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The mean values of multiplicative functions IV

By GEDIMINAS STEPANAUSKAS (Vilnius)

Dedicated to Professors Imre Kátai and Zoltán Daróczy
on their 60th birthday

Abstract. The mean value theorem for the product of multiplicative functions
with arguments from arithmetic progression when the variable of these progressions
runs over primes is proved. This theorem is used for the investigation of the limit
behaviour of a sum of additive functions.

1. Results

Let gl : N→ C, l = 1, . . . , s be multiplicative functions. Throughout
the paper p and q denote primes; c, c1, . . . are positive constants; m,n, k

are positive integers; a1, . . . , as are positive integers, also; and b1, . . . , bs

are integers.
In this paper we continue the investigations of publications [6], [7],

[8], [9]. Let

G(n) = G(n; g1, . . . , gs) = g1(a1n + b1) . . . gs(asn + bs).

We consider the asymptotic behaviour of the sum

Mx(G) =
1

π(x)

∑

p≤x

G(p),
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as x →∞. This sum was earlier analyzed by I. Kátai [4].
Define the multiplicative functions glr and g∗lr, l = 1, . . . , s, by

glr(pm) =
{

gl(pm) if p ≤ r,

1 if p > r,
g∗lr(p

m) =
{ 1 if p ≤ r,

gl(pm) if p > r;

and the multiplicative functions hl, hlr, l = 1, . . . , s, by means of the
convolution hl = gl ∗µ, hlr = glr ∗µ, where µ denotes the Möbius function.

Let us introduce some notations we shall use below. Let

(d1, . . . , dk), [d1, . . . , dk]

mean the greatest common divisor and the least common multiple of the
integers d1, . . . , dk, respectively;

ϕ be the Euler function; a = max(a1, . . . , as), b = max(b1, . . . , bs);

∆kl = akbl − albk, 1 ≤ k < l ≤ s, ∆ = max
1≤k≤l≤s

|∆kl|;

wp =
∑′h1(pm1) . . . hs(pms)

ϕ([pm1 , . . . , pms ])
,(1)

where the prime ′ means that the summation is taken over all collections
(pm1 , . . ., pms) with non-negative integer exponents ml, l = 1, . . . , s, for
which

(pml , al) = 1, (pml , bl) = 1, l = 1, . . . , s,

and (pmk , pml) | ∆kl, 1 ≤ l < k ≤ s;

P (x) =
∏

p≤x

wp, P (r, x) =
∏

r<p≤x

wp;

S(r, x) =
s∑

l=1

∑

r<p≤x

|gl(p)− 1|2
p

.

We shall use the conditions:

∑

r<p≤x

Re
(
g1(p) + · · ·+ gs(p)

)− s

p
≤ C;(A)

∣∣gl(n)
∣∣ ≤ ψl(n) ¿ (log n)Al , l = 1, . . . , s,(B)
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for n ≥ 2, where Al are non-negative constants and the functions ψl do
not decrease,

(C)

Ψ(n) = ψ1(a1n + b1) . . . ψs(asn + bs), A = max(A1, . . . , As);

S(r, x)≤1
4
, s≤r, s(log r)A−1≤r, ∆≤r, ∆kl 6=0, a≤r, bl≤r,

al + bl > 0, (al, bl) = 1, bl 6= 0, alx + bl ≤ x3/2,

l = 1, . . . , s, 1 ≤ k < l.

We can formulate now our main result.

Theorem. Let the multiplicative functions g1, . . . , gs satisfy the con-

ditions (A), (B), and (C) with some collection of required constants. As-

sume further that B > 0, α ≥ α0 > 0, 1 − 1/s < α < 1. Then for

2 ≤ r ≤ √
log x

Mx(G)− P (x)(2)

¿
(

1
(log x)B

+
(ax + b)s(1−α)

x
log x

)
exp

(
csrα(log r)A−1

(1− α)A+1

)

+Ψ(x)s

(
(log r)A−1

r
+ log log(a|b|+2)

((
S(r, x)

)1/4+
log

(
a + b

x
)

log x

))
,

where the constant c and the one in the symbol ¿ may depend on B, on

α0, and on the constants from (A) and (B), only.

The conditions (C) are not essential. They could be weakened, but
the proof of Theorem would be more difficult.

It is easy to apply our Theorem to the functions from a set G (for the
definition of G see [8]). For example, let

Ak =
{
n

∣∣ pm‖n ⇒ m < k
}

denote a set of k-free positive integers.
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Corollary 1. For x ≥ 2 and s ¿ (log log x)1/3

1
π(x)

∑

p≤x

ϕ(p + 1) . . . ϕ(p + s)
(p + 1) . . . (p + s)

=
∏
p

wp + R(x),

1
π(x)

∑

p≤x
p+1,...,p+s∈Ak

1 =
∏
p

vp + Q(x).

The values of wp and vp are defined by (1) and can be evaluated as

follows. Let s = ξp+ η, where ξ, η are integers for which ξ ≥ 0, 0 ≤ η < p.

Then

wp =





1 +
1

p− 1

(
η

((
1− 1

p

)ξ+1

− 1
)

+(p− η − 1)
((

1− 1
p

)ξ

− 1
))

if p ≤ s,

1− s

p(p− 1)
if p > s,

vp =





0 if pk ≤ s,

1− s− ξ

pk−1(p− 1)
if pk > s.

For the remainder terms we have

R(x) ¿ s log log s

(log log x)1/3(log log log x)3/2
,

Q(x) ¿ s log log s

(log log x)1/3(log log log x)2
.

In case if s is fixed

R(x) and Q(x) ¿κ
1

(log log x)κ
,

where κ, 0 < κ < s/(s− 1), is arbitrary.
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Let further the values s, al, bl, l = 1, . . . , s, not depend on x. Denote

∑

|fl(p)|≤1

f2
l (p)
p

, l = 1, . . . , s,(3)

∑

|fl(p)|>1

1
p
, l = 1, . . . , s,(4)

∑

|f1(p)|≤1
...............

|fs(p)|≤1

f1(p) + · · ·+ fs(p)
p

.(5)

Let also be

(6)
al + bl > 0, (al, bl) = 1, bl 6= 0, l = 1, . . . , s;

∆jk 6= 0, 1 ≤ j < k ≤ s.

Corollary 2. Let fl, l = 1, . . . , s, be real-valued additive functions,
let the series (3), (4), (5) converge, and let the conditions (6) be fulfilled.
Then the distribution functions

1
π(x)

#
{
p | p ≤ x, f1(a1p + b1) + · · ·+ fs(asp + bs) ≤ z

}

converge weakly towards a limit distribution as x → ∞, and the charac-
teristic function of this limit distribution is equal to

∏
p

wp,

where wp is defined by (1) with gl = eitfl , l = 1, . . . , s.

Corollaries 1 and 2 clearly imply

Corollary 3. Let s not depend on x. Then the distribution functions

1
π(x)

#
{

p
∣∣ p ≤ x,

ϕ(p + 1) . . . ϕ(p + s)
(p + 1) . . . (p + s)

≤ ez

}

converge weakly towards a limit distribution, as x →∞. The characteristic
function of this limit distribution is

∏
p

wp,
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with

wp =





1 +
1

p− 1

(
η

((
1− 1

p

)it(ξ+1)

− 1
)

+(p− η − 1)
((

1− 1
p

)itξ

− 1
))

if p ≤ s,

1− s

p− 1

((
1− 1

p

)it

− 1
)

if p > s,

where ξ and η are defined in Corollary 1.

In the following corollary we give an example of a sum of additive
arithmetical functions with shifted arguments which is uniformly distribu-
ted mod 1 on the set of primes. The additive functions may depend on x.

Let
f1(a1n + b1) + · · ·+ fs(asn + bs) = F(n).

We say that F(n) is asymptotically uniformly distributed mod 1 on the
set of primes if

1
π(x)

#
{
p | p ≤ x, fractional part of F(p) ∈ [α, β)

} → β − α

as x →∞, for every α, β, 0 ≤ α < β ≤ 1.

Corollary 4. Let real-valued additive arithmetical functions f1, . . . , fs

be such, that the following conditions are satisfied:

(a) fl(p) → 0 as p →∞, for l = 1, . . . , s;

(b) there exists r, 2 ≤ r ≤ log log x, such that

∑

r<p≤x

f2
l (p)
p

→ 0

as x →∞, for l = 1, . . . , s;

(c) at least one of the functions fk satisfies

∑

p≤x

f2
k (p)
p

→∞, x →∞.

Let the conditions (6) also be fulfilled. Then the sum F(n) is asymptoti-

cally uniformly distributed mod 1 on the set of primes.
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For example, let

fl(p) =
1

log p
, l = 1, . . . , s− 1,

fs(p) =





1
log p

if p > log log x,

1
(log log p)1/2

if p ≤ log log x.

Then the sum F(n) is asymptotically uniformly distributed mod 1 on the
set of primes.

Finally we formulate a local limit law for the sum of additive integer-
valued functions.

Let λk, k ∈ Z, be defined by means of the equality

+∞∑

k=−∞
λkeitk =

∏
p

wp for ∀t ∈ R,

where wp = wp(t) are determined by (1) with gl = eitfl . Let us put also

ε(x) =

(
s∑

l=1

∑

p>log log x
fl(p) 6=0

1
p

)1/4

.

Corollary 5. Let the integer-valued additive arithmetical functions

f1, . . . , fs be such, that the series

∑

fl(p)6=0

1
p
, l = 1, . . . , s,

converge and the conditions (6) are fulfilled. Then

1
π(x)

#
{
p ≤ x

∣∣F(p) = k
}

= λk + O

(
ε(x) +

1
log log x

)

uniformly for all k ∈ Z and x ≥ 2.
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2. Auxiliary lemmas

We shall use some estimates and statements which we formulate as
lemmas.

Lemma 1 (Turán–Kubilius). Let f(p) be complex numbers, ξ ∈ N,

η ∈ Z, η 6= 0, (ξ, η) = 1, ξ + η > 0, ξx + η ≤ xK , 0 < β < 1. Then for

x ≥ 2

1
π(x)

∑

p≤x

∣∣∣∣∣
∑

q|ξp+η

q≤xβ

f(q)−
∑

q≤xβ

q-ξ

f(q)
q

∣∣∣∣∣

2

¿
∑

q≤xβ

q-ξ

|f(q)|2
q

,

where the constant in the symbol ¿ depends only on β and K.

For the proof of Lemma 1 , it is enough to repeat the proof of Lem-
ma 4.12 from [2] and to satisfy oursel that the conditions of Lemma 1
guarantee the uniformity of our estimate with respect to f , x, ξ, and η.

Consider further a system of congruences

(7) aln + bl ≡ 0 mod dl, (al, bl) = 1, l = 1, . . . , s.

The Chinese residue theorem includes as a special case the following

Lemma 2. The system of congruences (7) has a solution if and only

if (al, dl) = 1, l = 1, . . . , s, and

(dk, dl)
∣∣ (akbl − albk), 1 ≤ k < l ≤ s.

If the solution exists, it is exactly one residue class modulo [d1, . . . , ds].

Lemma 3 ([9, Lemma 3]). Assume γ ≥ 0. Then uniformly in u,

0 ≤ u < 1,
∞∑

n=1

unnγ ¿ u

(1− u)γ+1
.

Lemma 4 ([9, Lemma 4]). Assume c1 ≤ γ ≤ 1. Then uniformly in γ

and u ≥ 2 ∑

p≤u

1
p1−γ

¿ uγ

log u
.
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Lemma 5. Assume γ > 0, β ∈ R. Then uniformly for all u ≥ 2

∑
p>u

(log p)β

p1+γ
¿ (log u)β

uγ log u
.

Proof. The assertion of the lemma follows from the following in-
equality. Let δ > 0. Then

∑
p>u

1
p1+δ

=
∞∑

k=1

∑

2k−1u<p≤2ku

1
p1+δ

¿
∞∑

k=1

1
(2k−1u)δ log(2k−1u)

∑

2k−1u<p≤2ku

log p

p

¿ 1
uδ log u

∞∑

k=1

1
2(k−1)δ

(log 2 + O(1)) ¿ 1
uδ log u

.

Lemma 6 (Brun–Titchmarsh, [5, Ch. 5, Theorem 2.1]). Let γ be a

real number, 0 < γ < 1. Then the inequality

π(x, d, v) ¿ x

ϕ(d) log x

holds uniformly for all x ≥ 2 and integers v and d with 1 ≤ d ≤ xγ .

Lemma 7 ([3, Theorem 3.7]). The inequality

π(x, d, v) ¿ x

ϕ(d) log
x

d

holds uniformly for all x ≥ 2 and integers d and v with 1 ≤ d < x,

(v, d) = 1.

Lemma 8 ([5, Ch. 4, Theorem 7.5]). There is a positive constant c2,

such that uniformly for all x ≥ 2

π(x)− li x ¿ xe−c2
√

log x.



668 Gediminas Stepanauskas

Lemma 9 (Bombieri [1]). Let K be a positive real number. Then

there exists a further real number L, such that uniformly for all x ≥ 2

∑

d≤x1/2(log x)−L

max
(d,v)=1

∣∣∣∣π(x, d, v)− lix
ϕ(d)

∣∣∣∣ ¿
x

(log x)K
.

Lemma 10 ([5, Ch. 2, Theorem 4.2]). Let k1, k2 be positive integers,

l1, l2 be integers, (kj , lj) = 1 for j = 1, 2, k1l2 − k2l1 6= 0. Then

#
{
n | n ≤ x, kjn + lj are primes for j = 1, 2

}

¿ x

log2 x

∏

p|k1k2(k1l2−k2l1)

(
1− 1

p

)−1

uniformly in x ≥ 2, kj , lj , j = 1, 2.

Lemma 11. Let k and d be positive integers, (k, d) = 1, v be an

integer, v 6= 0. Then

#
{
(p, q) | p ≤ x, kq − dp = v

} ¿ x

ϕ(k) log2 x
k

∏

p|dv

(
1− 1

p

)−1

uniformly in x ≥ 2, k, d, and v.

Proof. It follows from the condition (k, d) = 1 that the equation

(8) km− dn = v

has solutions in positive integers m and n. All these solutions have the
form

m = m0 + dt, n = n0 + kt, t = t0, t0 + 1, . . . ,

where m0, n0 is the integer solution of the equation (8),

km0 − dn0 = v, 0 ≤ n0 < k,

and t0 is the least positive integer for which m0 + dt0 > 0. The number of
such pairs (m,n), where both components are primes (p, q), p ≤ x, can be



The mean values of multiplicative functions IV 669

estimated by Lemma 10. Thus

#
{
(p, q) | p ≤ x, kq − ap = v

}

= #
{

t
∣∣∣ t ≤ x− n0

k
, m0 + dt and n0 + kt are primes

}

¿ x

ϕ(k) log2 x

k

∏

p|dv

(
1− 1

p

)−1

and Lemma 11 is proved.

3. Proofs

Proof of the Theorem. Let l belong to the set {1, . . . , s}. The fol-
lowing estimates will be used later. We obtain from (B), Lemma 3 and
Lemma 4, that

∑

d>z

|hlr(d)|
ϕ(d)

≤ 1
zα

∞∑

d=1

|hlr(d)|dα

ϕ(d)
=

1
zα

∏

p≤r

(
1 +

∞∑
m=1

∣∣hlr(pm)
∣∣pmα

ϕ(pm)

)

≤ 1
zα

∏

p≤r

(
1 +

c3(log p)Al

p1−α

(
1− 1

p1−α

)−Al−1
)

≤ 1
zα

∏

p≤r

(
1 +

c4(log p)Al

(1− α)Al+1p1−α

)
(9)

≤ 1
zα

exp

(
c5

(1− α)Al+1

∑

p≤r

(log p)Al

p1−α

)

≤ 1
zα

exp

(
c6r

α(log r)Al−1

(1− α)Al+1

)
,

where the constant c6 does not depend on α. Analogously

(10)
∞∑

d=1

|hlr(d)|
ϕ(d)

≤ exp
(
c7(log r)Al log log r

)
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and

(11)
∞∑

d=1

|hlr(d)|
(ϕ(d))1−α

≤ exp
(

c8r
α(log r)Al−1

(1− α)Al+1

)
.

Split the left-hand side of (2) in the following way:

Mx(G)− P (x) = P (r, x)
(
Mx(Gr)− P (r)

)

+
1

π(x)

∑

p≤x

Gr(p)
(G∗r (p)− P (r, x)

)
,

where

Gr(n) = G(n; g1r, . . . , gsr) and G∗r (n) = G(n; g∗1r, . . . , g
∗
sr).

Let ω(n) mean the number of distinct prime divisors of the number n

and

Mx0(Gr) =
1

π(x)

∑

p≤x
(p,bl)=1,∀l

Gr(p).

The value of Mx(Gr) can be written in the form

Mx(Gr) = Mx0(Gr) + O

(
Ψ(x)
π(x)

(
ω(|b1|) + · · ·+ ω(|bs|)

))

= Mx0(Gr) + O

(
Ψ(x)
π(x)

(|b1|+ · · ·+ |bs|
))

= Mx0(Gr) + O
( 1√

x

)
.

Put

R1 =
∣∣Mx0(Gr)− P (r)

∣∣,

R2 =
1

π(x)

∣∣∣∣
∑

p≤x

Gr(p)
(G∗r (p)− P (r, x)

)∣∣∣∣.

Then evidently

(12) Mx(G)− P (x) ¿
∣∣P (r, x)

∣∣
(
R1 +

1√
x

)
+ R2.
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From the definition of hlr and then from Lemma 2, we obtain that

Mx0(Gr) =
1

π(x)

∑

p≤x
(p,bl)=1,∀l

∑

d1|a1p+b1

h1r(d1) · · ·
∑

ds|asp+bs

hsr(dl)

=
1

π(x)

∑

d1≤a1x+b1

h1r(d1) · · ·
∑

ds≤asx+bs

hsr(ds)
∑

p≤x
(p,bl)=1,∀l
dl|alp+bl,∀l

1

=
1

π(x)

∑′′

dl≤alx+bl,∀l

h1r(d1) . . . hsr(ds)π
(
x, [d1, . . . , ds], v

)
,

where the double prime ′′ means that the summation in taken over all
vectors (d1, . . . , ds) ∈ Ns for which (dl, al) = 1, (dl, bl) = 1, ∀l, and
(dk, dl)|∆kl, 1 ≤ k < l ≤ s, and where v is the only integer for which

alv + bl ≡ 0 mod dl, ∀l,

and 0 ≤ v ≤ [d1, . . . , ds]− 1. It is clear also, that (v, [d1, . . . , ds]) = 1.
Since

P (r) =
∑′′h1r(d1) . . . hsr(ds)

ϕ([d1, . . . , ds])
,

we can write
R1 ≤ R11 + R12 + R13 + R14,

where

R11 =
1

π(x)

∑′′

dl≤z,∀l

∣∣h1r(d1) . . . hsr(ds)
∣∣

×
∣∣∣∣π(x, [d1, . . . , ds], v)

lix
ϕ([d1, . . . , ds])

∣∣∣∣,

R12 =
1

π(x)

∑′′

dl≤z,∀l

∣∣h1r(d1) . . . hsr(ds)
∣∣

ϕ([d1, . . . , ds])
| lix− π(x)|,

R13 =
s∑

l=1

∑

dl>z

′′
∣∣h1r(d1) . . . hsr(ds)

∣∣
ϕ([d1, . . . , ds])

,
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and

R14 =
1

π(x)

s∑

k=1

∑′′

dl≤alx+bl,∀l
dk>z

∣∣h1r(d1) . . . hsr(ds)|π(x, [d1, . . . , ds], v)

with some z, zs ≤ x1/3, which we shall choose later.
By Lemma 6

R11 ¿ 1
π(x)

max
d≤zs

(d,v)=1

∣∣∣∣π(x, d, v)− lix
ϕ(d)

∣∣∣∣
α(

x

log x

)1−α

×
∑′′

dl≤z,∀l

∣∣h1r(d1) . . . hsr(ds)
∣∣

(
ϕ([d1, . . . , ds])

)1−α ,

and by Lemma 9 it is

¿ 1
(log x)(K−1)α

∑′′

dl≤z,∀l

( ∏

1≤j<k≤s

(dj , dk)
)1−α

∣∣h1r(d1) . . . hsr(ds)
∣∣

(
ϕ(d1, . . . , ds)

)1−α

¿ 1
(log x)(K−1)α

( ∏

1≤j<k≤s

|∆jk|
)1−α ∞∑

d1=1

∣∣h1r(d1)
∣∣

(ϕ(d1))1−α
. . .

∞∑

ds=1

∣∣hsr(ds)
∣∣

(ϕ(ds))1−α
.

Keeping in mind that
∏

1≤j<k≤s

|∆jk| ¿ ∆s(s−1)/2

and using also the inequality (11), we obtain that

R11 ¿ 1
(log x)(K−1)α

∆s(s−1)/2 exp
(

c9sr
α(log r)A−1

(1− α)A+1

)

¿ 1
(log x)(K−1)α

exp
(

c10sr
α(log r)A−1

(1− α)A+1

)
.

Using the same ideas as in the estimation of R11, from Lemma 8 and
the inequality (10) we deduce that

R12 ¿ exp(−c11

√
log x)∆s(s−1)/2 exp

(
c12s(log r)A log log r

)
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and from the inequalities (10) and (9) that

R13 ¿ ∆s(s−1)/2 exp
(
c13s(log r)A log log r

) s∑

l=1

∑

dl>z

|hlr(dl)|
ϕ(dl)

¿ ∆s(s−1)/2 exp
(
c13s(log r)A log log r

)
s

1
zα

exp
(

c14r
α(log r)A−1

(1− α)A+1

)

¿ 1
zα

exp
(

c15sr
α(log r)A−1

(1− α)A+1

)
.

Analogously

R14 ¿ 1
π(x)

s∑

k=1

∑′′

dl≤alx+bl,∀l
dk>z

∣∣h1r(d1) . . . hsr(ds)
∣∣
(

x

[d1, . . . , ds]
+ 1

)

¿
(

1
zα

+
(ax + b)s(1−α)

x

)
log x exp

(
c16sr

α(log r)A−1

(1− α)A+1

)
.

Let us choose z = (log x)c17 with sufficiently large constant c17. Then
the estimates of R11, R12, R13, and R14 imply that

(13) R1 ¿
(

1
(log x)B

+
(ax + b)s(1−α)

x
log x

)
exp

(
csrα(log r)A−1

(1− α)A+1

)
.

If p > r, then

wp − 1 =
∞∑

m=1

h1(pm) + · · ·+ hs(pm)
ϕ(pm)

and it follows from (B), (C) and Lemma 3, that

|wp − 1| ≤ p

p− 1

((|h1(p)|+ · · ·+ |hs(p)|)2

p

)1/2 1
p1/2

+
c18s(log p)A

p2

≤ p

p− 1

(
sS(r, x)

p

)1/2

+
c18s(log p)A

p2
≤ p

p− 1
1
2

+
c18(log p)A

p
.

Thereby it is clear that

(14) |wp − 1| ≤ 3
4
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if p > p0, where p0 is large enough and depends only on the constants from
(B).

Without loss of generality we may assume that r ≥ p0. We estimate
the value of P (r, x) using (14), Lemma 3, Lemma 5 and the conditions
(A), (B) and (C). Thus

(15)

P (r, x) = exp

{ ∑

r<p≤x

log
(

1 +
∞∑

m=1

h1(pm) + · · ·+ hs(pm)
(ϕ(p))m

)}

= exp

{ ∑

r<p≤x

(
h1(p) + · · ·+ hs(p)

p
+ O

(
s(log p)A

p2

)

+ O

(
s

p

|h1(p)|2 + · · ·+ |hs(p)|2
p

))}

= exp

{ ∑

r<p≤x

h1(p) + · · ·+ hs(p)
p

+ O

(
s(log r)A−1

r
+ S(r, x)

)}
¿ 1.

Put

Pr1 =
{

p | p ≤ x, ∃q > r and ∃l, that q | alp + bl and |hl(p)| > 1
2

}
,

Pr2 =
{
p | p ≤ x, ∃q > r and ∃l, that q2 | alp + bl

} \ Pr1,

Pr3 = {p | p ≤ x} \ (Pr1 ∪ Pr2).

Split further R2 into three sums R21, R22, R23 over p from Pr1, Pr2, Pr3,
respectively.

It follows from (B) and (15) that

(16) R21 ¿ Ψ(x)
π(x)

∑

p∈Pr1

1 ¿ Ψ(x)
π(x)

s∑

l=1

∑

r<q≤alx+bl

|hl(q)|>1/2

∑

p≤x
alp+bl≡0 mod q

1.

Let
y = exp

(
1− (

S(r, x)
)1/2

)
log x.
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Split the right-hand side of (16) into two sums R211 and R212 including
terms for which r < q ≤ y and y < q ≤ alx + bl, respectively. Then

R211 ¿ Ψ(x)
π(x)

s∑

l=1

∑

r<q≤y
|hl(q)|>1/2

max
1≤v<q

π(x, q, v).

By Lemma 7

R211 ¿ Ψ(x)
π(x)

s∑

l=1

∑

r<q≤y
|hl(q)|>1/2

x

q log
x

q

¿ Ψ(x)
π(x)

x

log
x

y

s∑

l=1

∑

r<q≤y

|hl(q)|2
q

¿ Ψ(x)
(
S(r, x)

)1/2
.

Changing the order of summation in the expression R212, we have

(17)

R212 ¿ Ψ(x)
π(x)

s∑

l=1

∑

y<q≤alx+bl

∑

1≤k≤ alx+bl
q

∑

p≤x
alp+bl=kq

1

=
Ψ(x)
π(x)

s∑

l=1

∑

1≤k≤ alx+bl
y

∑

y<q≤ alx+bl
k

∑

p≤x
alp+bl=kq

1.

Observing now that the inner sum is empty when (al, k) 6= 1 and using
Lemma 11 and a few well-known estimates, we get that

R212 ¿ Ψ(x)
π(x)

s∑

l=1

∑

1≤k≤ alx+bl
y

x

ϕ(k) log2 x

k

al|bl|
ϕ(al|bl|)

¿ Ψ(x)
π(x)

s log log(a|b|+ 2)
x

log2 xy

ax + b

∑

1≤k≤ ax+b
y

1
ϕ(k)

(18)

¿ Ψ(x)s log log(a|b|+ 2) log x
x

log2 xy

ax + b

log
ax + b

y
.
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Since

log
xy

ax + b
= log y − log

(
a +

b

x

)
≥ c19 log y ≥ c19

2
log x

with sufficiently small positive constant c19, we obtain

R212 ¿ Ψ(x)s log log(a|b|+ 2)
(

log
(
a + b

x
)

log x
+

(
S(r, x)

)1/2
)

.

We have now that

(19) R21 ¿ Ψ(x)s log log(a|b|+ 2)
(

log
(
a + b

x
)

log x
+

(
S(r, x)

)1/2
)

.

The value of R22 does not exceed

Ψ(x)
π(x)

s∑

l=1

∑

r<q≤(alx+bl)1/2

∑

p≤x
alp+bl≡0 mod q2

1

≤ Ψ(x)
π(x)

s∑

l=1

∑

r<q≤(alx+bl)1/2

max
1≤v<q2

π(x, q2, v).

For the estimation of π(x, q2, v) in the range r < q ≤ x1/4, we use Lemma 7.
In the range x1/4 < q ≤ (alx+bl)1/2, we estimate π(x, q2, v) trivially. Thus

R22 ¿ Ψ(x)
π(x)

s∑

l=1

( ∑

r<q≤x1/4

x

q2 log
x

q2

+
∑

x1/4<q≤x1/2

x

q2
+

∑

x1/2<q≤(alx+bl)
1/2

1
)

.

Now Lemma 5 implies that

(20) R22 ¿ Ψ(x)s
(

(r log r)−1 + x−1/4 +
(ax + b)1/2

x

)
.

For the estimation of R23 we use the inequality

eu − ev ¿ |u− v| (|eu|+ |ev|)

true for all u, v ∈ C. Therefore

(21) R23 ¿ Ψ(x)
π(x)

∑

p∈Pr3

∣∣ log G∗r (p)− P (r, x)
∣∣ ¿ R231 + R232 + R233,
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where

R231 =
Ψ(x)
π(x)

s∑

l=1

∑

p∈Pr3

∣∣∣∣
∑

q|alp+bl
q>r

hl(q)−
∑

r<q≤x

hl(q)
q

∣∣∣∣,

R232 =
Ψ(x)
π(x)

∑

p∈Pr3

∣∣∣∣
∑

r<q≤x

h1(q) + · · ·+ hs(q)
q

− log P (r, x)
∣∣∣∣,

R233 =
Ψ(x)
π(x)

s∑

l=1

∑

p∈Pr3

∑

q|alp+bl
q>r

∣∣hl(q)
∣∣2.

The sum R231 does not exceed

R2311 + R2312 + R2313 + R2314,

where

R2311 =
Ψ(x)
π(x)

s∑

l=1

∑

p≤x

∣∣∣∣
∑

q|alp+bl

r<q≤√x

hl(q)−
∑

r<q≤√x

hl(q)
q

∣∣∣∣,

R2312 =
Ψ(x)
π(x)

s∑

l=1

∑

p≤x

∑

q|alp+bl√
x<q≤x1−δ

|hl(q)|,

R2313 =
Ψ(x)
π(x)

s∑

l=1

∑

p≤x

∑

q|alp+bl

q>x1−δ

1,

R2314 = Ψ(x)
s∑

l=1

∑
√

x<q≤x

|hl(q)|
q

with δ =
(
S(
√

x, x)
)1/4.

By the Cauchy inequality, the inner sum from R2311 does not exceed
( ∑

p≤x

∣∣∣∣
∑

q|alp+bl

r<q≤√x

hl(p)−
∑

r<q≤√x

hl(q)
q

∣∣∣∣
2
)1/2( ∑

p≤x

1
)1/2

,
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and then by Lemma 1, it is

¿ π(x)
( ∑

r<q≤√x

|hl(q)|2
q

)1/2

.

Therefore
R2311 ¿ Ψ(x)

(
s S(r,

√
x)

)1/2
.

Let us estimate R2312. Changing the order of summation, we obtain
that

R2312 =
Ψ(x)
π(x)

s∑

l=1

∑
√

x<q≤x1−δ

|hl(q)|
∑

p≤x
alp+bl≡0 mod q

1.

By Lemma 7, the inner sum is

¿ x

q log x
q
¿ x

δq log x
.

It follows now from the Cauchy inequality that

R2312 ¿Ψ(x)
δ

( ∑
√

x<q≤x1−δ

(|h1(q)|+ · · ·+ |hs(q)|
)2

q

)1/2( ∑
√

x<q≤x1−δ

1
q

)1/2

¿ Ψ(x)
√

s
(
S(
√

x, x)
)1/4

.

Similarly as in (17) and (18) (the only difference is that in place of y

we take x1−δ), we have

R2313 ¿ Ψ(x)s log log(a|b|+ 2) log x
1

log2 x2−δ

ax + b

log
ax + b

x1−δ

¿ Ψ(x)s log log(a|b|+ 2)
((

S(
√

x, x)
)1/4 +

log
(
a + b

x
)

log x

)
.

In the same way as in the estimation of R2312, it follows from the
Cauchy inequality that

R2314 ¿ Ψ(x)
(
s S(

√
x, x)

)1/2
,
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and therefore

R231 ¿ Ψ(x)s log log(a|b|+ 2)

×
((

S(r,
√

x)
)1/2 +

(
S(
√

x, x)
)1/4 +

log
(
a + b

x
)

log x

)
.

Using (15), we easily get that

R232 ¿ Ψ(x)
(

s(log r)A−1

r
+ S(r, x)

)
.

Analogously as in the estimation of R21, we obtain that

R233 ¿ Ψ(x)s log log(a|b|+ 2)
((

S(r, x)
)1/2 +

log
(
a + b

x
)

log x

)
.

Collecting the latter estimates into (21), we get the estimate of R23.
Then it follows from (19), (20), and (21) that

R2 ¿ Ψ(x)s

(
(log r)A−1

r
+ log log(a|b|+ 2)(22)

×
((

S(r, x)
)1/2 +

(
S(
√

x, x)
)1/4 +

log
(
a + b

x
)

log x

))
.

Finally, putting (13) and (22) into (12) and remembering (15), we
obtain that

(23)

Mx(G)− P (x) ¿
(

1
(log x)B

+
(ax + b)s(1−α)

x
log x

)

× exp
(

csrα(log r)A−1

(1− α)A+1

)

+Ψ(x)s

(
(log r)A−1

r
+ log log(a|b|+ 2)

((
S(r, x)

)1/2

+
(
S

(√
x, x

))1/4 +
log

(
a + b

x
)

log x

))
,
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and our Theorem is proved.

Proof of Corollary 1. In case when gl(n) = ϕ(n)/n, we have hl(p) =
h(p) = −1/p and hl(pm) = 0 for m ≥ 2. Hence

wp =
1∑

m1=0

· · ·
1∑

ms=0

(p
mj ,pmk )|(k−j),1≤j<k≤s

(pml ,l)=1,∀l

h(pm1 . . . h(pms)
ϕ([pm1 , . . . , pms ])

.

If p > s, it is clear that

wp = 1− s

p(p− 1)
.

Let p ≤ s. Split the numbers 1, . . . , s into residue classes mod p.
There are p − 1 residue classes the members of which are coprime to p.
Among these classes there are η residue classes with ξ + 1 members and
p−η−1 residue classes with ξ members. Let us observe also that p|(k− j)
only if j and k belong to the same residue class mod p. Therefore

wp = 1 +
1

ϕ(p)

((
ηC1

ξ+1 + (p− η − 1)C1
ξ

)
h(p)

+
(
ηC2

ξ+1 + (p− η − 1)C2
ξ

)
h2(p)

+ · · ·+
(
ηCξ

ξ+1 + (p− η − 1)Cξ
ξ

)
hξ(p) + ηCξ+1

ξ+1hξ+1(p)
)

= 1 +
η

p− 1

((
1− 1

p

)ξ+1

− 1
)

+
p− η − 1

p− 1

((
1− 1

p

)ξ

− 1
)

.

The values of vp can be evaluated in a similar way.
The estimates of the remainder terms in Corollary 1 can be got

from (23) by choosing for example

α =
s− 1 + c20

s
,

r =
{

c21(log log x)1/3 log log log x in the common case,

c21(log log x log log log x)1/α if s is fixed,

with sufficiently small constants c20, c21 and by making some simple cal-
culations.
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The proof of Corollary 2 is based on the method of characteristic
functions. This method is well-known. It is explained for example in [6].

The proof of Corollary 4 is based on Weyl’s well-known theorem [10]
about the uniform distribution mod 1 of a number sequence. This proof
can be realized in the same way as in [9].

For the proof of Corollary 5 it is enough to repeat the proof of the
analogous result from [9].
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