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On the direct decomposition
of Pappian projective Veldkamp planes

By KÁLMÁN PÉNTEK (Szombathely)

Abstract. The theory of projective planes over rings of stable rank 2 was devel-
oped by F.D. Veldkamp. In this paper a necessary and sufficient condition will be given
for a Veldkamp plane to be a direct product of a collection of n Veldkamp planes.

1. Introduction

The factorisation-problem of Pappian Veldkamp planes is closely re-
lated to the decomposition of commutative rings. A commutative ring
R is decomposable if and only if it contains a full system of orthogonal
idempotent elements. We are looking for a geometric interpretation of
this system of elements in case the commutative ring in question is the
coordinate-ring of some projective Pappian Veldkamp plane. The goal is
that the existence of a certain configuration serves as a neccesary and suf-
ficient condition for the decomposability of projective Pappian Veldkamp
planes. The configuration which guarantees the decomposability is the di-
rect product of n copies of the ∆ triangle-configuration (∆n) joined to the
well-known Thomsen-configuration.

2. Definitions and preliminary results

For the sets P and B let us consider the binary relations I ⊆ P ×B

and ≈ ⊆ P × B. The quadruple D = (P ,B, I,≈) will be called an
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Key words and phrases: projective Veldkamp plane, direct decomposition, orthogonal
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incidence-neighbouring-structure or shortly IN -structure. The elements
of set P are the points, the elements of the set B are called lines of the
structure. A point p ∈ P and a line L ∈ B are incident (neighbouring) if
(p, L) ∈ I (resp. (p, L) ∈≈). Instead of (p, L) ∈ I ((p, L) ∈≈) we will use
the notation pIL (resp. p ≈ L). The neighbour-relation may be extended
to pairs of points (to pairs of lines) by the following definition: Point p ∈ P

is neighbouring to point q ∈ P (line L ∈ B to line M ∈ B) if for all lines
L ∈ B (points p ∈ P ) for which qIl (pIm) holds, p ≈ L is valid as well.
The fact that the point p is neighbouring to the point q (line L to line M),
will be be denoted by p ≈ q (L ≈ M resp.). Pairs of elements are often
called distant if they are not neighbours, i.e., distant means: 6≈.

A trivial example for an IN -structure is the classical projective plane.
(Here incidence and neighbouring coincide.) Other examples: The projec-
tive Hjelmslev plane (Klingenberg [1954]), the projective Klingenberg
plane (Klingenberg [1955, 1956]), and the projective Veldkamp plane
(Veldkamp [1981, 1988, 1995]).

Let D = (P , B, I,≈) be a finite IN -structure with P = {p1, . . . , pr}
and B = {L1, . . . , Ls}. The incidence matrix M(D) = (mij)r×s of D is
defined by

mij := 1 ⇔ piILj

mij := 0 otherwise.

Similarly, the neighbour-matrix N(D) = (nij)r×s of D is defined by

nij := 1 ⇔ pi ≈ Lj

nij := 0 otherwise.

The neighbour-relation in the point-point and the line-line case may
be described by neighbour-matrices NP (D) = (nP

ij)r×r and NB(D) =
(nB

ij)s×s defined by

nP
ij := 1 ⇔ pi ≈ pj nB

ij := 1 ⇔ Li ≈ Lj

nP
ij := 0 otherwise nB

ij := 0 otherwise.

In our investigations a basic role will be played by the direct product
of IN -structures. For every i = 1, . . . , n let Di = (Pi, Bi, Ii,≈i) be an
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IN -structure, and put P = P1 × · · · × Pn and B = B1 × · · · × Bn. We
have to define the incidence- and the neighbour-relations over P ×B. The
incidence-relation I ⊆ P ×B is given by

(p1, . . . , pn)I(L1, . . . , Ln) : ⇔ (p1I1L1 ∧ · · · ∧ pnInLn),

and the neighbour-relation ≈⊆ P ×B by

(p1, . . . , pn) ≈ (L1, . . . , Ln) : ⇔ (p1 ≈1 L1 ∨ · · · ∨ pn ≈n Ln).

The resulting IN -structure (P , B, I,≈) will be called the direct prod-
uct of the IN -structures D1, . . . , Dn and denoted by D1×· · ·×Dn. Espe-
cially, if D1, . . . , Dn are projective Veldkamp planes, then D1 × · · · ×Dn

is a projective Veldkamp plane as well. In this structure

(p1, . . . , pn) ≈ (q1, . . . , qn) ⇔ (p1 ≈1 q1 ∨ · · · ∨ pn ≈n qn)

and

(L1, . . . , Ln) ≈ (M1, . . . , Mn) ⇔ (L1 ≈1 M1 ∨ · · · ∨ Ln ≈n Mn).

are valid.

3. The ∆- and the ∆n-configuration

Let ∆ = (P ,B, I,≈) be an IN -structure, where P = {p0, p1, p2} is
the set of points, B = {L0, L1, L2} is the set of lines, and the incidence-
relation is given by

piILj ⇔ i 6= j (i, j = 0, 1, 2).

The neighbour-relation coincides with the incidence-relation:

pi ≈ Lj :⇔ piILj .

By definition, the neighbouring of points resp. lines is given by

pi ≈ pj ⇔ i = j, (i, j = 0, 1, 2)



350 Kálmán Péntek

and by
Li ≈ Lj ⇔ i = j, (i, j = 0, 1, 2).

The incidence-matrix M(∆) and the neighbour-matrices of ∆ are the
following:

M(∆) = N(∆) =




0 1 1
1 0 1
1 1 0


 NP (∆) = NB(∆) =




1 0 0
0 1 0
0 0 1


 .

Let ∆2 = ∆×∆. It is easy to show that the incidence- and neighbour-
relations in ∆2 may be described by

(pi1 , pi2)I(Lj1 , Lj2) ⇔ (i1 6= j1 ∧ i2 6= j2);

(pi1 , pi2) ≈ (Lj1 , Lj2) ⇔ (i1 6= j1 ∨ i2 6= j2);

(pi1 , pi2) ≈ (qj1 , qj2) ⇔ (i1 = j1 ∨ i2 = j2);

(Li1 , Li2) ≈ (Mj1 ,Mj2) ⇔ (i1 = j1 ∨ i2 = j2),

where i1, i2, j1, j2 = 0, 1, 2.

Let us introduce the following notation:

q3i+j := (pi, pj) and G3i+j := (Li, Lj) (i, j = 0, 1, 2).

Using this notation the point-set and the line-set of ∆2 are {q0, . . . , q8}
and {G0, . . . , G8} respectively. The incidence- and neighbour-matrices of
∆2 are:

M(∆2) =




0 0 0 · 0 1 1 · 0 1 1
0 0 0 · 1 0 1 · 1 0 1
0 0 0 · 1 1 0 · 1 1 0
· · · · · · · · · · ·
0 1 1 · 0 0 0 · 0 1 1
1 0 1 · 0 0 0 · 1 0 1
1 1 0 · 0 0 0 · 1 1 0
· · · · · · · · · · ·
0 1 1 · 0 1 1 · 0 0 0
1 0 1 · 1 0 1 · 0 0 0
1 1 0 · 1 1 0 · 0 0 0



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N(∆2) =




0 1 1 · 1 1 1 · 1 1 1
1 0 1 · 1 1 1 · 1 1 1
1 1 0 · 1 1 1 · 1 1 1
· · · · · · · · · · ·
1 1 1 · 0 1 1 · 1 1 1
1 1 1 · 1 0 1 · 1 1 1
1 1 1 · 1 1 0 · 1 1 1
· · · · · · · · · · ·
1 1 1 · 1 1 1 · 0 1 1
1 1 1 · 1 1 1 · 1 0 1
1 1 1 · 1 1 1 · 1 1 0




NP (∆2) = NB(∆2) =




1 1 1 · 1 0 0 · 1 0 0
1 1 1 · 0 1 0 · 0 1 0
1 1 1 · 0 0 1 · 0 0 1
· · · · · · · · · · ·
1 0 0 · 1 1 1 · 1 0 0
0 1 0 · 1 1 1 · 0 1 0
0 0 1 · 1 1 1 · 0 0 1
· · · · · · · · · · ·
1 0 0 · 1 0 0 · 1 1 1
0 1 0 · 0 1 0 · 1 1 1
0 0 1 · 0 0 1 · 1 1 1




(cf. Figure 1).
Similarly, we define the direct product ∆n as the direct product of n

copies of ∆. The incidence- and neighbour-relations may be described by
indices:

(pi1 , . . . , pin)I(Lj1 , . . . , Ljn) ⇔ (i1 6= j1 ∧ · · · ∧ in 6= jn);

(pi1 , . . . , pin) ≈ (Lj1 , . . . , Ljn) ⇔ (i1 6= j1 ∨ · · · ∨ in 6= jn);

(pi1 , . . . , pin) ≈ (qj1 , . . . , qjn) ⇔ (i1 = j1 ∨ · · · ∨ in = jn);

(Li1 , . . . , Lin) ≈ (Mj1 , . . . ,Mjn) ⇔ (i1 = j1 ∨ · · · ∨ in = jn);

i1, . . . , in, j1, . . . , jn = 0, 1, 2; (pi1 , . . . , pin), (qj1 , . . . , qjn) ∈ P ;

(Li1 , . . . , Lin), (Mj1 , . . . ,Mjn) ∈ B.
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For the sake of a simple description of IN -matrices on ∆n we intro-
duce the notations

q3n−1i1+3n−2i2+···+in
:= (pi1 , . . . , pin)

G3n−1i1+3n−2i2+···+in
:= (Li1 , . . . , Lin),

where i1, . . . , in = 0, 1, 2. We shall give the IN -matrices M(∆n), N(∆n),
NP (∆n) and NB(∆n) by recursion. It is easy to show that if M(∆n−1) is
already given then

M(∆n) =




0 M(∆n−1) M(∆n−1)
M(∆n−1) 0 M(∆n−1)
M(∆n−1) M(∆n−1) 0




where 0 denotes the zero-matrix of order 3n−1. Naturally, the order of
M(∆n) is 3n.

Similarly, denote the neighbour-matrix of ∆n−1 by N(∆n−1), the
point-point neighbour-matrix and the line-line neighbour-matrix of ∆n−1

by NP (∆n−1) and by NB(∆n−1) respectively, then

N(∆n) =




N(∆n−1) 1 1
1 N(∆n−1) 1
1 1 N(∆n−1)




NP (∆n) =




1 NP (∆n−1) NP (∆n−1)
NP (∆n−1) 1 NP (∆n−1)
NP (∆n−1) NP (∆n−1) 1




NB(∆n) =




1 NB(∆n−1) NB(∆n−1)
NB(∆n−1) 1 NB(∆n−1)
NB(∆n−1) NB(∆n−1) 1




where 1 denotes the 3n−1 × 3n−1-matrix every component of which is 1.
Naturally, the order of N(∆n), NP (∆n) and NB(∆n) is 3n.

4. Pappian projective Veldkamp planes

An important type of IN -structures is the projective Veldkamp plane,
introduced by F. D. Veldkamp [1981]. The IN -relations of such a plane
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are given by seven axioms. Accepting two further axioms concerning cen-
tral transvections and affine dilatations and their duals we get a Desargue-
sian projective Veldkamp plane (Veldkamp [1981]). Every Desarguesian
projective Veldkamp plane may be coordinatized by a ring of stable rank
two, which is not necessarily commutative and is unique up to isomor-
phism. The Desarguesian projective Veldkamp planes, which are coordi-
natizable by a commutative ring of stable rank 2 will be called Pappian
projective Veldkamp planes. It is easy to show that the direct product
of Desarguesian (Pappian) Veldkamp planes as IN -structure is again a
Desarguesian (Pappian) Veldkamp plane. The coordinate ring of this di-
rect product is the direct product of the coordinate rings of the single
components. (Veldkamp [1988])

Closing this section we note that as in case of classical projective
planes, the notion of affine Veldkamp planes may be defined on projective
Veldkamp planes as well. A more detailed discussion of Veldkamp planes
resp. spaces may be found in the work of F. D. Veldkamp [1995].

5. The configurations TL, {∆2, TL} and {∆n, (2n−1 − 1)TL}

Let V be a projective Veldkamp plane, L an arbitrary but fixed line
of V , and VL an affine plane corresponding to the ideal line L. Consider
the points a0, a1, and a2, incident to the ideal line L, lying pairwise distant
from each other, i.e. let a0, a1, a2 ∈ L ai 6≈ aj if i 6= j (i, j = 0, 1, 2). The
set of lines incident to the point ai (i = 0, 1, 2) and lying distant from
the ideal line L will be denoted by [ai] and called the affine pencil with
support ai.

The affine pencils [ai] (i = 0, 1, 2) of an affine Veldkamp plane VL

have the following properties:

(1) If a is a point of a Veldkamp plane lying distant from the ideal line L

then for i = 0, 1, 2 the pencil [ai] has exactly one line incident to a.

(2) Every line of the pencil [ai] lies distant from every line of the pencil
[aj ] if i 6= j (i, j = 0, 1, 2).

(3) On any pair of lines of the pencil [ai] (i = 0, 1, 2) there exists no other
common point lying distant from L except ai.

By (1)–(3) we can state that the lines of pencils [ai] (i = 0, 1, 2) form
a three-web on the plane VL. On the basis of this three-web we will define
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the TL- and T -configurations. The incidence-structure {P , B, I} is a TL-
configuration, if

P = {pijk | i, j, k = 0, 1, 2; i 6= j 6= k 6= i ∧ pijk 6≈ L}

is the set of points,

B = {Lmn | m,n = 0, 1, 2; Lmn ∈ [am]}

is the set of lines, and the incidence I is defined by

pijkIL0i, L1j , L2k (i, j, k = 0, 1, 2 ∧ i 6= j 6= k 6= i).

Completing the TL-configuration by points a0, a1, a2 and by line L

we get a configuration denoted by T (cf. Figure 2).
We note that the additive structure of the cooordinate-ring of the

plane V is an Abelian group, therefore every TL-configuration of the plane
is closing. The configurations TL and T on the planes VL and V re-
spectively correspond to the Thomsen-configuration well-known in web-
geometry.

In what follows let V be such a projective Veldkamp plane, some
affine plane VL of which contains a ∆2-configuration. Let us select a
∆-configuration in ∆2. It is easy to show that there exist exactly six
such configurations in ∆2, one of them is the configuration determined by
the point-set {q0, q4, q8}. (Here we use the notations of Figure 2.) If the
remaining six points: q1, q2, q3, q5, q6 and q7 are simultaneously the points
of a TL-configuration, then we say that the configurations ∆2 and TL are
joined. This situation will be denoted by {∆2, TL} (cf. Figure 3).

As a generalization of the construction given above let now V denote
such a projective Veldkamp plane, some affine plane VL of which contains
a ∆n-configuration n ≥ 2. Let us select a ∆-configuration in ∆n. There
exist several such configurations in ∆n, one of them is determined by the
point-set {q0, q(3n−1)/2, q3n−1}. If the remaining 3 · 2n − 6 = 6(2n−1 − 1)
points lying on the sides of ∆ are simultaneously the points of 2n−1 − 1
TL-configurations, then we say that the confugurations ∆n and the “con-
centric” TL-configurations mentioned above are joined. This situation will
be denoted by {∆n, (2n−1 − 1)TL} (cf. Figure 4).
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6. Decomposition of Pappian projective Veldkamp planes

In this section we will prove our main result the Decomposability The-
orem. We will investigate the question, what is the necessary and sufficient
condition for the decomposability of a Pappian projective Veldkamp plane
into n direct components, which are copies of a plane of the same type as
the original one. We shall demonstrate the methods used in the proof in
the case n = 2.

Theorem 1. The Pappian projective Veldkamp plane V is isomorphic

to the direct product of the Pappian projective Veldkamp planes V1 and

V2 if and only if some affine plane VL of V contains a joined {∆2, TL}-
configuration.

Proof. As it is well-known from the general theory of commutative
rings with unit element, for such rings the following assertions are equiva-
lent (Lambek [1966]):

(1) The ring R contains a pair e1, e2 ∈ R of orthogonal idempotent el-
ements i.e. such elements, for which e2

1 = e1, e2
2 = e2, e1e2 = 0,

e1 + e2 = 1, and e1, e2 6= 0, 1 hold.

(2) The ring R is the direct sum of the principal ideals Re1 and Re2, i.e.,
R = Re1 ⊕Re2;

(3) The ring R is isomorphic to the direct product of the rings Re1 and
Re2, i.e.: R ∼= Re1 ×Re2.

The following assertion was proved by Veldkamp [1988]: Let R, R1

and R2 be the coordinate rings of the Desarguesian Veldkamp planes V ,
V1 and V2 respectively. Then R ∼= R1 ×R2 iff V ∼= V1 × V2.

By this fact and by (1)–(3) it is enough to prove that the coordinate
ring of the Pappian projective Veldkamp plane V contains a pair of or-
thogonal idempotent elements if and only if there exists an affine plane VL

in V containing a joined {∆2, TL}-configuration.
Assume that the affine plane VL of V contains the joined {∆2, TL}-

configuration. We select the following points as a coordinate-quadrangle
for V : o := q0, ex := q4, ey := q8, x := a2, y := a1. Let further L∞ := L.
Using this coodinate system the points and line of the {∆2, TL} get the
homogeneous coordinates given in Figure 5.

Examining the IN -matrices of the ∆2-configuration we can make the
following statements:
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– The point d1, 0, ae lies distant from the point d1, 1, 0e, and their
unique connecting line is b−a, a, 1c. The point d1, a, 0e is incident to the
line b−a, a, 1c, therefore 1(−a) + a2 + 0 · 1 = 0, hence a2 = a holds. It is
easy to show that a 6= 0, 1.

– The point d1, 0, 1− ae lies distant from the point d1, 1, 0e, and their
unique connecting line is ba−1, 1−a, 1c. The point d1, 1−a, 0e is incident
to the line ba− 1, 1− a, 1c, therefore 1 · (a− 1) + (1− a)2 + 0 · 1 = 0 hence
(1− a)2 = (1− a) holds. By a 6= 0, 1 follows that 1− a 6= 0, 1.

– Finally, the point d1, 1− a, ae is incident to the line ba− 1, 1, 1− ac
therefore 1 · (a− 1) + (1− a) · 1 + a(1− a) = 0, hence a(1− a) = 0.

By arguments discussed above we can state that the pair a, 1 − a is
an orthogonal and idempotent pair of elements in the coordinate-ring of
the plane.

Conversely, if V is coordinatized by a commutative ring of stable
rank two, and this ring contains an orthogonal and idempotent pair a, b of
elements, then b = 1−a and the coordinatized points and lines of Figure 5
form a joined {∆2, TL}-configuration.

Finally, we note that if V is a Pappian projective Veldkamp plane
and V ∼= V1 × V2 then both V1 and V2 are Pappian projective Veldkamp
planes, since if R is the coordinate-ring of V which is commutative and of
stable rank two, and for i = 1, 2 Ri is the coordinate-ring of Vi, then by
R ∼= R1×R2, R1 and R2 are necessarily commutative rings of stable rank
two (Velkamp [1988]). ¤

We can copy the previous proof for the case of n components.

Theorem 2. A Pappian projective Veldkamp plane V is isomorphic to

the direct product of the Pappian projective Veldkamp planes V1, . . . , Vn if

and only if some affine plane VL of V contains a joined {∆n, (2n−1−1)TL}-
configuration.

Proof. As it is well-known from the theory of commutative rings
with unit element, for such rings the following assertions are equivalent
(Lambek [1966]):

(1’) The ring R contains a system e1, . . . , en ∈ R of orthogonal idempotent
elements, i.e. such elements, for which e2

i = ei, eiej = 0 (i 6= j),
e1 + · · ·+ en = 1, and ei 6= 0, 1 holds if i, j = 1, . . . , n;

(2’) The ring R is the direct sum of the principal ideals Re1, . . . , Ren, i.e.,
R = Re1 ⊕ · · · ⊕Ren;
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(3’) The ring R is isomorphic to the direct product of the rings Re1, . . . ,

Ren, i.e.: R ∼= Re1 × · · · ×Ren.

The following assertion was proved by Veldkamp [1988]: Let R and
Ri be the coordinate rings of Desarguesian Veldkamp planes V and Vi

respectively (i = 1, . . . , n). Then R ∼= R1×· · ·×Rn iff V ∼= V1×· · ·×Vn.
By this fact and by (1’)–(3’) it is enough to prove that the coordinate

ring of the Pappian projective Veldkamp plane V contains a system of n

orthogonal idempotent elements if and only if there exists an affine plane
VL in V containing a joined {∆n, (2n−1 − 1) · TL}-configuration.

Assume that the affine plane VL of V contains the joined
{∆n, (2n−1 − 1) · TL}-configuration. We select the following points as
a coordinate-quadrangle for V : o := q0, ex := q(3n−1)/2, ey := q3n−1,
x := a2, y := a1. Let further L∞ := L. The graphic description of the
resulting coordinates is given in Figure 5 for n = 2 and in Figure 6 for
n = 3.

Examining the IN -matrices of the ∆n-configuration we can make the
following statements:

– The point d1, 0, eie lies distant from the point d1, 1, 0e, and their
unique connecting line is b−ei, ei, 1c. The point d1, ei, 0e is incident to the
line b−ei, ei, 1c, therefore 1(−ei) + e2

i + 0 · 1 = 0 hence e2
i = ei holds if

i = 1, . . . , n. It is easy to show that ei 6= 0, 1 (i = 1, . . . , n).
– The point d1, ei, eje (i 6= j, i, j = 1, . . . , n) is incident to the line

b−ei, 1, eic (i = 1, . . . , n), therefore 1(−ei)+ei ·1+eiej = 0 hence eiej = 0
holds.

Considering the “concentric” position of the (2n−1 − 1)TL configu-
rations in the joined {∆n, (2n−1 − 1)TL}-configuration we can state that
e1 + · · · + en = 1 holds as well, therefore the set {e1, . . . , en} is a full
system of orthogonal idempotent elements in the coordinate-ring R of the
plane V .

Conversely, if V is coordinatized by a commutative ring of stable rank
two, and this ring contains a full system of orthogonal idempotent elements
then the point-set defined by the following recursion yields the points of a
joined {∆n, (2n−1 − 1)TL}-configuration (cf. Figure 5 and Figure 6):

P0 := {d1, 0, 0e}
Pi := Pi−1 ∪ {d1, x + ei, ye, d1, x, y + eie | d1, x, ye ∈ Pi−1} (1 ≤ i ≤ n).
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Note further that if V is a Pappian projective Veldkamp plane and
V ∼= V1 × · · · × Vn then the Vi (i = 1, . . . , n) are also Pappian projective
Veldkamp planes. Indeed, if R is the commutative coordinate-ring of V

having stable rank two, and Ri is the coodinate-ring of Vi of the same
type as that of R, then by R ∼= R1 × · · · × Rn, the Ri are necessarily
commutative rings of stable rank two. ¤

7. Corollaries

It is well-known from the theory of finite commutative rings that every
finite commutative ring with unit element is isomorphic to the finite direct
product of commutative local rings (McDonald [1974]). The components
of this direct product are the coordinate-rings of finite Pappian projective
Klingenberg planes.

By this note and by Theorem 2 the following statement holds.

Corollary 1. Every finite Pappian projective Veldkamp plane is iso-

morphic to the direct product of a finite number of Pappian projective

Klingenberg planes. This direct product has exactly n components iff the

Veldkamp plane contains a joined {∆n, (2n−1 − 1)TL}-confuguration.

From Corollary 1 it follows further that among finite Pappian pro-
jective Veldkamp planes the Pappian projective Klingenberg planes are
those planes, which contain no joined {∆n, (2n−1 − 1)TL}-configuration
for n ≥ 2.

Indeed, if a finite Pappian Veldkamp plane P2(R) contains no
{∆n, (2n−1 − 1)TL}-configuration in case of n ≥ 2 and the coordinate-
ring of the plane is not a local ring, then R is isomorphic to the direct
product of finitely many commutative local rings L1, . . . , Ln, therefore
P2(R) ∼= P2(L1) × · · · × P2(Ln). Then by Theorem 2, P2(R) contains
a {∆n, (2n−1 − 1)TL}-configuration, a contradiction. Conversely, if for
n ≥ 2 the finite Pappian projective Klingenberg plane P2(L) contains a
{∆n, (2n−1−1)TL}-configuration then by Theorem 2, P2(L) is isomorphic
to direct product of finitely many Pappian projective Klingenberg planes
P2(L1), . . . , P2(Ln), hence L ∼= L1 × · · · × Ln. But then K ∼= L/ rad(L) ∼=
L1×· · ·×Ln/ rad(L1×· · ·×Ln) ∼= L1×· · ·×Ln/ rad(L1)×· · ·×rad(Ln) ∼=
L1/ rad(L1) × · · · × Ln/ rad(Ln) ∼= K1 × · · · × Kn where rad(L) and
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rad(Li)(1 ≤ i ≤ n) are the Jacobson radicals of L and Li, and K, Ki are
the facor-fields corresponding to the radicals. But then K ∼= K1×· · ·×Kn,
a contradiction by n ≥ 2.

Therefore the following assertion holds:

Corollary 2. A finite Pappian projective Veldkamp plane is a Pap-

pian projective Klingenberg plane if and only if it contains no joined

{∆n, (2n−1 − 1)TL}-configuration if n > 1.

Figure 1:
The ∆2-configuration.
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Figure 2:
The TL- and the T -configuration.
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Figure 3:
The {∆2, TL}-configuration.
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Figure 4:
The points of the {∆3, TL}-configuration.
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Figure 5:
The coordinatization of the {∆2, TL}-configuration.
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Figure 6:
The partial coordinatization of the {∆3, TL}-configuration.
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