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On arrangment of regular cyclic
subgroup in symmetric group

By PIOTR W. GAWRON (Gliwice) and
WITOLD TOMASZEWSKI (Gliwice)

Abstract. In this paper we investigate weakly normal and polinormal regular
cyclic subgroups in a symmetric group S,. We give here necessary and sufficient con-
ditions for the subgroup generated by a long cycle (0 1...n — 1) in Sy, to be weakly
normal or polinormal. We also describe a normalizer of this subgroup in Sj,.

Let Z, ={01...n — 1} be aring of all integers modulo n (where n is
a fixed positive integer) and let S,, be a symmetric group of degree n which
acts on Z,,. As usual, Z; denotes a set of invertible elements in Z,,. Each
cycle of the length n in S, is called a long cycle. The subgroup generated
by a long cycle is called regular. We denote z¥ = y~zy.

Let G be an arbitrary group, and D be its subgroup. We denote by
N¢g(D) a normalizer of D in G. If A/B C G then (A, B) denotes the
subgroup generated by A, B. If ¢ € G then D{9P) denotes the normal
closure of D in the group (g, D), that is D{9:P) is the subgroup generated
by all elements d", where d € D and h € (g, D). The subgroup ppe?
denotes a normal closure of D in D(9P) and we have DP'"’ C DD,

A subgroup D of an arbitrary group G is called weakly normal [3]
if D9 < Ng(D) implies D9 = D. In paper [1] Z. I. BOREVICH and
O. MACEDONSKA introduced definition of a polinormal subgroup. The
subgroup D is polinormal in G if for each g € G the following property

)

holds: D@P) = PP Finally, a subgroup D is called pronormal [3]
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if subgroups D and DY are conjugated in the subgroup (D, DY), for each
g € G. Sylow subgroups in a finite group are pronormal. Every pronormal
subgroup is weakly normal and polinormal.

In this paper we investigate weakly normal and polinormal regu-
lar cyclic subgroups in a symmetric group S,,. We give here the neces-
sary and sufficient conditions for the subgroup generated by a long cycle
(01...n—1)in S, to be weakly normal and polinormal. We also describe
a normalizer of this subgroup in S,,.

If n is a prime then the regular subgroup generated by a long cycle is
a Sylow subgroup in Sy, so it is pronormal. R. I. TYSHKEVICH proved [5]
that if (n,p(n)) = 1 (where ¢ is the Euler function), then the subgroup
generated by a long cycle in .S, is pronormal. The same result, by another
methods, was obtained by P. P. PALFY in [4].

Lety=(01...n—1) be along cycle in S,, and let " be the subgroup
generated by . A permutation 7 from I is a long cycle (i.e. it is conjugated
to ), if n = v*, where k is an invertible element of Z,, (that is, k € Z*).
We describe a normalizer N of I in S,,.

Lemma 1. The normalizer N of I' in S,, consists of all such permu-
tations n, which act on Z, as follows:

n(z) = kx + a,
where k € Z, a € Z,,. Moreover:

IN| = n-g(n).

PROOF. The permutation v acts on Z, as follows:

v(x) =z + 1.

Hence, we have: v*(z) = 2 +k. A permutation 7 belongs to N if and only
if:

for some k € 7.
Let 1 be in N, then we have:

n(@+1) =n(y(x) = myn 'n(z) =v*n(x) = n(z) + k,
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thus by induction
n(x+y) =n(x) + ky.
If
n(0) = a, then n(y) = ky +a, and n~*(y) =k 'y — k'a.

Conversely, let n(z) be equal to kx + a, where k € Z*, a € Z,,. Hence

(@) =ny(k~ e — kT la+ 1)

=nklz—kta+1) =z + k=),

which finishes the proof. (]

A weak normality of I" in S, is equivalent to the following condition:
if n is a long cycle that belongs to N, then 7 belongs to I'. If n is a prime,
then I" has n — 1 long cycles and there are no long cycles in N\ T".

If n = p{™* ... p&m is a factorization of n, then the ring Z,, is isomorphic
to a direct product of rings Z,,, where ¢; = p;". Let S,, be a symmetric
group acting on Z,,, let I'; be a subgroup generated in S, by a cycle
(0I...¢; — 1) and let N; be the normalizer of I'; in S, .

Lemma 2. The normalizer N of a subgroup I in S,, is isomorphic to
the direct product N1 X ... X N,,.

PROOF. Let ¢ be a mapping:

Y:N—Ny XX Np:vm) =1, s Nm)s

such, that if n(z) = kx+a for k € Z}, a € Z,, then for all i € {1,... ,m}
ni(r) = kx + a, where all numbers are taken modulo ¢;. Clearly, v is a
homomorphism. Let n, g € N and

n(x) =kx+a, plx)=Ix+0.

If ¢(n) = ¥(u) then kx+a =lz+b (mod ¢;) fori =1...m, x € Z. Hence
k=1l a=0b(modg),so k=10 a=0>bin Z, and this means that ¢ is
a monomorphism. We know from Lemma 1 that |[N| = n-¢(n). Let us
compute:

INUX ... X Ny | =q1 - - - 0(q1) - - 0(qm) =1 - @(n),

where the last equation holds from multiplicative property of the Euler
function. It means that ¢ is a monomorphism of two groups, which have
the same number of elements, so ¢ is an isomorphism. 0
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In the notations of Lemma 2 we get:

Lemma 3. A permutation n € N is a long cycle, if and only if, each
n; is a long cycle in N;. A number of long cycles in N is a product of
numbers of long cycles in all N;.

ProoOF. If 7 is a long cycle, which belongs to N, then n is equal
to the least common multiple of orders of all permutations 7,. Lengths
of different n; are coprime, so each 7n; must be a long cycle in N;. The
converse statement is clear. Thus in N we have as many long cycles as
rows of the type (11,...,7m), where 7; is a long cycle in N;. O

The following theorem was firstly presented without proof in [2].

Theorem 1. A subgroup I' generated by a long cycle in S,, is weakly
normal if and only if n is not divisible by 8 and is not divisible by a square
of an odd prime.

PooFr. We note, that if n = 4, then there are only two long cycles
in N: ~ and 2, and these cycles belong to I'. Let n be not divisible
by 8 and by a square of an odd prime. Then for an arbitrary diviser
p; of m, there exist ¢(g;) long cycles in a subgroup N;. Hence there are
o(q1) .- p(@m) = @(n) long cycles in N and each of them belongs to T'.
So we proved that I' is weakly normal in .S,.

Let now n be divisible by p? or by 8, where p is an odd prime. We
want to show that I' is not weakly normal. For this purpose we use the
permutation acting on Z,:

where k = p if n is divisible by p? and k = 2 if n is divisible by 8. Then
the inverse permutation is:

z(z+1) n
2k

o N z) =2 —

1

The permutation n = oyo~" is a long cycle and

n(z) = (T—F%)ﬂ:—FT—F%

By Lemma 1, permutation belongs to /N and does not belong to I'. So I is
not a weakly normal subgroup of .S,,, which finishes the proof. O
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Corollary 1. If n is divisible by 8 or by a square of an odd prime,
then I' is not a polinormal subgroup of S,,.

PROOF. Let o and 7 be the same permutations as in the proof of The-
orem 1. We show that a permutation o normalizes the subgroup (v, n).
Indeed by computation we get ono ! = 'y(*H%)nQ € (,n) and by defini-
tion of n we have oyo~! = n € (v,1). Hence (y,n) C T{". So we get
) = (vh:h € (6)) = (v,71). The subgroup T s equal to T and
by Theorem 1 (7,1) C N, so we have I'?" = T, which means that T is
not polinormal in S,. O

The above theorem implies straightforward, such a corollary:
Corollary 2. If T" is polinormal in S,, then it is also weakly normal.

By simple calculation it follows that for n = 6 the subgroup I' is not
polinormal in S,,. So the converse to Corollary 2 is not true. We note that
(6,0(6)) =2 > 1, and we can prove:

Theorem 2. A subgroup I' is polinormal in S, if and only if
(n,p(n)) =1orn=4.

Before we prove the above Theorem, we will give some auxiliary
lemmas. Let, for now, n be an even integer grater than 4. So there
exists k, such that n = 2k. We take v = (0 1...2k—1) and g =
(3 2k —1)(5 2k —3).... The permutation g is an involution. We also
introduce two symbols x and y for following cycles:

r=(02...2k—2), y=(13...2k—1).

Permutations  and y commute and have the same order k. We, also, have
a relation 42 = xy. Let I' be the cyclic subgroup generated by ~. The
normal closure of I' = () in the group (7, g) is generated by all conjugates
of v, so (V)19 = (47 h € (v,9)). It is enough to take as generators
of this normal closure all elements " for h € (g). The element g is an
involution, so:

T = (1) 97 = (y" | b € (g)) = (7,79).

Now we describe the subgroup I' rin which, by the above is:

— <,y><%“/g>7

and we prove, it is generated by v and 7.

g,T)

(1) e
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Lemma 4. The permutations g and ~y satisfy the relation:

(2) (v9)? =7
and for all numbers | € Z we have:
(3) YO € (7).

1 = 4.4 and it proves

the first part of the lemma. We prove the second part by induction on I.

PROOF. By calculation we get (v)? = xy~

Let us start from [ = 2. By equation (2):

9)2 ~ g
YO =TT e ).

Let, now (3) be true for all numbers less than [, and let I > 2 then fy(“*g)l =
(7(79)172)(79)2, by inductive assumption (’y”g)[%) € (v,7”") and by the
equation (2) (v9)? € (y,7""), which finishes the proof. O

We have to show that I' is not polinormal. Due to the second part of
the Lemma 4 and from the equation (1) we get:

(g,T)
7 = (4,77,

We need to show, that:
Tt ¢ rren

In fact, it is enough to show that:

(4) ¥ g T = (5,97").

Let us denote § = 47" = (01 2k —22k—1...5 2 3). By computations
one can find relations between v and d:

72]4} :52k -1

(v-0)" = (wy M =aby ™" =1,

)

Vel =y - ly =1,
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Now we want to describe groups with such relations:

Lemma 5. Let G be a group with presentation:
(5) (a,b] a® =b* = (ab)* =1, a®V* = 1)

Then:

(1) every element of G can be written in the form a®c', where: ¢ = ab,
se{l,... 2k}, te{1,... k},

(2) |G| < 2k?,

(3) if G has such an element d that a® = b then G has a relation

a’® = ¢®, where s is an odd integer.

PROOF. First, we want to describe the commutator subgroup G’ in G.
The group G is two-generator, the commutator subgroup G’ is generated
by elements [a®,b], s,t € Z. From the relation a*b® = 1, it follows the
relation a?b = ba?. Indeed it follows from equalities: a?b =b"2b=0bb"2 =
ba?. So the commutator subgroup is cyclic and generated by [a,b]. From
the relation a?b? = 1 we have the equality ab = a~'b~'. Hence

(6) [a,b] = a" b~ tab = (ab)?,

which means that G’ = ([a,b]) C (ab) and the subgroup H = (ab) is
normal and has order k. The quotient goup G/H is cyclic generated by
the coset aH and has order less or equal 2k. So every element of G can
be written as a®(ab)? and G has the order less or equal 2k2. It proves (1)
and (2).

To prove (3) we show, first, that in G holds the relation ca = ac™
(where ¢ = ab). We use relations of G and the equality (6), to get:

1

(7) ca = aba = a*bb, a] = aab(ab) ? = a(ab)~! = ac™'.
Now we prove that for every [ the following holds:
(8) da =ac'.

Let the equation be true for all numbers less or equal to [, then by inductive
assumption and (7): cTla = cac™! = ac et = ¢~ (FY. Let now there
exists d € G, such that a? = b. Then d = a®c’ and by (8) we have:
a® = c ta"%aa’ct = ¢ tact = ac®® = b. From the last equation we obtain
the equality a?c?* = ab = ¢ and we get the relation a? = ¢® for s an odd
integer. It finishes the third part of Lemma 5. 0
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Due to the previous Lemma we can prove that:
Corollary 3. The element 9 is not in (y,~7").

ProOF. The subgroup (v,7"") = (v,6) satisfies the same relations
as the group G in Lemma 5. So by that Lemma 9 belongs to (y,7’) if
there is a relation: 72 = §2°T1. We show that elements v and J do not
satisfy such a relation. Indeed, 42 = zy, and §%°T! = (zy~1)%3. Suppose
the relation 72 = §2**! holds then we have: § = 2'~%y*~!, which never

holds because § is a long cycle, while z!=*y*~! is not a long cycle. O

The following Corollary follows straightforward from Corollary 2 and
from (4):

Corollary 4. If n is an even number then the subgroup
I'=((01...n—1)) is not polinormal in S,,.

Now we can prove the main Theorem 2.

PRrROOF of Theorem 2. Let n > 4. If (n,¢(n)) = 1 then by Palfy—
Tyshkievich Theorem ([4], [5]) the subgroup I is pronormal, so it is also
polinormal. Conversely if I" is polinormal then by Corollary 2 it is weakly
normal. Hence n is not divisible by 8 and by a square of an odd prime
number. It means that it is enough to prove that n cannot be an even
number, which follows from Corollary 4. U
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