Publ. Math. Debrecen
53 /1-2 (1998), 133-148

On the Cartan connection
for a class of generalized Lagrange spaces

By D. HRIMIUC (Edmonton)

Abstract. In this paper we determine the Cartan connection of the generalized

Lagrange space (M, a;;) with metric tensor a;; = G(m,y)zij + w(FQ(x,y))ezo‘(z)?i?j,
which includes particular metrics frequently encountered in applications in Physical and
Biological problems. The results obtained are employed on the problem of equivalence
of geodesics for certain metrics.

Introduction

The geometrical theory of spaces endowed with metrics having the

forms
(i) ai; =€**g;; or (ii) 9ij = Yij + By

where g;; is the metric tensor of a Finsler manifold and «, /3 are functions
of position and direction has been studied in many papers [15], [19], [2],
[4], [5], [12], [13], [14], [20], [21], [22]. Of course, these spaces used as ge-
ometrical models for gravitation and electromagnetism generally are not
Lagrange manifolds and new geometrical ideas, initiated in [18] have been
used. It is clear that such metrics are useful for a constructive axiomatic
theory of general relativity based on conditions formulated by EHLERS,
PIrANI and ScHILD ([10], [19]), as well as for a geometrical model con-
struction of relativistic optic [7], [8], [9], [15], [18], [19], [20], [21]. It seems
that these metrics can be successfully used for biological models as well,
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as already given in the particular case of Finsler manifolds [3], or more
general for some special Lagrangians [2], [4], [5].

The main result is given in Section 3 where the Cartan connection for
a special GL-space is obtained. This is a substantial extension of similar
results from Riemannian geometry (Levi-Civita connection) and Finsler
geometry (Cartan connection).

The Cartan connection was obtained in [2] for homogeneous case and
more general for ¢-Lagrangians (different proof) [4], [5]. However, for these
GL-spaces the obvious modifications of standard techniques (e.g. Finsler,
m-homogeneous, ¢-Lagrange) do not work.

The canonical d-connection used for the geometrical study of gener-
alized Lagrange manifolds with metrics of type (i) or (ii) have in general
nonvanishing deflection tensor. This is an unpleasant situation from at
least two points of view: the energy functional is nonconservative along
the paths of nonlinear connection, and the horizontal lift of these paths
are not h-paths. In the present work, making a conformal change of met-
ric (ii), we will find other metrics without the inconveniences alluded to
above.

1. Preliminaries

Let M be a C°°-real n-dimensional differentiable manifold and 7 :
TM — M its tangent bundle.

If (z%),4=1,...,n is a local system of coordinates on a domain U of
a chart on M then (z°,y%) is the induced local system of coordinates on
7 Y U)in TM.

We put 9; := 9/0x" and O; = d/0y".

A change of coodinates on T'M is given by

(1.1) o =272, " = (9a")y’, rank (9;27) = n.

A nonlinear connection on M is defined by a distribution HT' M over T'M
supplementary to the vertical distribution i.e. the kernel of the differential
of 7.

In HT M there exists a local frame defined by the local vector fields

(12) 51 = 81 - Nikak
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(NF) are called the coefficients of the nonlinear connection. We can intro-
duce some special tensor fields, called d-tensor field as an object of algebra
spanned by {1, J;, (91} over the ring F(T'M) of smooth real valued functions
on T'M.

For a change of coordinates given by (1.1) the components of a d-
tensor are transformed in exactly the same way as a tensor on M, in spite
of y* dependence.

Definition 1.1 ([18]). A generalized Lagrange space (briefly G L-space)
is a pair (M , A (x,y)) where a;; is a symmetric and nondegenerate d-

tensor field on TM = TM\{0,,x € M}.

If there exists a smooth function L : TM — R such that a;; =
1/2 0;0;L, then the pair (M, a;;) or (M, L) is called a Lagrange space.

A Finsler space is a particular Lagrange space and of course, a partic-
ular GL-space. In this case L is smooth on 701 M, positively homogeneous
and the quadratic form a;;(x,y) is positive definite.

The geometry of GL-space can be developed by the same methods as
those employed in Lagrange or Finsler space [18], [6], [16].

In a GL-space endowed with the nonlinear connection (N. ;) we can
introduce so called d-connection.

CT(N}) = (L;k, ]’k_), which allows us to define the h- and v-covariant
derivative like for Finsler spaces. For example, the h- and v-covariant

W

derivative of the metric tensor a;;, denoted by “|” and respectively

c¢|77

are given by
e = Okaij — Lysasy — Li;ais;  aij k= Opas; — Cpiasy — Chjais.
The following result (see [18], page 186) will be used:

Theorem 1.2. Let (M, a;;) be a GL-Lagrange space and (N}) a fixed
nonlinear connection. Then there exist only one d-connectionq CT(N}) =
(L%, C4y,) with the following properties

1° awlk =0 (h-metnba])j 2° az]|k =0 (v_metrl’cal)’

o i T4 i o i T
3 ik = Ljp — Ly =0, 4 ik =Chir — Cr; = 0.
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The coefficients of this d-connection are given by

7 (s, L .
ik a'?(0japk + Okazp — Opajk)

NI D=

K a'’?(0japk + Orajp — Opajr)

This connection will be called the canonical d-connection of the G L-space
(M, aij).

A systematic presentation of the geometry of a GL-space is given
in [18]. Also, throughout this paper we shall use the usual set up for

general theory of Finsler manifolds. We follow closely the exposition of
basic Finsler geometry in [6], [16].

2. Deflection free connection on (G L-spaces

Let C’f‘ = (]if;, F;k, ¢ ;k) be the Cartan connection of the Finsler space
= (M,F(x,y)) and g;; = 1/2 3i3jF2 the metric tensor. In general,
the geometrical objects related to the Finsler space will be indicated by
“0” on the top.

° .o ° o, . o oo

For example y; = gi;97, ti = y;i/F, ' = y'/F, hij = gij — lil;. We

consider a (GL-space whose metric tensor is of the form

(2.1) a;; = €2a§ij7 gij = gij + /Byiyj,

where a = a(z,y), f = B(x,y) are smooth scalar functions such that
1+ BF% > 0. It is easy to see that the reciprocal components of a;; are

given by

(2.2) a¥ =e7?gY, gl =g" - o vy
1+ F23

We put

(2.3) Ujy, = 6pa;+0%ar—g;,9 " on+3 7" (Biynye+BuY;9n—BnYiyr)
(2.4) U;k = 6,idj+5;dk—§jk§iho'zh+% ?ih(Bj§h§k+3kf/jf/h—6h§j§k)

where «a; := 0;, &; := ;. We have
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Proposition 2.1. Let CT' = (N;:7 F;k, C;k) be the Cartan connection

of the Finsler space F" = (M, F(x, y)) The coefficients of the canonical
d-connection CT(N%) = (L;:,C7 C’;k) of the GL-space (M, a;;) are given by

i i i B i

PROOF. We can apply Theorem 1.2 or we look for L; i in the following
form:
Ly, = Fj + Ajy

where A; i 1s a symmetric d-tensor field.
From a;;, =0 < a o ath?k — aihA?k = 0 using the Christoffel
ij
process, after a tedious calculation we obtain (2.5). Similarly, we get (2.6).
For the d-connection CT'(N}) = (Lj;, Cj;) we put the following ques-
tions:

a) When the horizontal lift of the paths of the nonlinear connection (N%),
(in fact the geodesics of the Finsler spaces, parametrized by arc length)
are h-paths? (This is equivalent with D} = L{.)

b) For which a and 3 the deflection tensor, D;, vanishes?

Theorem 2.2. Let CT(N%) = (LY, C3,) the canonical d-connection
given by (2.5), (2.6) and & = a;;y'y’ the energy function. Then

(i) & =0 < 2a =0 —log (1+ F?pB) with o, =0 <= Dj =0
(ii) D =0 < 2a=o0—log (1+ F?B) with oy, =0 and B := y'B; = 0.
PROOF. (i) The h-covariant derivatie of & = e2*(1 + BF?)F? is

(2.7) Ek = F*(2(1+ BF?)ay, + F?By).
Thus

BrF?

~ 11 5F7 < 2a =0 —log (14 BF?)

E‘kzo <= 2qp =

where 0 = o(x,y) and o, = 0.
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On the other hand
i i NG i
That is
— — — _ o O o O o O
Gin D = (G0 + Gawry — Gircai)y® + & (Beviyy + Bivive — Bivivn)y".
Taking (2.1) into account we get

Gin D" = ((Baw + 3 Br)yiy; + (Bay + L B)yiyn
(28) — (Bai + 5 B)ys0n) v
+ (gijon + giney — gipai)y".

Using oy, = —2(%5}32) we obtain after same computations
(29) G D = 5O (i — Fg1).
7 7 2(1 +ﬁF2) J J

Transvecting by 7 in (2.8) we get Di = 0. Now, suppose that D{ = 0.
From (2.8) we have

(210) 2050331‘ — OéiF'2 + (2ﬁ0¢0 + ﬂo)F%ji — (ﬂOéZ + % 6Z)F4 =0

Transvecting by y* we get

2er — BoF?
ap = 1 i ﬁFQ .
Using again (2.10) we obtain
BrF?
2.11 2, = ————
(2.11) T BE?

and (i) follows.

(ii) If D% = 0 then D} = 0 and using (i) we get 2a = o —log(1+ F?j3)
with o, = 0. On the other hand making use of (2.9) we obtain Gy = 0.
The converse implication follows from (2.8) and (2.9).
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Corollary 2.3. In the G L-space with metric tensor (2.1) horizontal lift
of the paths of the nonlinear connection Jif ; (the same with the geodesics of
F™ = (M, F(z,y)) parametrized by arc length) are h-paths of CF(]%) =
(Liy, Ciy) iff 205, = £075.

From the Theorem 2.2 is clear that starting with the Cartan connec-

tion CT' of the Finsler space F" = (M, F(x, y)) the deflection tensor of
the canonical d-connection of G L-space (M, a;;) vanishes iff

1o 2 o o
(2.12) a;; = e” e (g0 4+ Byy;)

where 0 = o(x,y) with o, = 0. We can write (2.12) after changing
notation to the following form

(213) aij = 60. (ngj + (1 — O)EZZJ)

where 0 = 6(z,y), 6 # 0 and o, = 0.
These results have suggested we give up use at the start of the Car-

tan nonlinear connection N 3 and look for the Cartan connection of more
general metrics than (2.13).

Remark. For the GL-manifold (M,g,;;) the deflection tensor of

CT(]%;) = ( ;k, ]Zk) is null iff B, = 0. Then a conformal change of
this metric leads to a new GL-space for which the horizontal lift of the
geodesics of its associated Finsler space (parametrized by arc length) are
h-paths, in less restrictive conditions.

3. The Cartan connection for some special GL-space
We consider the G L-space (M, a;;) with metric tensor given by
(31) aj; = Ggl-j + (w(FQ)EQOC — 0)&6]
where

0 =0(x,y), «a=a(xr) aresmooth scalar functions, 6 # 0,
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and 1 : (0,00) — (0,00) is a smooth function such that ¥ (t) + ty’(t) # 0
Vte (0,00).
It is easy to check that the reciprocal components of a;; are given by

o1 1 1Y\ c.0.
3.2 U= g — T2 _ ) pigd
(32 @i =g+ (e 3)
Using the angular metric tensor h;; = g;; — ¢;¢; we can rewrite (3.1) and
(3.2) in the following simple forms:

(31)/ Q5 = thj + ¢€2a2i£j

.. 1 o.. 1 0.0,
3.2)’ U= 2 B4 = em2qi
(3.2) a 7 + > e

where h* = g*Pg?%hy, = g — 047,
The metric tensor a;; is quite general and many other particular met-
rics used in different papers can be obtained from it.

Examples. 1. For¢y =1, a =0, 0 =c, gi;(x,y) = 7;j(z) (Riemannian
metric)

(3.3) aij = cvij + (1 — )il

which has been used in [7], [8], [21] in problems of post-Newtonian estima-
tion, and also in [22].

2. For ¥(t) = 5 t+1 (c € R*), a =0, § = 1 the metric tensor is
given by

1 o O
(3.4) @ij = Gij + 2 YiYi

which have been used in [15], [9], [21], [18] for applications in relativistic
geometric optics.
5. For a =0, 8(x,y) = ¢ (F2(w,1)), 1 = 26" (1)t + /(£) we obtain

(3.5) aij = ©'gij + 20" 07,

which is nothing but the metric tensor of a p-Lagrange [3], [4] which have
been used for applications in Biology and Physics.
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In particular for o(t) = t"™/2 we get

m _ oo
(36) aij = 5 Fm 2(gij + (m — 2)€z€])

which is the metric tensor for m-homogeneous Lagrange space [2], [12],
[13].
4. 1f0=1,v% =1, 2a(z) =n(1l —a(z)) thus
(3.7) aij = gij — a(x)lil;
and we get the G L-space studied in [14].
5. For 0 = 0(x,y)e?*®), 0 #£0
(38) ai; = g2 (@) [?gij + (’l,Z) — g)fzfj]
which is a conformal change of metric g;; = 0gij+ (v —0)¢;¢; more general
as in [11].

The central problem of this paper is to determine the Cartan connec-
tion of the G L-space (M, a;;) where a;; is given by (3.1) or (3.1)".
Following [6], [16] the Cartan connection is a triple CT=(N}, L%, C%;)
which must verify the following axioms (Matsumoto’s axioms).
1° amk:O 2° aij|k:0
3 Di=Ly-N =0 4° T =L —L;=0
50 ;k: ;k—clij =0.

We shall use the following notations:

(3.9) yi=agy',  yl* =yt =agy'y’ =€
(3.10) i == yi/llyll,
¢ :=y'/|lyl (normalized supporting element)

(3.11) hij == a;; — ¢;¢; (angular metric tensor).
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The following properties are immediate

(3.12) yi = 9 yii |yll* = pF2e
(313) El = aijﬁj; EZEJ = ¢€2a£i£j
(314) hij = el(jbij; h; L= aikhk]‘ = ;L;

Theorem 3.1. In the GL-space (M, a;;) with a;; given by (3.1) there
exists a unique d-connection CT = (N]’f, L;k, C;k) which satisfies the Mat-
sumoto’s axioms.

PrOOF. We look for CT' which verifies 1° — 5°. From 1° and 3° we
get HyH‘Zk = 0 and making use of (3.12) we obtain

—2ak¢F2

2 _
(3.15) = 5o

where oy, := Ora.
From (3.1) using (3.13) we get the following expression for the metric
tensor of F"

1 e 2> 1
We have, making use of 1° and 3°
ek ek 26—2a wle—Qa

gmk = —? aij + @gl@ — TOékgigj — Tﬂi&@

9k 26—2a wle—2a 2¢F2

From (3.13), (3.14) and the equality above it follows
Qk o oo 2F2w/ oo
Therefore
» » 1 o 2 o o
(3.17) Likgpj + ijgip = 5kgij + Egkhij + mak&&
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where we have put

Y (F?)
P(F?)

Using the Christoffel process and 4° we get

(3.18) A= F2.

k=759 P(0;9pk + OrGip — OpYik)

1 . o o
(3.19) + 55 97 Oihpe + Ochip — Oph)

1

114 (ajgkgi + akéjﬁi — €J€ko/)

_l’_

Introducing the generalized Christoffel symbols

L,
59 P(0;9pk + Okgjp — Opgjk)

7;‘1@ =
(3.19) can be rewritten in the following form

[¢]

(3.20) Ly =74 — NjChL — NiCL + g N} Crji

o o, o

1 o, o )
+ %(Hjhz + Oxh — 0"hji)
1 o o o .
(ajEkE’ + akﬁjﬁl — ijko/)

+

1+ A

with 0° := ¢'P0,,.
Transvecting by y* and then by v/ and using again 3° we get

i i T i 1,2
1 o, o O, ] .
+ m (Fajﬂ + Od()fj[b — Ffja’)
. . 1 o. .

where o' := g”a; and

(3.23) Oy =y (O — Ni6;) = 900 — Yiobi — ——— (20000 — F2a'6;).

1+ A4

143
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Therefore, making use of (3.22) a direct calculation gives

. ) o . F?2
N;' :’Yéo—c;'k%o 1+ACZ
1 1 o 9 oi
(e’ + g colsy’ —Gia) + 550
That is
(3.24)
i nri 1 i
Nj =N’ + 1+A(6O¢0+O¢Jy — g0 —i—FQC )
0o Qq o
Z0 B
+<29 1+A> j
where

N; = 7;'0 - Cémé“o
is the Cartan nonlinear connection of the Finsler space F" = (M ,F(x, y))
L;k given by (3.19) with (N7}) from (3.24) verifies 1°,3°,4°.
Now, from 2° and 5° we get by standard calculatin
=3 o™ (Djapr. + Onajp — Opajr)-
Remark. 1. B; = 5}(10 + ajyt — yiat + FQCékak from (3.24) is just
the tensor which perturbs the Cartan nonlinear connection of a Finsler

space after a conformal change of metric tensor (see [10]).

In fact this theorem gives us the change of the Cartan connection

[e]

CT = (N L;k, -.) after a distorted conformal change of the metric
tensor g;;

o O

gij = 09ij + (b — )il — ) (0gi; + (b — 0)Lil;).

2. The d-connection CT = (N7, ¢ L; k> C ) has the coefficients given as
follows

‘ 1
(3.25) ;k = B aZp(5jCka + 5kajp — 5pajk)

1 .
(3.25) ik = 9 a’?(djapy + Okajpy — Opaji)
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with N7 from (3.24).

We can also express these coefficients in terms of the Cartan connec-
tion of the Finsler space (M, F(z,y)).

3. The following formulae hold:

[¢] [ele)
; _ _Gp_ 2 000
1) gijie = =G hij — mraanlil
(o]
ii) €i|k = —H_Aozk&, Z\k 1+A06k£’
[e]
i) Byop = —Zhys
iii) hijp = — %G hij-

4. The d-connection obtained in Theorem 3.1 will be called the Cartan
connection of the GL-space (M, a;;).

From Theorem 3.1 we get
Theorem 3.2. The Cartan connection CT = (N7, L;k, C’;k) of the GL-

space (M, g;;) where g;; = 0g;; + (1 — 0)£;{; has the following coefficients:

. . 1 o, o, e 0n ©
(3.26) e = Fji 55 (O3hi + Oxhy — 0hyp) — 2% i
(3.27) b= Clp + 5 9(9 hi+ Orhi — 0'hys,)
Q/JIFO o ol 1/} 9 00 Oi
Ll + (1+ )hjke
i Oi to © i

Corollary 3.3. The coefficients of the Cartan connection for a m-
homogeneous Lagrange manifold are given as follows

% Oi m— 7 zo
(3.30) Cir = Cix + 55— (5 b+ 30,)
m — 2 o Oi m — 20 o O’i
e b

(see [4], [12]).
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Corollary 3.4. The Cartan connection of GL-space (M,g,;), 9;; =
8gi; + (1 — 0)¢;¢; with 8 = const. are as follows:

(3.31) Ly =Fj,, Nj=N;
1-0

hjkyi.

Proposition 3.5. The Cartan connection given in Theorem 3.2 has
the property C’;O = 0 iff 6 is 0-homogeneous and ¢ = const. (n > 2).

PROOF. Transvecting in (3.27) by y* we get:

i 1., Y F?oc0
0= Clo = gy} + ==L

Transvecting again by 4/ we obtain ¢/ = 0 and then 6y = 0, therefore
0 is 0-homogeneous and 1 = const.
Let us see now about geodesics of G'L-space (M, g;;) with

yij = ng’j + (@D — 9)&53
The energy functional is given by
E = (FHF?.

We remark that (M, €) is a p-Lagrange space with o(t) = 9 (¢) -t and from
a result of [4] the geodesics of the Finsler space (M, F(z,y)) parametrized
by arc length coincide with the extremals of energy integral and with the

paths of N; .

From (3.28) we obtain that N and N/ have the same paths and from
the deflection free property these are the h-paths of G L-space (M, Gij)-

Therefore, we can state:

Theorem 3.6. For the G L-space (M, g;;) the geodesic of the associate
Finsler space (parametrized by arc length), the extremals of the action

integral and the paths of nonlinear connection N} (or Nj) coincide. The
horizontal lifts of these curves are h-paths.
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Remark. For the metric g,;(z,y) = i (z) +0(x, y)il; where ;5 () is
a Riemannian metric used in the geometric relativistic optic (see [17]) we

can make a conformal change a;; = e_zn(H’B(m’y)) (vij + Bz, y)lit;)) and
the new G L-space (M, a;;) have the properties of these from Theorem 3.2
and Theorem 3.6.
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