii)’ for 6 = —1 and n even, every solution x(t) of equation (F;¢) is either
oscillatory or | L;x(t)| — oo monotonically as t — oo, i=0,1,... ,n—1,
respectively.

The behavioral properties of the solutions of the equation (E; ) and/or
related equations have been discussed by numerous authors using various
techniques and as recent contributions to this study we cite the papers of
CHANTURYA [1], GRACE and LALLI ([2] - [4]), KiTAMURA [5], KUSANO and
Narro [6], LOVELADY [7] and [8], PHILOS [9] and [10], TRENCH ([11]-[13]),
WILLETT [14] and WERBOWSKI [15].
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LoOVELADY [7] and [8] considered the retarded equation
(L; 9) ™ (t) + dq(t)zlg(t)] = 0,

where § = +1, n > 3, g,q : [tg,00) — R are continuous, ¢(t) > 0 and
not identically zero for all large t,g(t) < t and g(t) — oo as t — oo,
and established some interesting results. He has related oscillation of all
solutions of equation (L; ) to oscillation of certain associated second order
equations.

LOVELADY's results for the equation (L;1) have been extended by
Trench [11] to more general equations of the form

2 () + f(t,x(t) =0,
where n > 3, f : [tg,00) x R — R is continuous,

f(t, )

Xz

> q(t) >0 for x # 0 and t > to,

and ¢ is defined as in equation (L; ).
On the other hand, the result proved in [8] has been generalized by
KUSANO and NAITO [6] to the general linear equation

Lyx(t) + q(t)z(t) = 0,

where L,, and ¢ are defined as in equation (E;0).

The interesting results of ([6]-[8] and [11]) have limited applications,
since they are applicable only to linear or almost linear equations and fail
to apply to other classes of nonlinear differential equations with general
deviating arguments.

Therefore, the purpose of this paper is to extend the results of LOVE-
DAY, KUsANO and NAITO and TRENCH to equations of type (F;d) with
general deviating arguments.

The main results of this paper are presented in the form of four the-
orems. In Theorem 1, we give a sufficient condition for equation (E;J)
to be almost oscillatory, while Theorem 2 [respectively Theorem 3] con-
cerns with a sufficient condition so that equation (E;d) has property A
[respectively property BJ]. Theorem 4 deals with the oscillatory behaviour
of equation (E;J) when A = 1.

2. Main results

We begin by formulating preparatory results which are needed in prov-
ing our main results.
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For functions p; : [tg,00) — R, i =1,2,..., we define
In=1
t

I’L(tusapza 7p1) = /pz(u)l’bl(u7sap217 7p1)du7 1= 1727"' .

S

It is easy to verify that fort=1,2,... ,n—1

Lit,s;p1s-..,pi) = (=1)'Li(s,t;piy ... ,p1)

and
t

I’L(ta S;P1y .- - 7p’L) = /pz(u>-[’bl(t7u>p17 cee 7pi71>du'

The following two lemmas will be needed in the proofs of the main
results.

Lemma 1. If z € D(L,,), then for t,s € [tg,00) and 0 <i < k <n

k-1

(i) le(t) = Z Ij_i(t, S3Ai41y - ,aj)ij(s)
Jj=1
t
+ /Ikil(t,u; @it1y -5 ak—1)ak(u)Lpz(u)du,
k—1
(11) sz(t) = Z(—l)y_zlj_i(s, t; Qj, ... ,a¢+1)Lj:l;(s)
j=i

S

+ (_1)k_i/lk—i—1(u7t§ Ap—1,- -, @iy1)ar(u) Lpz(u)du.

t

This lemma is a generalization of Taylor’s formula with remainder encoun-
tered in calculus. The proof is immediate.

Lemma 2. Suppose condition (1) holds. If x € D(L,,) is of constant
sign and not identically zero for all large t, then there exist a t, > ty and
an integer £,0 < ¢ < n with n+ ¢ even for x(t)L,z(t) nonnegative or n+ ¢
odd for x(t)L,x(t) nonpositive and such that for every t > t,

¢ > 0 implies z(t) Lz (t) > 0 (k=0,1,...,0)



Oscillation criteria for nonlinear differential equations ... 103

and

¢ <n—1implies (—1)*2(t)Lyz(t) >0 (k=0,0+1,...,n).

This lemma generalizes a well-known lemma of KIGUARADZE and can

be proved similarly.
It will be convenient to make use of the following notation in the

remainder of this paper. For any T' >ty and all t > s > T we let
ailt,s] = L;i(t, s;a1, ... ,a;), i=1,2,... ,n—1;
Gilt, s] = Li(t, s;a4y ... ya1), i=1,2,... ,n—1;
Bilt,s] = In—i—1(t,s;an—1,... ,a;+1), i=1,2,... . n—1;
t

R;[t,T] :/ai(s)ds, 1=1,2,...,n—1;

T
o(t)
Yi,jlo(t), T] = / ai—2(g;(t),slai—1(s)R;i[s, T]ds, i=2,3,...,n—1,and
T J=12 ... m;

”yl,j[a(t),T] = Rl[O'(t),T], ] = 1,2, e, .

In the following theorem, we give a sufficient condition for equation
(E;0) to be almost oscillatory. In fact, we relate oscillation of equation
(E;9) to oscillation of a certain set of second order nonlinear ordinary

differential equations; namely

w0 (v®) + QDO s =0, 1= 12 n -1

for T sufficiently large with o(t) > T, where

[oe) m o (u Aj
Qz(t,T) = ai+1(t) /ﬁz—i—l[u?t]Q(u) H <%) du’

1=

[y

i=1,2,...,n—2

_ . Tn—1,5 [U(t)v T] »
QWJ@Ty—dwll( Ry [, T ) '

Theorem 1. Suppose that conditions (1), (2) and (3) hold. Then
equation (FE;§) is almost oscillatory if:
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(i) for 6 = 1 and n even, the equations (4;1) (i = 1,3,...,n — 1) are
oscillatory;

(ii) for 6 = 1 and n odd, the equations (4;i) (i = 2,4,...,n — 1) are
oscillatory and for all large T

(5) /ﬁo [s,T]q(s)ds = o0

(iii) for 6 = —1 and n even, the equations (4;i) (i = 2,4,... ,n — 2) are
oscillatory, condition (5) and for all large T

o0

©) [ 4 T (@nrlas(s). 7)) ds = .
i=1
are satisfied;
(iv) for § = —1 and n odd, the equations (4;3) (i = 1,3,... ,n — 2) are
oscillatory and condition (6) is satisfied.

PROOF. Let z(t) be a nonoscillatory solution of equation (E;d). With-
out loss of generality, we assume that x(t) # 0 for all ¢ > ¢y. Furthermore,
we suppose that z(t) > 0, z[g;(t)] > 0 (i = 1,2,... ,m) and z[o(t)] > 0

for t > to, since the substitution w = —z transforms equation (E;J) into
an equation of the same form subject to the assumptions of the theorem.
By Lemma 2, there exist a t; > tp and an integer ¢ € {0,1,... ,n}
with n 4+ ¢ odd if § =1 or n + ¢ even if 6 = —1 such that
) x(t)Lrx(t) >0 fort > t1, (k=1,2,...,4),
(=) Fx(t)Lpx(t) >0 fort >ty, (k=£0,L+1,...,n).
Suppose ¢ € {1,2,... ,n — 2}. Then, from Lemma 1 (ii) we obtain
n—1 .
Legz(t) = Y (=17 it siay,. .. apg) Lia(s)+
j=t+1

S

(_1)n—€—1 /In—f—2(u7 t; Ap—1y--- aaﬂ+2)Lnx(u)du
t

for s >t > 1. Using (2), (7) and letting s — oo we have

(8)  —Lipa(t) > / Bea [, fa(w) Tl @) N du, ¢ t,.
1 =1
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Again, from Lemma 1 (i) and ¢ € {2,3,... ,n — 2} we get
/—

:L‘(t) = ]j(t,tl;al,... ,aj)ij(t1)+

j:

[\S]

o

'
—|—/Ig_2(t,u;a1,... yag—2)ap—1(u)Le—1x(u)du

t1
t
> /ag_g[t,u]ag_l(u)Lg_lx(u)du, t>t.
t1
There exists a to > t1 so that o(t) > t; for all ¢ > t5 and
o (1)
9)  zlg;(t)] > / ap—2[gj(t), ular—1(w)Le—qz(u)du, j=1,2,... m.
t1

From the definition of the operator L,,, we have
(10) (Lg—12(t)) = ap(t)Lex(t) for t > t,.
Integrating (10) from ¢ to t and using the fact that L,z (t) is nonincreasing
for t > t1, we get
t
Ly_q1x(t) = Le_1x(t2) + Re[t, t2]Lex(t) — /Rg[s,tg]ag+1Lg+1l‘(S)dS.
ta

Since Lyiq1x(t) < 0 for t > t; we obtain

(11) Lgflllf(t) Z Re[t,tz]LzI(t) for ¢ Z tQ.
From (11), we can easily see that the function
Ly q2(t
(12) Leaz(t) is nonincreasing for t > t3 for some t3 > ts.
Ryt to]
Thus, inequality (9) takes the form
I 0 o(t)
1T
ola ) = Ft 5 [ aualos(t) wlara(w)Rilus tldu
(13) Ré[t7t2] ;
3

Ly_qx(t) fort>tz, j=1,2,...,m.
Rg[t,tz] 4190() ort =13, Jj m
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Next, let £ = 1. From (7), (12) and condition (3) we have

z[g;(t)] > xlo(t)] > mw(t)

= 2 " Tox(t) fort >t =1,2,... .
Rl[t,tg] Ox( ) ort =13, j ) 4y ,m

That is inequality (13) holds for ¢ = 1.
Combining (8) and (13) and using condition (3) we get

—Lgy12(t) /ﬁe+1 u, tlq H (wé[e[i 22]t2]> (Le—1z(u))du,

7j=1
or

(14) — (%@)(Lg_lx(t))) . Z Qe(t,tQ)(Lg_l.%(t)))\ for ¢ Z t3.

Set w(t) = Ly—q1x(t). Then inequality (14) takes the form

1 . '
(20 + Qe <0for 12 10

Now, from Lemma 2 in [3] (also, see [1]), it follows that the equation

1\ -
(aé(t)w(t)> FQult ta) (W) =0, t >t

has a nonoscillatory solution. But this is impossible by the hypothesis.
Next, let £ = n — 1. From inequality (13), condition (2) and equation
(E;1), we have

m o ) Aj \
Z q(t) H (Vn—l,j[ (tz,t ]) (Ln_gx(t))

= Qn_1(t,t2)(Ly_sx(t)) for t > t4 for some t5 > to.

Let v(t) = Ly_2x(t). Then the above inequality becomes

1) *
(an_1<t)v(t)) + Qo (t,t2)(v(t) < 0 for ¢ > 85,
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Again, by Lemma 2 in [3], we see that the equation

1 ’ A
(1 n—1(t,1 t =0, t>t3,
() + Qualtta)eo) ;
has a nonoscillatory solution, contradicting the hypothesis.

The proofs when ¢ = 0 and ¢ = n are similar to the proofs of those
cases in Theorems 1 and 3 in [2] and also in [9], and hence will be omitted.
This completes the proof.

Remarks. 1. Theorem 1 extends Lovelady’s results in [7] and [8] and
the work of KusaNO and NAITO [6] in such a way that they can be ap-
plied in cases of nonlinear differential equations and especially with general
deviating arguments.

2. Theorem 1 extends and improves some of the known oscillation
criteria appeared in the literature. In particular, Theorem 1 can be applied
to cases in which Theorems 3.2, 3.3 and 5.1 in [5] and some of the results
in [1]-[3] and [6]-[15] are not applicable. Such cases are described in the
following examples.

Ezxample 1. Consider the fourth order equation

(Er: ) (1 (1 (lx'(t)) | ) | ) T St |afte] Psgnalt?] = 0, ¢ > 0,

t\ ¢

where § = +1, A\, ¢ and ¢y are positive constants and ¢; is any constant.
Here, we take

ai(t) =t, i =1,2,3, q(t) = ct®, g(t) =t and f(z) = |z| sgnz.

It is easy to check that all conditions of Theorem 1 are satisfied for equation
(E1,0) in the following special cases:

5 14
A= pa=-g a=; and ¢ > 0 (i.e. superlinear),
(ii) A=1,¢,=-7,co=1and ¢>0 (i.e. linear), and
1
A

13
(iii) =gy a=-3,a= 3and ¢ >0 (i.e. sublinear),

and hence equation (F1;0) is almost oscillatory. One can easily check that
the results in [1]-[3], [6]-[15] and Theorems 3.2, 3.3 and 5.1 in [5] are not
applicable to equation (E7;0) for the above cases.

In what follows we let

D = {t € [to,0) | gi(t)

<t (i=1,2,...,m)}
A={te€to,0) | gi(t) >t

(1=1,2,...,m)}.
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In the case when the deviating arguments g;(t) (i = 1,2,... ,m) are of
mixed type, we assume that there exist nondecreasing continuous functions

7,§ : [to,00) = R

such that
T(t) <t<&(t) fort>to,
gi(t) < 7(t) forteD, 1=1,2,...,m,
£(t) < gi(t) forte A, 1=1,2,...,m.
Also, we let

D(t) = DN [r(t),t] and A(t) = AN [t, £(¢)].

In the following result we present a sufficient condition so that equa-
tion (FE;0) has property A.

Theorem 2. Let conditions (1) — (3) hold. Then equation (F;d) has

property A if:

(i) for 6 = 1 and n even, the equations (4;3) (i = 1,3,...,n — 1) are
oscillatory;

(ii) for 6 = 1 and n odd, the equations (4;i) (i = 2,4,...,n — 1) are
oscillatory and condition (5) holds;

(iii) for 6 = —1, A > 1 and n even, the equations (4;i) (i = 2,4,... ,n—2)
are oscillatory, condition (5) and

JasteOe @ [ 1usae®), i an-as)x

(15) A A(t) .
[T(cs1li(s), €8 dsdt = oo
i=1
for some j =1,2,... ,n — 1 are satisfied.
(iv) for 6 = —1, A > 1 the equations (4;i), (i = 1,3,...,n — 2) are

oscillatory and condition (15) is satisfied.

PROOF. Let z(t) be a nonoscillatory solution of equation (F;J), say
x(t) > 0 for t > tg. In view of Lemma 2, x(t) satisfies inequalities (7) for

some ¢ € {0,1,... ,n}. Proceeding as in the proof of Theorem 1, we see
that the case £ € {0,1,... ,n — 1} is impossible. Next, we let ¢ = n. This
is the case when 6 = —1. Then from (7) we have

(16) Liz(t) >0fort>t; and j =0,1,...,n.
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Applying Lemma 1 (i), for j = 0,1,... ,n — 1 we obtain

n—1
LJZL‘(U) = E Ii—j (U, t; Ajt1y.-- ,al)sz(t)
i=j

+ /In_j_l(u, S;Aj41,- .- ,an—1)Lpz(s)ds.
t

Using (16) we get

£(t) .
(A1) Lyalé) = [ Losa (6055055, san)a() [ [Golas (o)) V.
t i=1

Next, we show the fact that

(18) 2[9i(s)] = a;j-1lgi(s), SO Lj—12[€(1)]

fort <s<¢(t)andforanyi=1,2,... , mandj=1,2,... ,n—1.1f j =1,
(18) follows from the fact that xz(t) and £(t) are nondecreasing functions
for t > t;.

Let j > 2. From Lemma 1 (i), we have

[gi(s)] = Y Ip(gi(s),&(t)i a1, .. ap) Lpz[E(t)]
p=0
gi(s)
+ / Ii_2(gi(s),usa1,...,a;-2)aj—1(u)Lj—1z(u)du
£(t)

for s € A(t), t > t;. Using (16) and noting that L;_jz is increasing on
[t1,00), we easily get (18) from the above equation. Combining (17) with
(18), we obtain

Lale ()]
Tz ~

£(t) .
[ Besal€®: 051, an2)al) [ (051 0106), 6OV aale()) s,

f i=1
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or

(Lj12[E@)])€1)

(L 1x[§(]t)])A > a[€(1)]E(1) %

£(t)

In—j—1(£<t)7 S;Aj41y - - 7an—1)q($)
t

(aj—1]gi(s), E()]) N ds.

=

@,
I
_

Integrating the above inequality on A, t > t1, we get

[ astewié

A
[ Tea(€@siag . anats) [[aalor (). o) dsde
A(t) =1
[ Limzle®))e @ [
i/ Limale®) "= 4(”]77 <

which contradicts (15). This completes the proof.
In the following theorem we give a sufficient condition so that equation
(F;6) has property B.

Theorem 3. Suppose that conditions (1)—(3) hold. A sufficient con-
dition for equation (E;0) to have property B is that:
(i) when § = 1 and n is even, the equations (4;i) (i =1,3,... ,n—1) are
oscillatory;
(ii) when 6 =1, A < 1 and n is odd, the equations (4;1) (i = 2,4,... ,n—
1) are oscillatory and

(19)
/CLJ—H /ﬂﬁ-l s,7(t)]q(s H s)]) N dsdt =
D =1

for some 7 =0,1,... ,n — 2, holds;

(iii) when 6 = —1, A > 1 and n is even, the equations (4;1) (i = 2,4,...,
n — 2) are oscillatory, condition (6) and (19) hold;

(iv) when § = —1 and n is odd, the equations (4;1), (i =1,3,... ,n—2)
are oscillatory and condition (6) holds.

PROOF. Let z(t) be a nonoscillatory solution of equation (E;§), say
x(t) > 0 for t > tg. In view of Lemma 2, x(t) satisfies inequalities (7) for
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some ¢ € {0,1,... ,n}. Proceeding as in the proof of Theorem 1, we see
that the case ¢ € {1,2,... ,n} is impossible. Next, we let £ = 0. This is
the case when § = 1 and n is odd, or § = —1 and n is even. Thus from (9)
we have

(20) (=) Lyx(t) > 0 for t > ty, k=0,1,...,n—1.

We first show that

(21) z[gi(s)] = ¢[7(t), gi(s)]| L[ (£)]]

for s € D(t), t >ty >ty and any j =0,1,... ,n — 2. If j =0, this follows
from the fact that 7(¢) is nondecreasing and z(t) is decreasing. Let j > 1.
From Lemma 1 (ii) we obtain

j—1
x[gi(s)] = Z(—l)plp(T(t), gi(s);ap, ... ,a1)Lyz[T(t)]
p=0
7(t)
+(=1) / Ii_1(u,gi(s);aj—1,...,a1)a;(u)Ljz(u)du,
gi(s)
which, in view of the decreasing nature of |L,x(¢)|, readily implies (21).
Again, we apply Lemma 1 (ii):

| Ljaz[r Ol = (=17 Ljaalr(t)]

n—1

= Z (—1)iIi_j_1(t, T(t); Qgy ... ,CLj+1)Li$(t)
1=7+1
t

+ (=" / In_j_o(s,7(t);an—1,... ,a;)L,(s)ds.
(1)
Thus,

@) Ll @) 2 [ Bl 0l [[elg (o) ds
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or

aslr®)7) [ Brals, 7006 [LGlr(0). (o)) s

Lyl () |71
= (Ll @)

Integrating the above in D N [ta, 00) we have

[ arabr @0 [ 8l o) TGO, 060 dsat

D[ta,00) D(t) i=1

|Ljz[T(t2)]]
dw < o0
w ’

0
which contradicts (19). This completes the proof.

The following theorem is concerned with the oscillatory behavior of
equation (E;J) when f satisfies condition (2) with A = 1.

Theorem 4. Let conditions (1), (3) and (2) with A = 1 hold. Equation

(E,6) is oscillatory if:

(i) for 6 = 1 and n even, the equations (4;i) (i = 1,3,...,n — 1) are
oscillatory;

(ii) for 6 = 1 and n odd, the equations (4;i) (i = 2,4,...,n — 1) are
oscillatory, and

(23) lim sup / Bjls, ( ﬁ s)Prids > 1

t—
= b =1
for some 7 =0,1,... ,n — 1, is satisfied;
(iii) for 6 = —1 and n even, the equations (4;i) (i = 2,4,... ,n — 2) are
oscillatory, condition (23) and

lim sup / In_j-1[&(t),s;a541,- - ,an—1)q(s)x

t—o0
(24) A®) -

[T(aslgi(s), @) ids > 1

=1

for some 5 =0,1,... ,n — 1, are satisfied;
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(iv) for § = —1 and n odd, the equations (4;i), (i = 1,3,... ,n — 2) are
oscillatory and condition (24) is satisfied.

PROOF. Let z(t) be a nonoscillatory solution of equation (E;J). As-
sume xz(t) > 0 for t > t¢. In view of Lemma 2, z(t) satisfies the inequalities
(7) for some ¢ € {0,1,...,n}. Proceeding as in the proof of Theorem 1,
we see that the case £ € {1,2,... ,n — 1} is impossible. Now, we consider
the following two cases:

Case 1: Let £ = 0. This is the case when § =1 and nisodd or § = —1
and n is even. Then from (7) we get [20]). As in the proof of Theorem 3,
we obtain the inequalities (21) and (22). From (22) with j 4 1 replaced by

J

(25) \Lyalr( pi/QST 5 T(11g:(s)
7(t) =1
Combining (21) with (25) yields

Lya[r(®)]] > |Lyzlr ()] / Bils, (1) (G lr(t), gi(s)]) M ds,
D(1) 121

which contradicts (23).

Case 2. Let £ = n. This is the case when § = —1. Then from (7) we
get (16). As in the proof of Theorem 2, we have the inequalities (17) and
(18). From (18) with j — 1 replaced by j

(26) z[gi(s)] = ajlgi(s), E@)] L€ ()]
Combining (17) with (26) yields
Ljx[g(t)] =

t)] / [n_j_l(f(t), S35 415 ,an_l)q(s) H(@j [gi(S), f(t)]))\id57
A(t) i=1

which contradicts (24). This completes the proof.
The following example is illustrative.

Ezxample 2. Consider the equation
(Ey; —1)  Lpx(t) = ct* ([t 4 sint])Y/3(z[t + 2sint])?/3, t>0,

where n > 3

Loz(t) = a(t), <Mﬂﬂ:%@hﬂﬂ»,k:LZ“wm
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an = 1, and c¢ is a positive constant.

Here we let

a;i(t)=t, 1 =1,2,... ,n—1, g1(t) = t+sint, go(t) = t+2sint, ¢(t) =
'™, A =3 and Ay = 2. Thus o(t) = ¢ — 2 and

1 _
Bolt, s] = an_1]t,s] = m(ﬁ — )T > s >t
Now,
D= J((2k + 1), (2k + 2)7) and A = ] (2km, (2k + 1))
k=0 k=0
Define
t+sint forteD t+sint forte A
t) = d £(t) =
m(®) {t fort ¢ D and £(?) {t for t ¢ A.

If we choose ty = (2k +1)7+ 5, (k=1,2,...), then
D(t) =DnN [T(tk;),tk;] = [T(tk),tk],

and

Thus, condition (23) is satisfied for ¢ > 2"~ In!. If we choose t, = 2km +
% (k=1,2,...), then we can prove by a similar argument as above that

the condition (24) is also satisfied for ¢ > 2"~ !n! Therefore, all conditions
of Theorem 4 (iii) and (iv) are satisfied and hence equation (Eq;—1) is
oscillatory.

Remarks. 1. The results of this paper are applicable to a larger class
of nonlinear differential equations which includes superlinear, sublinear
and linear equations. We also mention that we do not stipulate that the
functions g¢;(t) (i = 1,2,... ,m) in equation (E;J) be either retarded, ad-
vanced or of mixed type. Hence our theorems may hold for ordinary,
retarded, advanced and mixed type equations.
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2. When condition (1) is satisfied, the disconjugate operator L,,,

d 1 1 d

() n=Ga 0 m @

is said to be in the canonical form (see Trench [13]) and if (1) is violated,
L,, is no longer in canonical form.

According to Trench [13] any operator of the form (x) can be uniquely
represented in a canonical form with a different set of a;’s obtained from

the original a;’s. More precisely, we can find a;, + = 1,2,... ,n — 1 such
that

d 1 d

L,=—- - —,

dt an_l(t) a (t) dt

so that
/&i(s)dszoo, 1=1,2,...,n—1,

and the a;(t), ¢« = 1,2,... ,n — 1 are determined up to positive multi-

plicative constants with product 1. Since actual computations of a;(t)
are tedious and hard to obtain, we only mention that it is possible to
obtain an analogue of our main result without the explicit computation
of a;(t), i = 1,2,... ,n — 1. This can be done by using the concept of a
principal system for an operator of the form (x) introduced by Trench [13].
Here we omit the details.

References

[1] T. A. CANTURLJA, Some comparison theorems for higher order ordinary differential
equations, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. 25 (1977),
749-756 [In Russian].

[2] S. R. GRACE AND B. S. LaLLI, Oscillatory and asymptotic behavior of solutions of
differential equations with deviating arguments, J. Math. Anal. Appl. 104 (1984),
79-94.

[3] S. R. GRACE AND B. S. LaALLI, A comparison theorem for general nonlinear ordi-
nary differential equations, J. Math. Anal. Appl. 120 (1986), 39-43.

[4] S. R. Gracg, B. S. LarLl aND C. C. YEH, Oscillation theorems for nonlinear
second order differential equations with a nonlinear damping term, Siam J. Math.
Anal. 15 (1984), 1082-1093.

[6] Y. KiTaAMURA, Oscillation of functional differential equations with general deviating
arguments, Hiroshima Math. J. 15 (1985), 445-491.

[6] T. KusaNo AND M. NaITo, Oscillation criteria for general linear ordinary differ-
ential equations, Pacific J. Math. 92 (1981), 345-355.

[7] D. L. LovELADY, Oscillation and a class of linear delay differential equations, Trans.
Amer. Math. Soc. 226 (1977), 345-364.



116 S. R. Grace : Oscillation criteria for nonlinear differential equations ...

[8] D. L. LOVELADY, Oscillation and even order linear differential equation, Rocky
Mountain J. Math. 6 (1967), 299-304.

[9] CH. G. PHILOS, Oscillatory and asymptotic behavior of all solutions of differential
equations with deviating arguments, Proc. by Roy. Soc. Edinburgh 81A (1978),
195-210.

[10] CH. G. PHILOS, Oscillatory and asymptotic behavior of the bounded solutions
of differential equations with deviating arguments, Hiroshima Math. J. 8 (1978),
31-48.

[11] W. F. TRENCH, An oscillation condition for differential equations of arbitrary order,
Proc. Amer. Math. Soc. 82 (1981), 548-552.

[12] W. F. TRENCH, Oscillation properties of perturbed disconjugate equations, Proc.
Amer. Math. Soc. 52 (1975), 147-155.

[13] W. F. TrENCH, Canonical forms and principal systems for general disconjugate
equations, Trans. Amer. Math. Soc. 189 (1974), 319-327.

[14] D. WILLETT, Asymptotic behavior of disconjugate nth order differential equations,
Canad. J. Math. 23 (1971), 293-314.

[15] J. WERBOWSKI, Oscillations of all solutions of functional differential inequalities,
Czech. Math. J. 36 (111) (1986).

S. R. GRACE

DEPARTMENT OF ENGINEERING MATHEMATICS
CAIRO UNIVERSITY, FACULTY OF ENGINEERING
GIZA, A. R. OF EGYPT

(Received May 2, 1991)



