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Backlund transformations of n-dimensional
constant torsion curves

By S. Z. NEMETH (Cluj-Napoca)

Abstract. The Bicklund transformation of two surfaces of R3 with the same
constant negative Gaussian curvature transforms an asymptotic line of one surface into
an asymptotic line of the other. Since by Enneper the asymptotic lines of such a
surface have constant torsion, it is natural to restrict the Backlund transformations to
such curves. This idea was developed by ANNALISA CALINI and THOMAS IVEY in [2].
We shall prove the converse of their theorem and generalize the transformation for the
n-dimensional case.

0. Introduction

By the work of Bianchi and Lie it is possible to compute the Gauss-
ian curvature of the focal surfaces of a line congruence in terms of the
coefficients of the first fundamental form for the spherical representation
and the distance between the corresponding limit points of these surfaces
(see [3]).

Bécklund proved that for pseudospherical congruences satisfying the
two additional conditions that the distance r between corresponding limit
points is constant and that the normals of the focal surfaces at these points
form a constant angle 6, the curvatures must be equal to the same nega-
tive constant — sin® 6/r2 (see [3]). By Ennepers relation between the first,
second and third fundamental forms of a surface of negative Gaussian cur-
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and the curvature K holds. When the curvature is constant the torsion
cannot change. Bearing in mind that under pseudospherical congruences
asymptotic lines correspond, these provide a method for restricting the
Béacklund transformation to constant torsion curves. This was done by
ANNALISA CALINI and THOMAS IVEY in [2]. They constructed a constant
torsion curve from a given one. We prove the converse of their theorem,
namely: If there is a correspondence v between the points of two unit
speed curves c, ¢ having the property that the line joining the correspond-
ing points c(s) and €(s) = v(c(s)) is the intersection of the osculating
planes of these curves, and this intersection has the same angle with the
curves, the line segment c(s)¢(s) has constant length r and the binormals
in corresponding points form a constant angle 6, then the curves have the
same constant torsion sin 6/r.

We could not find a connection between the sectional curvature of
an n-dimensional manifold of constant negative curvature in the 2n — 1-
dimensional euclidean space and the curvatures of its asymptotic lines in
order to restrict the generalized Backlund transformation (see [4], and [5])
to curves in 2n — 1-dimensional euclidean spaces.

However if we consider just the transformation of Annalisa Calini
and Thomas Ivey [2] for 3-dimensional constant torsion curves we can
generalize it for higher dimensions.

1. Backlund transformations of 3-dimensional
constant torsion curves

In [3] A. Calini and T. Ivey constructed a curve of constant torsion
from a given one. We shall prove that under some assumptions made for
a transformation between two curves they must have the same constant
torsion.

Theorem 1.1. Suppose that v is a transformation between two curves
c and ¢ of R?® with &(s) = v(c(s)), where s is the arc length of c, such
that in corresponding points we have:
(1) The line joining these points is the intersection of the osculating
planes of the curves, such that the line segment c(s)¢(s) has constant
length r.

(2) The vector €(s)—c(s) forms the same angle 3 # 7/2 with the tangent
vectors of the curves.
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(3) The binormals of the curves form the same constant angle 6 # 0.
Then the torsions of the curves are equal to the same constant sin 6 /r.

PROOF. Denote by (e1, €2, e3) the Frenet frame of ¢ and by (€1, &3, €3)
that of € in the corresponding points c(s) and €(s). If we denote by f; the
unit vector of €(s) — c(s), then we can complete fi,e3 and f1,&; to the
positively oriented orthonormal frames (f1,f2,e3) and (fy, £y, €3) respec-
tively. Let f3 = e3, f3 = €3 and — [ be the angle between f; and e;. Then
the angle betweeanl ~and €, is also —(. Thus we can obtain the frames
(f1, £, f3) and (f1, f2, f3) by rotating the frames (e, ez, e3) and (&1, €2, €3)
around e3 and e3 respectively with angle —3. Analytically this can be
written as:

f; = cos fe; + sin fBes,
(1.1) fy = —sin fBe; + cos fes,
f5 = es,
and
f; = cos fé; + sin e,
(1.2) £, = — sin 38 + cos &,
f3 = &3
Since f3 = e, f3 = &3 and the angle between es, €3 is the constant 0, we

can obtain the frame (fj, £, f'3) by rotating the frame (fi, fo, f3) around f;
with angle 6. Thus we have:

£, = cos Of. — sin 6f;,
w9 (2= eontt o

f3 = sin 0f, + cos Of;.

Using (1.1), (1.2) and (1.3) we can express €1, €, €3 in terms of e1,eq, €3
as follows:

€ =e; + (1 — cos ) sin F(cos fes — sin feq) + sin O sin Bes,
(1.4) €2 = ey — (1 — cos ) cos 3(cos ey — sin e ) — sin 0 cos fes,

€3 = cos ez + sin f(cos fey — sin feq).

@)
N
\

Bearing in mind that the distance between c¢(s) and ¢(s) is the constant r
and f; = cos fe; + sin fes, we have:

(1.5) ¢(s) = c(s) + r(cos fe; + sin fes).



274 S. Z. Németh

2 we obtain 2(€ — ¢)(|¢|é; — e;) = 0. Since

Differentiating (¢ — c)? = r
¢ — ¢ = rfy, this yields \é\ cos 3 —cos 3 = 0, so that ¢ is also of unit speed.
Using the Frenet formulae for ey, es, e3 it is easy to see that €1, €5, €3
given by (1.4) satisfy the Frenet formulae if and only if: K; = K;—2C'sin 3,
f(g = Ky and df/ds = C'sin§ — K1, where K7, K; and Ko, KQ are the
curvatures and torsions of ¢ and € respectively, and C' = K tan6/2.

By (1.5) we have:
. 0 . 5 0 . .
é1=|1—-rKy tanism GB)e+rKo tan§smﬂcosﬂe2 + r K> sin fes.

Comparing this with (1.4); we obtain Ko = sin@/r. Thus the the curves
c and ¢ have the same constant torsion
sin @

KZZKQZ )
r

and the transformation can be given by

- 2C .
¢=c+ m(cos fe1 + sin fes),
where
% = CSiH,B - Kl.
ds

The last two equations are the defining relations of the transformation
given by A. CALINI and T. IVEY in Theorem 1.1 of [3]. Examples for such
transformation are given in [3].

2. Backlund transformations of n-dimensional
constant torsion curves

From now on we mean by the torsion of a curve its last curvature.
Let ¢ and ¢ be two curves in R, with curvatures Ky,...,K,_1 and
Ki,...,K,_1 respectively. Then the main theorem of Section 1 can be
generalized as follows:

Theorem 2.1. Suppose that v is a transformation between ¢ and ¢
with €(s) = v(c(s)), where s is the arclength of ¢ such that for correspond-
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ing points we have:

(1) The line joining these points is contained in the intersection of the
osculating hyperplanes and the line segment c(s)¢(s) has constant
length r.

(2) (a) The angle between the vectors f; and e,_; is complementary to
the angle between the vectors e; and f,,_1, where f; is the unit vector
of ¢(s) —c(s), (f1,... ,f,—2) and (f1,... ,f,_2,f,_1,e,) are positively
oriented frames of the intersection of the osculating planes and the
whole space respectively and (ey, ... ,e,) is the Frenét frame of c.

(b) (e1,f1) # 0, where (.,.) is the standard scalar product of R™.

(3) The Frenét frame of € can be obtained from that of ¢ by a rotation
with constant angle 8 # 0 around a plane which contains e, .

Then the curves have the same constant torsion sin 6/r. Moreover for
n > 4 we have that

K, = Rl: R Kn—3 = Kn—B-

PROOF. From (3) we have E = ATOAE, where ET = (eq,... ,e,)
and ET = (&y,... ,8&,) are the Frenét frames of ¢ and ¢,

I,_o 0 0
O=| 0 cos —sinb
0 sinf cosf

and A € SO(n) such that a;, = an; = d;n, where 6;; is the Kronecker
symbol. In terms of the entries this can be written as:

n—1

éi = z [5” — an_17ian_1,j(1 — COS 9)]61‘ — Qp—1, sin&en;
7j=1
(2.1) i=1,n—1,
n—1
€, =sinf ) a,_1 e; + coslbe,.
j=1

Since the first n — 2 columns and rows of © form an identity matrix
and a;, = an;i = din, AE = ©OAFE implies that the first n — 2 rows
of AE are equal to the first n — 2 columns of AE and form the ba-
sis (fy,...,f,_2) for the intersection of the osculating hyperplanes. Thus
FT =(f,... ,f,_1,e,), where F = AE.
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By (2)(a) we also have
(0) A1.n—1 = —Qp-1,1,

where A = (a;;)1<i,j<n. Differentiating (2.1) and using the Frenét formu-
lae for E, E = (€y,... ,&,) satisfies the Frenét formulae of ¢ if and only if
the following groups of relations hold:

(I) p—12 =ap—1n—1 =0, if n>4,

0
Kn—2 = Kn—2 + 2Kn—1 tan §an—1,n—27

an-11 = —Kian_12+ Ky 1ap—1,n—10,-1,1 tan >
an_1j = Kjan_141 — Kj_10n-1;1

(1)

0 e ——
+Kn—1an—1,n—1an—1,j tan§; J=2n-2,

0
. o 2
L Un—1n—1 = Np20pn—1n-2 — Kn—l tan 5(1 - anfl,nfl)v

(I11) K,=K;; i1=1n-3, ifn>4.
Since the distance between corresponding points is the constant r, we have
(22) 6:C+Tf1.

Using F' = AE we have
which implies

We have already seen that the first n — 2 rows of AFE coincide with the
first n — 2 columns of AE. Thus

(23) <f1,é1> = <f1,e1> =ail-
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Differentiating (¢ — ¢)2 = 72 we obtain 2(¢ — ¢, |¢|é; — e;) = 0, which
by (2.2) and (2.3) becomes |¢| = 1, hence € is also of unit speed. Differen-

tiating (2.3) and using the Frenét formulae for e; we obtain

n—2
él = (1 + T(Lil — rKlalz)el +7r E (a'lj — Kjal’j+1 + Kj_lal,j_l)ej
Jj=2
+r(a1p—1+ a1 n—2oKn_2)en_1+rain_1K,_1€,.

Comparing this with (2.1) and using a1 ,—1 = —an—1,1, we obtain
( rain+ap_q (1 —cos)
! rai2 ’
K — aij + an_lylan_l,j(l — COS 9) + Kj_lal,j_l )
(IV) ! a1, j41 ’
j=2,n-—2,
sin 0
K, =
\ r

In conclusion, (III) and (IV)s are exactly the assertions of our theorem.

For n > 4 if we fix a unit speed curve c in R™ with a given constant
torsion, the system (0) + (I) 4 (II) 4+ (IV) is underdetermined.

But this system is equivalent to the conditions (1), (2), (3) of Theo-
rem 3.1. In conclusion, for every curve ¢ C R"™; n > 4 with K,,_1 = a,
where a is a given constant, and every vector v € T¢(g)R", we can find an
infinite number of curves ¢ C R™ satisfying the conditions (1), (2), (3) of
Theorem 3.1 and such that sin 6 = ar and ¢(0) — c(0) = v, where T¢(o)R"
is the tangent space of R™ in ¢(0).

Remark 2.2. The case n = 4 is a special one, since for this dimension
the condition (I) implies that the matrix A must be of the form

0 cosfB —sinfg O
A 0 sinfg cosfB O

1 0 0 0’

0 0 0 1

hence the discussion of this case reduces to the 3-dimensional one.



278 S. Z. Németh

Ezxample 2.3. The following example will be given for n = 5. Let
r >0, a,b, c, 0, be five constants, such that

0
4(a® 4 b?) sin* 3= 2,

Consider the curve c : s — exp(s(2), where

0 a O 0 0
—a 0 b 0 0
Q=10 -b 0 c 0
0 0 — 0o csnf
0 0 o0 -—szf g
By the Frenet formulae, the curvatures of ¢ are K1 = a, Ky = b, K3 = c,

K4 = r~!sinf. Integrating the system (0) + (I) + (II) + ( V), we obtain

] 40 0
¢(s) =c(s) — [r?’ pe sin 35~ aa(s)] ey
2D 0 4 0 2°b 0
+d(s)es + Kr . sin? 5 2 sin® 2) 5 — ba(s)} e3 + Pl sin? 564
and
21  ,0
ag3 = —— — sin”“ —
c 2’

where « satisfies the following differential equation:

6%(s) + [4 Lo ‘La(s)] |

r3 a? 2
120 . ,0 4 0 21 4,0
—|—[<Tas1n 5~ yasin 2>S—b0¢(8)] t 3 s 5:1

In particular the constant solutions of this equation can be found explicitly
by solving a quadratic pohnomlal equatlon
Using the formulae K1 Kq,..., Kn s =K, _3, K,_1 = K,,_9 and
K, =K, _s+2K,_;tan 2an_17n_2, we obtain
- - - sin ¢

Klzaa K2:b, K4: )
T
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and
~ - 0
K3 =c— 580t g,
respectively.
Hence, if we impose the initial conditions E(0) = I, where I is the
identical matrix, the Frenét formulae of ¢ yields

¢(s) = exp s ),
where
0 a 0 0 0
—a 0 b 0 0
Q=10 -b 0 c—1Esin'e 0
0 0 —c+?1%sin*? 0 st
sin 6
0 0 0 —=- 0
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