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On associative algebras which are sum of two
almost commutative subalgebras

By A. PETRAVCHUK (Kiev)

Abstract. The following theorem is proved: if an associative algebra A over an
arbitrary field can be decomposed into a sum A = B + C with almost commutative
subalgebras B and C (an algebra is called here almost commutative if it has a commu-
tative ideal of finite codimension) then the algebra A possesses a nilpotent ideal I such
that the quotient algebra A/I is almost commutative.

1. Introduction

In the paper of K.I. BEIDAR and A.V. MIKHALEV [4] the following
problem was stated: whether a sum R = A+ B of two associative PI-rings
A and B is a PI-ring? There are positive answers to this question for some
classes of rings A and B which are near to commutative [4], [5] (every sum
of two commutative rings is a PI-ring [2]).

Any associative algebra over an arbitrary field which has a commuta-
tive ideal of finite codimension (we will call a such algebra almost commu-
tative) is a PI-algebra and the question about the structure of a sum of
two such algebras is of interest. In this paper, the following result is ob-
tained: every sum of two almost commutative algebras contains a nilpotent
ideal such that the quotient algebra on this ideal is almost commutative, in
particular, every such sum is a Pl-algebra. Similar question in group the-
ory i.e. the question about structure of the product of two almost abelian
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(finite-by-abelian) groups is open although it was proved in some cases
that this product is almost soluble (see [7], [6] and others).

All considered algebras and rings are associative, the ground field F' is
arbitrary. The centre of an algebra (or a ring) A is denoted by Z(A). For
F-subspaces X and Y of an algebra A, as usual, [X,Y] = {zy—yz | z € X,
y € Y}; for a subset S of A and for a subalgebra B of A we will denote by
Annly(S) and Ann'y(S) the left and corresponding the right annulator of
S in the subalgebra B.

The following statement is the main result of this paper:

Theorem. Let A be an associative algebra over an arbitrary field
which is decomposable into a sum A = B + C, where B and C are almost
commutative subalgebras of A. Then the algebra A contains a nilpotent
ideal I such that the quotient algebra A/I is almost commutative.

Previously, we prove a series of lemmas, some these results can be of
interest out of this work. In particular, the Proposition 2 which is used in
the proof of the Theorem is an extension (for algebras over a field) of the
result of O.H. KEGEL about sum of two nilpotent associative rings [8].

Lemma 1 (See for example [9]). Let A be an associative algebra over
an arbitrary field and B a subalgebra of A with dim A/B < co. Then B
contains an ideal I of algebra A such that dim A/I < oc.

Lemma 2. Let I be an one-sided or two-sided commutative ideal of a
ring R. Then R has an ideal J such that J> =0 and (I+.J)/J C Z(R/J).

PROOF. Let I be for example a right ideal of the ring R and 4,41 € I,
r € R any elements. Then

il(iT‘ — Ti) = i(iﬂ”) - (ilr)i =0
because i1 € I and [I,I] = 0. Hence I[I,R] = 0. Let T = Ann,(I).
Clearly, T is an ideal of the ring R and [/, R] C T. For any element ¢t € T
it holds (ir — ri)t = irt = 0 (because rt € T, IT = 0) and therefore
[I,R]T = 0. Now let J = Annk(T). It is obvious that .J is an ideal of the
ring R and J? = 0. As [[,R] C J, we have (I +J)/J C Z(R/J). The case
of the left ideal can be considered analogously.
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Lemma 3. Let A be an associative algebra and I an ideal of the
algebra A. If J is an ideal of the subalgebra I then it holds:

(1) if subalgebra J is nilpotent then J lies in a nilpotent ideal J; of
the algebra A and J; C I;

(2) if subalgebra J is finite dimensional then J lies in an ideal J; of
the algebra A such that J; C I and Jy contains a nilpotent ideal T' of the
algebra A with dim J; /T < co.

PROOF. (1) See for example [1, Lemma 1.1.5].

(2) Let J; be the smallest ideal of the algebra A which contains J and
lies in the ideal I of A. Since J? C J (see [1, Lemma 1.1.5]), J3 is a finite
dimensional ideal of the algebra A. If J? = 0 then we set 7' = .J; and the
statement (2) is proved. Let J3 # 0 and T = Ann{,l (J3). Clearly, T is an
ideal of the algebra A and (T'NJ3)? = 0. Further, T/(TNJ3}) ~ T+ J3/J}
is a nilpotent algebra as a subalgebra of the nilpotent algebra J;/J; and
therefore the ideal T is nilpotent. Since dimJ? < oo, we have, clearly,
dim J; /T < co. The statement (2) and the Lemma are proved.

Lemma 4. Let R be an associative ring and I any commutative ideal
of R. If the quotient ring R/I is commutative or nilpotent then the ring R
contains some nilpotent ideal with the commutative quotient ring.

PrOOF. We may restrict ourselves by Lemma 2 only to the case I C
Z(R). First, let the quotient ring R/I be commutative. For any elements
1€1,r,7r0 € R we have

iTlTQ — 7“21'7“1 =0= i[Tl,TQ]

(because ir; € I C Z(R)) and therefore IR, R] = 0. Let J denote the an-
nulator of the ideal I in I. Then J is an ideal of the ring R with J? = 0 and
[R,R] C J (because [R,R] C I). Thus the quotient ring R/J is commu-
tative and and the proof is complete in the case of commutative quotient
ring R/I. Now let the quotient ring R/I be nilpotent. If (R/I)?>=0 then
this case follows from the above considered case. Let the statement of
Lemma be true for an arbitrary ring R with (R/I)™ = 0, n > 2, prove it
for a ring R with condition (R/I)"™! = 0. Denote N = R? + I. Clearly,
N/I is an ideal of the quotient ring R/I and (N/I)" = 0. By inductive
assumption the subring N contains some nilpotent ideal T' such that the
quotient ring N/T is commutative. By Lemma 3 T lies in some nilpotent
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ideal S of the ring R with S C N. Then the quotient ring R = R/S
contains a commutative ideal N = N/S such that (R/N)? = 0. As was
proved above the ring R contains some nilpotent ideal J = .J/S such that
R/J is commutative. It is obvious that .J is a nilpotent ideal of the ring R
and the quotient ring R/J is commutative. The proof is complete.

Lemma 5. Let A be an almost commutative associative algebra and
I a commutative ideal of A with dim A/I < co. Then:

(1) [A, A]I lies in some nilpotent ideal of the algebra A;

(2) for some nilpotent ideal J the quotient algebra A/J contains a
finite dimensional ideal T'/J such that the quotient algebra A/T is com-
mutative.

Proor. (1) If I C Z(A) then we have for any elements a;,a2 € A
and 7 €
(CLlCLQ — agal)i = (ali)ag — ag(ali) = 0,

because ari € I C Z(A) and therefore [A, A]I = 0. Now if I ¢ Z(A)
then going to the quotient algebra A/J on some nilpotent ideal J with
I C Z(A/J) (it exists by Lemma 2) we get [A, A]I C J.

(2) We can assume, without loss of generality, by Lemma 2 that I C
Z(R). Clearly, T'= Annyx (/) is an ideal of the algebra A and by part 1
of this Lemma T D [A, A]. Let denote J = T N I. Obviously, J? = 0 and
T/J is a finite dimensional ideal of the algebra A/J. At that the quotient
algebra (A/J)/(T/J) ~ A/T is commutative.

For convenience and shortness we introduce the following:

Definition 1. An associative algebra A over an arbitrary field will be
called an NCF-algebra if it contains a nilpotent ideal with almost commu-
tative quotient algebra.

An ideal of an associative algebra will be called an NCF-ideal if it is
an NCF-algebra.

In particular, every nilpotent, commutative and finite dimensional
algebras are NCF-algebras by this definition.

Proposition 1. The following statements hold:
(1) every subalgebra and every quotient algebra of an NCF-algebra
are NCF-algebras;
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(2) if A and B are NCF-algebras then the direct product A x B is an
NCF-algebra;

(3) every extension of an NCF-algebra by other NCF-algebra is an
NCF-algebra.

PROOF. The statements (1) and (2) of the Proposition are obvious.
Prove the statement (3), i.e. show that an algebra A is an NCF-algebra if it
contains an NCF-ideal B such that A/B is also an NCF-algebra. Consider
some cases previously:

(a) The quotient algebra A/B is finite dimensional.

Let I be a nilpotent ideal of the NCF-algebra B such that B/I is
almost commutative. By part 1 of Lemma 3 I lies in some nilpotent ideal
of the algebra A and the latest lies in B. Then we can assume, without
loss of generality, I = 0 i.e. B is commutative. Since dimA/B < oo,
the algebra A is almost commutative by Lemma 1 and therefore it is an
NCF-algebra.

(b) The ideal B is finite dimensional.

The right annulator C' = Ann’, (B) is an ideal of the algebra A, and
since C/(BNC) ~ C + B/B is an NCF-algebra, the ideal C' is an NCF-
algebra in view of equality (B N C)? = 0. It follows from the inequality
dim A/C < oo and part (a) of this proof that A is an NCF-algebra.

(c) The ideal B is commutative.

In the NCF-algebra A/B there exists a nilpotent ideal N/B such that
quotient algebra (A/B)/(N/B) ~ A/N is almost commutative. With-
out loss of generality one can assume in view of Lemma 4 and part 1 of
Lemma 3 that the ideal N is commutative. Denote by S/N any commu-
tative ideal of finite codimension in algebra A/N. By Lemma 4 and part 1
of Lemma 3 we can assume also S is commutative. Since dim A/S < oo,
we obtain that A is an NCF-algebra.

Now prove the statement (3) in general case. Let N be any nilpotent
ideal of the subalgebra B such that the quotient algebra B/N is almost
commutative. By part 1 of Lemma 3 one can assume without loss of gen-
erality N = 0 i.e. the ideal B is almost commutative. Analogously, by
part 2 of Lemma 5 and part 1 of Lemma 3 we can consider the subalge-
bra B has a finite dimensional ideal T" with commutative quotient algebra
B/T. Similarly, one can assume the subalgebra 7" of A lies in some finite
dimensional ideal T of algebra A such that Ts C B and B/Tp is com-
mutative. Then A/Tp is an NCF-algebra in view of part (c) of this proof.
Since dim T < oo, the algebra A is an NCF-algebra by part (b) of this
proof. The proof is complete.

It follows from Lemma 1 and Proposition 1 the next statement:
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Corollary 1. If an associative algebra A has an NCF-subalgebra B
and dim A/B < oo then A is an NCF-algebra.

Lemma 6 ([2], [3, Th. 2.2]). Let R be an associative ring which is
decomposable into a sum R = A + B of two commutative subrings A

and B. Then R has an ideal I with I? = 0 and commutative quotient
ring R/I.

Lemma 7. Let A be an associative algebra over an arbitrary field F,
B and C' commutative subalgebras of A and let I be an ideal of A which
lies in the F-subspace B + C. Then I is an NCF-ideal.

PROOF. Let Ip = {b € B | there exists i € I of the form i = b+ ¢,
c € C}i.e. Ipis a projection of the ideal I into subalgebra B. Analogously,
define the projection I of I on subalgebra C. Obviously, it holds for
elements iq,i9 € I, i1 = by +c¢1, 19 = by +¢o, where b; € B, ¢c; € C,i=1,2
the equality

1119 = <b1 + 01)(()2 + 02) = 14102 + C1i9 + b1by — c109.

Thus b1by — c1co € I, and hence Ig, Io are subalgebras of B and cor-
responding C. It is easy to see that Ig + I¢ is a subalgebra of A, and
since the subalgebras Ig and I- are both commutative, Ip + I¢ is an
NCF-algebra by Lemma 6. Then the ideal I which lies in I 4+ I is an
NCF-algebra. The proof is complete.

For convenience we give the following definition:

Definition 2. An associative algebra A over an arbitrary field F' de-
composable into a sum A = B+ C of two almost commutative subalgebras
B and C will be called a minimal BM-counter-example if A satisfies the
following conditions:

(1) A is not an NCF-algebra;

(2) the subalgebras B and C' have commutative ideals By and cor-
responding Cy such that dim B/By + dimC/Cy < oo and the number
dim A/(By + Cp) is the smallest;

(3) the algebra A has not nonzero ideals which lie in the F-subspace
By + Cy from the condition (2).



On associative algebras which are sum of two almost commutative subalgebras 197

Lemma 8. Let A = B+ C be a minimal BM -counter-example. Then
for every nonzero ideal I of A the quotient algebra A/I is an NCF-algebra.
Besides, the algebra A has not nonzero NCF-ideals.

PRrROOF. Let dim A/(By + Cy) = n where By and Cj are the commu-
tative ideals of subalgebra B and corresponding C' from Definition 2. If
n = 0 then the algebra A is a sum of two commutative subalgebras B
and Cj and hence it is an NCF-algebra by Lemma 6. This contradicts to
the choice of the algebra A and therefore n > 1. Let I be a nonzero ideal
of the algebra A such that A/I is not an NCF-algebra. Denote

A=A+1I/I, B=B+I/I, C=C+1/I,
By=By+1/I, Co=Co+1I/I.

Let m = dim A/(Bg + Cy). By the Definition 2 it holds I € By + Cy and
hence m < n. Denote by T the sum of all ideals of the algebra A which
lie in the F-subspace By + Cj. The ideal T is an NCF-algebra by Lemma
7 and therefore the quotient algebra A/T is not an NCF-algebra in view
of the choice of A and Proposition 1.

Since the F-subspace (Bg + Cg)/T does not contain nonzero ideals
of the algebra A/T and its codimension in A/T is equal to m, m < n,
it contradicts to the choice of A. The obtained contradiction proves that
A/I is an NCF-algebra.

Now let J be a nonzero NCF-ideal of the algebra A. As has just
been proved A/J is an NCF-algebra, and then A is an NCF-algebra by
Proposition 1. The latest is impossible and hence A has not nonzero NCF-
ideals. The proof is complete.

Lemma 9. Let R be an associative ring which is decomposable into
a sum R = A+ B of two subrings A and B and let Ry be a subring of R
with Rg O B. If Ry contains an ideal Ag of the subring A then R, contains
some ideal J of the ring R such that J O Ag.

PROOF. Consider the subring J = Ag + BAg + AgB + BAyB of the
ring R. Clearly, J C Ry and Ay C J. As Ag is an ideal of the subring A,
J obviously, is an ideal of the ring R.
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Lemma 10. Let A = B+C be a minimal BM -counter-example where
subalgebras B and C' satisfy all conditions of the Definition 2 and let
Ay = B+ (Cy € C) be a subalgebra of A. If Ay is not an NCF-algebra
then for some NCF-ideal J of subalgebra A, the quotient algebra A;/J is
a minimal B M -counter-example.

PROOF. Let By € B and Cy C C be commutative ideals of the
sublagebra B and corresponding C from the Definition 2 and let n =
dim A/(By + Cp). Denote by Cf the subalgebra in C' which is generated
by C7 and C' N B. Clearly,

B+Cy =B+, CiNB=CnNB,

and therefore one can assume, without loss of generality, that C] = Cy
and hence C1; N B = C N B. It follows from the latest equality that
CoNAy = CoNCy. Indeed, let x € CoNA;. Then x = ¢g,cg € Cy, z = b+
for some ¢; € C7, b€ B. Hence b=cy—c1 € BNC = BNC; and x € (.
But then x € Cy N Cy and C N Ay C Cy N Cq, because the element = has
been chosen in any way. The inclusion Cy N Cy C Cy N Ay is obvious.

Since A1 N (BQ + C()) D By, it holds A1 N (B() + C()) = By+ (Co N Al)
and therefore as proved above

AN (BO + C(]) = By + (CO N Cl)

Now denote by J the sum of all ideals of the algebra A; which lie in
By + (ConCy). By Lemma 7 J is an NCF-ideal of the algebra A; and
Ay/J is not an NCF-algebra (because A; is not an NCF-algebra). It is
easy to see that A/J is a minimal BM-counter-example (in particular,
dim A;/((Bo + Cp) N A1) = n). The proof is complete.

Lemma 11. If I is an one-sided finite dimensional ideal of an asso-
ciative algebra A then A has a nilpotent ideal J such that (I + J)/J lies
in some finite dimensional (two-sided) ideal of the quotient algebra A/J.

PROOF. Let I be for example a right ideal of the algebra A and
S = Ann’y(I). Clearly, S is an ideal of A and dim A/S < oco. Further,
T = Ann’4(S) is also an ideal of A, T D I and J = T'N S is an ideal
of the algebra A with J2 = 0. It is easy to see that dimT/J < oo and
I+J/J CT/J. The case of a left ideal of A can be considered analogously.
The Lemma is proved.



On associative algebras which are sum of two almost commutative subalgebras 199

Lemma 12. Let A be an associative algebra over an arbitrary field F'
and a is an element in A such that dim A/ Ann"(a) < co (dim A/ Ann'y
(a) < 00). Then the element a belongs to a finite dimensional right (cor-
responding left) ideal of the algebra A.

PROOF. Denote by C' the right annulator Anny (a) and let dim A/C' <
00. Choose a complete system of representatives {hq,... ,h,} of the con-
gruence classes of A by C. We will show that F-subspace
I = (a,ahq,... ,ahy) is a right ideal of the algebra A. If g is any ele-
ment in A then g is of the form g = ¢+ Y .-, a;h; where c € C, o; € F,
i=1,...,n. Hence

ag = a<c+ Zaihi) = Zaiahi el
i=1 i=1

because ac = 0. Further, denote h;g = ¢; + Z?Zl Bijh; where ¢; € C,
Bij € F, 1,7 =1,...,n. Then we obtain

(ahl)g = a(hlg) = CL(CZ' + Zﬁmh]> = Zﬂ,—jahj el
j=1 j=1

Therefore I is a right ideal of the algebra A, a € I and dim/l < oo.
Analogously, one can consider the case dim A/ Annfq (a) < oco. The proof
is complete.

Let A be a nilpotent algebra, A # 0. The number n = n(A) such
that A™ = 0, A"~! # 0 will be called the index of nilpotency of A and
denoted by n(A). The index of nilpotency of the zero algebra we assume
to be equal 1.

An associative algebra A will be called almost nilpotent if it has a
nilpotent ideal of finite codimension. By 7(A) will be denoted the smallest
nilpotency index of all nilpotent ideals of A of finite codimension in A.

Lemma 13. If ] is a right (left) almost nilpotent ideal of an algebra A
then A has a nilpotent ideal J such that I + J/J is a finite dimensional
right (corresponding left) ideal of A.

PRrROOF. Let I be, for example, a right ideal. Let B be any nilpotent
ideal of the subalgebra I with dim//B < oo such that n(B) = n(l). If
n(I) = 1 then dimI < oo, that is B = 0, and Lemma is proved. First
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consider the case dim I/ Ann7(g) < oo for every element g € I. Let the
statement of Lemma be true for algebras with n(l) < k, prove it for
algebras with n(I) = k. Choose a complete system of representatives
{g1,... ,gm} of the congruence classes of I by B. Using Lemma 12 one
can easy show that there exists a finite dimensional right ideal N of the
algebra I with {g1,...,9m} € N. Obviously, I = B+ N. Then T =
Ann'z(N) is a nilpotent ideal of the subalgebra I and dim /T < oc.
Analogously, Iy = Ann’;([) is a nilpotent right ideal of the algebra A and
Io 2 TN B*~1. Then as is well known (see for example [1, Lemma 1.1.2])
Iy lies in some nilpotent ideal S of the algebra A. At that the quotient
algebra A = A/S has the right almost nilpotent ideal I = I +S/S. Since
T N B*1 C S then the ideal T = T + S/S of the subalgebra I has
the nilpotency index < k — 1 and therefore n(I) < k — 1. By inductive
assumption there exists in A some nilpotent ideal J = J/S such that
I+ J/J is a finite dimensional right ideal of the algebra A/J. Then J is a
nilpotent ideal of the algebra A and I + J/J is a finite dimensional right
ideal of the quotient algebra A/J.

Now let I; = {i € I | dim I/ Annj(i) < oo}. It is easy to see that
I is a right ideal of the algebra A, I; N B is a nilpotent ideal in I; and
dimI,/(I; N B) < oo. Besides, B¥~! C I, because B*"'B = 0 and
dimI/B < oo. As has just been proved there exists in A a nilpotent
ideal U such that I; + U/U is a finite dimensional right ideal of the al-
gebra A/U. One can assume without loss of generality (by Lemma 11)
that the algebra A has a finite dimensional ideal M such that M O B*1,
By inductive assumption (induction on 7(I))the quotient algebra A/M
contains a nilpotent ideal V//M such that (I +V/M)/(V/M) is a finite di-
mensional right ideal of the algebra (A/M)/(V/M). Let V4 = Anny, (M).
It is easy to see that V; is a nilpotent ideal of the algebra A and I+ V3 /V;
is a finite dimensional right ideal of the algebra A/V;.

The case of the left ideal I can be considered analogously. The Lemma
is proved.

The statements below follow from Lemmas 11 and 13.

Corollary 2. Let A be an associative algebra and I a right (left) al-
most nilpotent ideal of the algebra A. Then I lies in some almost nilpotent
ideal of the algebra A.
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Corollary 3. If an associative algebra A has an almost nilpotent
ideal I with almost nilpotent quotient algebra A/I then the algebra A
is almost nilpotent.

PROOF. One can assume, without loss of generality, that dim I < oo
(in view of Lemma 3). Let J/I be a nilpotent ideal of the quotient algebra
A/I such that dim A/J < oo and let C' = Ann';(I). Obviously, C' is an
ideal of the algebra A and dim J/C < oo (and hence dim A/C < o0). Since
(CNI)?=0and C/(CNI)~ C+I/Iis a nilpotent algebra then the
ideal C' is nilpotent. The proof is complete.

Proposition 2. If an associative algebra A over an arbitrary field is
decomposable into a sum A = B+ C with almost nilpotent subalgebras B
and C of A then the algebra A is almost nilpotent.

PROOF. Let the statement of the Proposition be false. Choose among
all counter-examples to the Proposition an algebra A = B + C' with the
smallest sum 7(B) + n(C). Clearly, n(B) > 2 and n(C) > 2 (if, for
example, n(B) = 1 then dim B < oo and therefore the algebra A is almost
nilpotent in contradiction to the our assumption). Denote by By and
Cy some nilpotent ideals of the subalgebra B and corresponding of the
subalgebra C' such that dim B/By + dim C/Cy < oo and n(By) = n(B),
n(Cp) = n(C). Let I = Bg(B)_l. It is easy to see that IBy = Bol = 0
and Ag = B+ IC is a subalgebra from A of the form Ay = B 4+ C where
C1 = CNAp. Note that By is a right nilpotent ideal of the subalgebra Ag.
Then the right ideal By lies as is well known in some (two-sided) nilpotent
ideal S of the subalgebra Ay. The almost nilpotent subalgebra C; +.5/5 is
of finite codimension in Ay/S and by Lemma 1 the quotient algebra Ay/S
is almost nilpotent. Then the algebra Ag is almost nilpotent.

It is eeasy to see that I + IC' is a right ideal of the algebra A, and
since I + IC C Ay, the subalgebra I 4+ IC is almost nilpotent. Further,
I + IC lies by Corollary 2 in some almost nilpotent ideal T" of the algebra
A. The quotient algebra A = A/T is decomposable into a sum A = B +C
where B = B+ T/T,C = C +T/T. Since I C T, we have i(B) < n(B)
and therefore the quotient algebra A/T is almost nilpotent by choice of
the algebra A. In view of Corollary 3 the algebra A is almost nilpotent. It
contradicts to the choice of A and the proof is complete.
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Lemma 14. Let A be an associative algebra without nonzero NCF-
ideals decomposable into a sum A = B+ C of subalgebras B and C which
contain commutative ideals By C B and Cy C C such that dim B/ By +
dimC/Cy < oo. If Ay = B+ ByC' is an NCF-subalgebra of A then the
subalgebra Cy = C' N A; is almost nilpotent.

PROOF. Since By is an ideal of subalgebra B, the subspaces ByC
and A; are obvius subalgebras of A. Let ¢ = b+ ¢ be any element in
the F-subspace ByC N (B + Cy) where b € By, c € Cy. It is easy to see
that Cyc = cCy is a two-sided ideal of the algebra C' and cCy lies in the
subalgebra A; = B + ByC = B + Cy Then there exists by Lemma 9 an
ideal S of algebra A such that ¢cCy C S and S C A;. Let A; be an NCF-
subalgebra. Then S is an NCF-ideal of the algebra A and by conditions of
Lemma S = 0. Hence c¢Cy = Coc = 0, that is, ¢ € Anng, (Cp). In view of
choice of the element g = b+ ¢ this means (B + BoC) N Cy C Anne, (Co).
Further, it is easy to see that dim Cy /(A1 NCp) < oo because dim C/Cy <
00, and since dim B/Bjy < oo, we have

Obviously, (Anng,(Cp))? = 0, hence ((By + BoC) N Cp)? = 0 and there-
fore (' is an almost nilpotent subalgebra of the algebra C'. The proof is
complete.

Lemma 15. Let A = B+C be a minimal BM -counter-example where
subalgebras B and C satisfy conditions of Definition 2. Then both subal-
gebras B and C are not almost nilpotent.

PROOF. Let the statement of Lemma be false. Then there exist min-
imal BM-counter-examples of the form A = B + C such that one of the
subalgebras B or C' is almost nilpotent (by Proposition 2 both subalgebras
B and C can not be almost nilpotent simultaneously). Choose among all
such counter-examples an algebra A = B 4+ C with almost nilpotent sub-
algebra B which has the smallest number n = n(B). Let B and Cj be
commutative ideals of finite codimension of the algebra B and correspond-
ing C which satisfy conditions of Definition 2. Take a nilpotent ideal N of
subalgebra B with dim B/N < oo and n(N) = n(B) and set By = BjNN.
Obviously, By is a commutative nilpotent ideal of finite codimension in B
and n(By) = n(B). It is easy to see that Ay = B + ByC is a subalgebra
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of A. Show that A; is an NCF-algebra. Denote I = (By)™P)~1. Then I
is a right nilpotent ideal of the subalgebra A; and hence I lies in certain
nilpotent ideal S of A;. The quotient algebra A;/S is decomposable into
a sum

A1/S = (B+8)/S + (BoC + 5)/S

and Bg(B)_2+S/S is a right nilpotent ideal in A, /S. Therefore Bg(B)_2 +

S/S lies in some nilpotent ideal S;/S of the algebra A;/S. Repeating
this considering one can show that By lies in some nilpotent ideal T of
the algebra A;. Since dim B/By < oo, the quotient algebra A;/T is an
NCF-algebra by Corollary 1 and hence A; is an NCF-algebra. Obviously,
Ay = B+ Cy where C7 = C N A;. The subalgebra C is almost nilpotent
(see Lemma 14) and therefore the subalgebra A; is almost nilpotent by
Proposition 2 as a sum of two almost nilpotent subalgebras B and C}.
Then the right ideal By + BoC' of the algebra A is almost nilpotent and
lies by Corollary 2 in some almost nilpotent ideal T} of the algebra A. But
Ty = 0 by Lemma 8 and hence By = 0. It follows from this dim A/C < oo
and A is an NCF-algebra in view of Corollary 1. This contradicts to the
choice of algebra A. The proof is complete.

Lemma 16. Let A = B + C be a minimal BM -counter-example, let
By and Cy be commutative ideals of the subalgebras B and corresponding
C from Definition 2. Then B + ByC and B + C By are subalgebras of A
and at least one of these subalgebras is not an NCF-algebra.

PROOF. It is easy to see that A1 = B + ByC and A; = B + CBy
are subalgebras of A because By is an ideal of the subalgebra B. One
can immediately check up that BoC, CByand Ag =B + ByC +CBy +
CBZC are also subalgebras of the algebra A. Suppose the Lemma is false
and both subalgebras A; and Ay are NCF-algebras. Obviously, it holds
Al = B+C1, A2 = B+CQ where Cl = CﬂAl and CQ = COAQ
Denote N; = C; N Anng, (Cp), i@ = 1,2. Repeating the considerations
from the proof of Lemma 14 one can show that dim C;/N; < oo, i = 1, 2.
Obviously, N; is an ideal of C;, N2 = 0, i = 1,2. Tt is easy to see that
Ag = B + C3 where C3 = C N Ay. Show that C3 is almost nilpotent.
Since Ag = A1 + Ay + A1 Ay, we have Ag = B+ C; + Cy + C1Cy. 1t
follows from this equality that C3 = C + Cs 4+ C1C5. Really, the inclusion
C1+4Cy+C1Cy C (5 is obvious. Now let ¢ € C3 = CN Ag be any element.
Then ¢c = b+ x1 + 11 —|—Zf:2:niyi where x; € Cp, y; € Co, i =1,... k.
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Then b € C and hence b € CNB. Since CNB C Cy thenc € C1+Cy+C1 05
and therefore C3 C C1 + Cy + C1C5, because the element ¢ was chosen in
any way. Thus C3 = Cy + Cy + C1 (5.

Choose a complete system of representatives {x1,... ,z,,} of the con-
gruence classes of C; by N; and analogous system {yq,...,y,} of Cs
by Ns. Then

N3 = Ni + Ny + Z%’Nz + Zyle C Anng, (Cy),
i=1 j=1

and obviously dim C3/N3 < oo. Since Ng? = 0, the subalgebra C3 of Ag is
almost nilpotent.

Show that Ay = B + Cj3 is not an NCF-subalgebra. Really, let Ay be
conversely an NCF-algebra. Then J = BZ + CBZ + BiC + CBZC is an
ideal of the algebra A which lies in Ay and hence J is an NCF-ideal. By the
conditions of the present Lemma and by Lemma 8 J = 0 and hence B2 = 0.
As a sum of two almost nilpotent subalgebras B and C5 the subalgebra
Ay is almost nilpotent by Proposition 2. But then By + BoC(C Ap) is an
almost nilpotent right ideal of the algebra A. By Corollary 2 By+ BoC lies
in some almost nilpotent ideal of the algebra A. In view of conditions of
this Lemma and Lemma 8 the latest ideal equals zero and hence By = 0.
Then obviously dim A/C' < oo and A is an NCF-algebra by Corollary 1.
This contradicts to the conditions of Lemma and hence Ag = B + Cs
is not an NCF-algebra. By Lemma 10 the quotient algebra Agy/Jy is a
minimal BM-counter-example for a some NCF-ideal Jy. On other hand
Ao/Jo = (B+ Jo)/Jo + (Cs + Jp)/Jo where the subalgebra Cs + Jy/Jy is
almost nilpotent and therefore Ay/Jy is not an BM-counter-example by
Lemma 15. The obtained contradiction proves the statement of Lemma.

PROOF of the Theorem. Let the statement of the Theorem be false.
Choose among all counter-examples to the Theorem a such associative
algebra A = B + C over a field F' which is not NCF-algebra and its F-
subspace By + Cj is of the smallest codimension in A where By and Cj
are commutative ideals of subalgebras B and corresponding C'. Denote by
Jo the sum of all ideals of the algebra A which lie in By 4+ Cy. Then Jy is
an NCF-ideal by Lemma 7 and A/Jy is obviously a BM-counter-example.
Thus one can assume, without loss of generality, that J = 0 and A is a
minimal BM-counter-example.
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Note that Ay = B+ ByC and Ay, = B + C' By are subalgebras of A,
and by Lemma 16 at least one of these subalgebras is not an NCF-algebra.
Let Ay, for example, be not an NCF-algebra. Then the quotient algebra
Ay /Jy for some NCF-ideal J; of A; is a minimal BM-counter-example by
Lemma 10. Denote I; = Annp,(By). Obviously, I; is a right nilpotent
ideal of the subalgebra A; = B+ ByC. Then I lies in some nilpotent ideal
Sy of this algebra, and since the quotient algebra A;/.J; has not nonzero
NCF-ideals (see Lemma 8), S1 C J; and hence I; C J;. We have [By, B] C
By (By is a commutative ideal in B) and repeating the consideration from
the proof of Lemma 2 one can show that [By, B] C Annp,(By) = I1.
But then A;/J; is a sum of almost commutative subalgebra C; + J;/J;
and finite dimensional over its center subalgebra B + J1/J;. Therefore we
can assume, without loss of generality, that in the initial minimal BM-
counter-example A = B 4 C holds the inclusion By C Z(B) (otherwise we
can replace A by A;/J1).

Now consider the right ideal Dy = Annpg(By) of the subalgebra A; =
B + BoC' (which is not an NCF-algebra by our choice). It is easy to see
that Ty = Do + A1 Dy is an ideal of the algebra A; and Ty C Anni‘l (Bo).
Further, denote Iy = Anny (Tp). Obviously, Iy is an ideal of the subalge-
bra Ay, Iy 2 Bg and (Ip NTy)? = 0. The quotient algebra A;/(Iy NTp) is
not an NCF-algebra, because in the contrary case the algebra A; were also
an NCF-algebra (in view of nilpotency of the ideal Iy N Ty). The latest is
impossible. The quotient algebra A; /Iy contains an almost commutative
subalgebra C; + Iy/Ij of finite codimension in A; /Iy (because Iy D By)
and therefore by Corollary 1 A;/Ij is an NCF-algebra. Then the quotient
algebra A; = A; /T, is not an NCF-algebra, because in the contrary case
the algebra A; /(1o NTy) were also an NCF-algebra in view of embedding
A1 /(Ip N Tp) into the product (Ay/ly) x (A1/Tp) and by Proposition 1.
Note that [B, B] C Dy C Tj. Really, we have for any elements by,by € B
and by € By

(b1ba — baby)by = b1baby — bab1by = by (babg) — (b2bo)by =0

because baby € By C Z(B). Hence the quotient algebra A; = Ay /Ty is a
sum of the commutative subalgebra B = B + T /T, and almost commu-
tative subalgebra C; = C; + To/To where C; = C'N A;. Tt easy to see
that certain quotient algebra A;/S; is a minimal BM-counter-example
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for some NCF-ideal S; from A;. We can assume, without loss of general-
ity, that the subalgebra B in original BM-counter-example A = B + C is
commutative. Repeating the above considerations in respect to one of the
subalgebras C' 4+ CyB or C + BCy we can show that there exist minimal
BM-counter-examples of the form A = B 4+ C with commutative subalge-
bras B and C'. It is impossible in view of [2] (see Lemma 6). The obtained
contradiction proves the Theorem.

Remark. Let A = B + C be the associative algebra from the main
theorem and By C B, Cy C C be some commutative ideals of B and re-
spectively C of finite codimensions p = dim B/By, ¢ = dim C'/Cyy. By this
theorem the algebra A contains a nilpotent ideal I with almost commu-
tative quotient algebra A/I. Let K/I be any commutative ideal of A/I
of finite codimension. Then using the main theorem and Lemma 6 one
can show that there exist two functions f(z,y) and g(z,y) such that the
nilpotency index n(I) < f(p,q) and dim A/K < g(p, q).

The author is grateful to the referee of this paper for his outpointing
at the existence of the estimations from the Remark.

References

[1] V. A. ANDRUNAKIEVICH and YU. M. RyABUKHIN, Radicals of algebras and struc-
ture theory, Nauka, Moscow, 1979. (in Russian)

[2] Y. BAHTURIN and A. GIAMBRUNO, Identities of sums of commutative subalgebras,
Rend. Circ. Mat. Palermo (2) 43 (1994), 250-258.

[3] Y. BAHTURIN and O. H. KEGEL, Universal sums of abelian subalgebras, Commu-
nications in Algebra 23 (1995), 2975-2990.

[4] K. I. BEIDAR and A. V. MIKHALEV, Generalized polynomial identities and rings
which are sums of two subrings, Algebra @ Logika 34 (1995), 3-11.

[5] K. I. BEIDAR and A. V. MIKHALEV, On rings which are sums of two PI-subrings,
In: Fundamentalny voprosy math. i mechan., P. 1, Moscow University, 1994.

[6] N. S. CHERNIKOV, Some factorization theorems, Doklady Akad. Nauk SSR 255,
no. 3 (1980), 537-539.

[7] O. H. KEGEL, On the solvability of some factorized linear groups, Illinois J. Math.
9 (1965), 535-547.

[8] O. H. KEGEL, Zur Nilpotenz gewisser assoziativer Ringe, Math. Ann. 149 (1963),
258-260.

[9] A. MEKEY, On subalgebras of finite codimension, Stud. Sci. Math. Hung. 27 (1992),
119-123.

A. PETRAVCHUK

DEPARTMENT OF MECHANICS AND MATHEMATICS
KIEV TARAS SHEVCHENKO UNIVERSITY

252033 KIEV VLADIMIRSKAYA STR. 64

UKRAINE

(Received June 19, 1997 revised September 24, 1997)



