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Projective modules over twisted group algebras
of p-solvable groups

By ANDREI MARCUS (Cluj-Napoca)

Abstract. In this paper we generalize some results of P. FoNnG and I. M. IsAAcCs
on modular representation theory of p-solvable groups to the case of twisted group
algebras and the further to the case of strongly group graded algebras. For this, we use
a categorical approach to Clifford theory.

1. Introduction

Let O be a complete discrete valuation ring with algebraically closed
residue field k of characteristic p > 0, and let G be a finite group. If V is
an O-module, then either V' is O-free of finite rank or J(O)V =0 and V
has finite dimension over k.

Let further R = @ gec By be a strongly G-graded O-algebra (that
is,R, is an O-summand of R, and R,R; = Ry, for all g,h € G). For a
subset X of G we denote Rx = @, Rs. If V is a (left) R-module, then
(R|V)-mod is the full subcategory of R-mod consisting of direct summands
of finite direct sums of copies of V. We say that V is isotypic if all the
indecomposable direct summands of V' are isomorphic.

The main result of this paper states as follows. Assume that G is
p-solvable and let 1 = Ny < N7 < --- < N, = G be a chain of normal
subgroups of G such N;/N;_; is either a p-group or a p’-group, for i =
1,...,r. Let also H be a Hall p’-subgroup of G. (This means that the
index of H in G is a power of p; it is well-known that such an H exists
and that any p’-subgroup of G is contained in a G-conjugate of H.) Let
finally M be an indecomposable R;-module.
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1.1. Theorem. (a) Let V € (R|R®pg, M)-mod be an indecomposable
R-module. Then there is an indecomposable Ry-module We(Ry|Ry ®rg,
M)-mod such that V ~ R®p, W.

(b) Let W,W’" € (Ry|Ryg ®r, M)-mod be indecomposable R p-mo-
dules such that the restrictions Resggm\,_ W, Resggm W' are isotypic for
i=0,...,r—1,and RQp, W ~ R®RHW’. Then R®;%HW is an indecom-
posable R-module, and there is g € Ng(H) such that W' ~ Ry Qr,, W

(as Ry-modules).

These statements are graded versions of the main results of HUBERT
FOTTNER and BURKHARDT KULSHAMMER [2]. Their proof rely on the
theory of G-algebras and on some technical results on lifting idempotents
with group actions involved. We shall give here a short proof using the
categorical approach to the Clifford theory of indecomposable modules
of [5] and [6], and induction, of course. The main results of the above
papers will be used in Section 2 to show that it is enough to deal with
projective modules over twisted group algebras, and the same results are
needed in Section 3 to prove the theorem in this case by induction. It
should be noted that in the case of ordinary group algebras 1.1.(a) is due
to P. FonG [1], while (b) to I. M. ISAACS [3].

We refer the reader to [7] for general facts on graded rings and to [4]
for results on twisted group algebras and projective representations. Our
notations tend to follow those of [5] and [6], and we shall recall the needed
facts in the next section.

2. Clifford theory for strongly graded algebras

Let O, k, G, R and M be as in the introduction. The purpose of this
section is to show that in Theorem 1.1, R can be replaced by a twisted
group algebra of G and k.

2.1. If a € Z%(G, k*) then denote, as in [4], by kG the twisted group
algebra having k-basis {g | ¢ € G} and multiplication gh = «(g, h)gh.
Then k%G is a G-graded algebra in an obvious way. If 3 € Z2(G, k*), then
k*G ~ kPG as G-graded k-algebras if and only if a and 3 are cohomolo-
gous.

If G is a p-group, then it is well-known that Z2(G, k*) = 1 and k®G ~
kG is a local ring with k*G/J(k*G) ~ k.
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If H is a subgroup of G, we shall denote k“H = kresi o g , where
res$ o € H?(H,k*) is the restriction of a to H. If W is a k*H-module
and V is a k“G-module, then Indﬁzg W = kG ®gog W is the induced
module, and Reslgzg V' is the k“G-module obtained by scalar restriction
via the inclusion k“H — k°G.

If N is a normal subgroup of G, it will be useful to regard k“G as a

G/N-graded algebra, where for x = gN € G/N, (k*G), = gk*N.

2.2. The graded Jacobson radical of R is, by definition, the intersec-
tion of maximal graded left ideals of R, and it coincides with the two-sided
graded ideal Jg (R) = J(R1)R = RJ(R1). Then R/Jg(R) is a strongly
graded k-algebra with (R/Jg(R)1 ~ Ry/J(R1). It is well-known that
Jer(R) C J(R), and if G is a p’-group, then Jg (R) = J(R).

2.3. Remark. The following observation will be crucial in the next
section. Let N be a normal p-subgroup of G and H a p’-subgroup of G
such that G = HN. Let a € Z2(G, k*) and regard k“G as a G /N-graded
k-algebra. Let f denote the composition k*H — k*G — k*G/Jqu(k“G)
(where, using the G/N-grading, Jg: (k*G) = J(k“N)J(k*G), and by the
last statement of (2.2) we have Ju (k“G) = J(k*G) since G/N is a p'-
group). Clearly, f is a homomorphism of G/N-graded k-algebras, and
since k*N is a local ring, we have that k*G/Jg (k“G) is a twisted group
algebra, so there is 8 € Z2(H,k*) such that k*G/Jg(k®G) ~ kPH. It
follows immediately that f is an isomorphism of H-graded k-algebras.
Consequently, we have the injective map k“H — k®G and the surjective

map kG — k“H given by the composition kG — k°H L pem.
2.4. Consider now the indecomposable Ri-module M and let
Gy = Ig(M) = {g edG | Rg QR M ~ M in Rl—mod}

be the stabilizer (inertia group) of M. Let further £ = Endg, (R®g, M)°P.
Then it is well-known that E is a G-graded O-algebra (not necessarily
strongly graded) with

Ey~{feE| f(Ry®r, M) C Ryg ®r, M for all z € G}.

In particular, E; ~ Endg, (M)°P, and moreover, for any subgroup H of G,
Eyg ~ EndRH(RH QR, M)Op.
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2.5. Let D = E/Jg(E). Then, since E; is a local ring and k is
algebraically closed, we have that D is a twisted group algebra of Gj; and
k, so there is a € H?(Gyy, k*) such that D = k®Gy (see [5], Section 3 for
details).

2.6. By [5, Theorem 4.1], we have that the additive functor
D®g HOHIR(R X R, M, —): <R|R @R, M)—mod — (D]D)—mod

induces an isomorphism between the Grothendieck groups associated to
these categories, where (D|D)-mod is the category of (finitely generated)
projective D-modules. Moreover, this functor commutes with induction
from subgroups, restriction, truncation and conjugation (see [5, Theo-
rem 4.1 and Remark 4.5.b]), and the functors

(=)Ga: (RIR®p, M)-mod — (Rg,,|Ra,, ®r, M)-mod
and
R®pg, —: (RGM’RGM @R, M)—mod — (R’R @R, M)—mod

induce isomorphisms between the Grothendieck groups of these categories
([5, Theorem 4.1.c]).

This implies (see [5], Corollary 4.4) that if V € (R|R ®pg, M)-mod
is indecomposable, then Resg1 V' is an isotypic Ri-module if and only if
Gy =G.

The above discussion implies immediately that Theorem 1.1 is equiv-
alent to the following theorem.

2.7. Theorem. Assume that G is a p-solvable group, H is a Hall p’-
subgroup of G, and o € Z%(G,k*). Let 1 = Ny < N; < --- < N, = G be
a chain of normal subgroups of G such that N;/N;_; is either a p-group
or a p'-group.

(a) Let V be a projective indecomposable k*G-module. Then there
is a simple k“ H-module W such that V' ~ Indﬁzg wW.

(b) Let W, W’ be simple k®H-modules such that Resﬁi{gm) W
and ResiZ{IHmNi) W' are isotypic for i = 0,...,7 — 1, and Indlzzg W ~
Ind?.% W’ as k*G-modules. Then Indf.% W is an indecomposable (and
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projective) k*G-module, and there is g € Ng(H) such that k“Hg oy W
as k*H-modules.

The proof of this theorem will be given in the next section. It will
require Clifford theory of projective modules, so we recall the basic result
[6, Theorem 2.3] in the general context of this section.

2.8. Assume in addition that M is a projective R;-module, and let
S = M/J(R)M and R’ = R/Jg(R). It follows that S is a simple R}-
module and Endg/ (R’ ®p; S)° =~ D as G p-graded k-algebras. Moreover,
there is a commutative diagram of categories

Homg(R®g, M,—)

(R|R ®p, M)-mod (E|E)-mod

R,®R,7J/ \LD(@E_

Hom g/ (R/(X)R/l S,—)
(RIR 9, 5)

(D|D)-mod

and this diagram is also compatible with induction from subgroups.

3. A proof of Theorem 2.7

Assume that G is p-solvable, H a Hall p’-subgroup of G, and let
1= Ny < N; <---< N, =G be a chain of normal subgroups as in (2.7).

(a) We prove by induction on G that if o € Z?(G,k*) and V is a
projective k“G-module, then there is a simple k% H-module W such that
V ~ Indfo S W,

The statement is trivial if G is a p/-group (since then H = G) or
if G is a p-group (then H = 1 and V = k®G is the unique projective
indecomposable k*G-module).

Denote N = N; and assume first that N # 1 is a p’-group. Since N
is a normal subgroup of GG, we have that N C H. Since V is a projec-
tive indecomposable k“G-module, by Clifford theory there is a projective
(and simple) k*N-module M such that V € (k*G|Ind¥.§ M)-mod. Let
I/N = (G/N)u be the stabilizer of M. By (2.6) there is a projective
k“I-module V; such that V ~ IndZ:IG Vb, and moreover Res’,ﬁif\, Vo is an
isotypic k“N-module. By (2.6) and (2.5) V{ corresponds to a projec-
tive indecomposable k% (I/N)-module Vy, where 3 € Z2(I/N,k*). Denote
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Hy=1InNH,so Hy/N is a Hall p’-subgroup of I/N. Since [Ho/N| < |G,
by induction there is a projective and simple k? Hy-module Wy such that

Vo ~ Indzﬁggoj\/fj)v) Wo. Again by (2.6), W, corresponds to a projective

k®Ho-module Wy € (k*Ho|Ind}.5° M)-mod and Vg ~ Indfat;, Wo. De-
noting W = Indzzgo Wy, we finally have

V ~ Indfa§ Vo ~ Ind}. Indfaty, Wo
~ IndkaH IndkaHO W() ~ IndkaH W

Assume now that N # 1 is a p-group. Since V is a projective in-
decomposable k*G-module, there is a projective indecomposable k%N-
module M such that V € (k*G|Ind¥.$ M)-mod. But N is a p-group, so
M ~ k“N is the unique projective indecomposable k% N-module, hence
M is G/N-invariant. By (2.6) and (2.7) V corresponds to a projective
indecomposable k°(G/N)-module V, where 3 € Z%(G/N,k*). We have
that |G/N| < |G| and HN/N is a Hall p’-subgroup of G/N. By induc-
tion it follows that there is a projective simple k7 (H N/N)-module W such

7~ TndF (G/N)
that V' o~ Indkﬁ(HN/N)

mdecomposable k“(HN) module P € (k*(HN)|In dk (HN) M)-mod such
that V = Indfa(fyy, P.

Since W is a simple k°(HN/N)-module, by (2.8) it correponds to a
simple module W over k*(HN)/Jg (k*(HN))-module, where k*(HN) is
regarded as a HN/N-graded algebra. By Remark 2.3, W is a projective
simple k*H-module. Clearly, k*(HN) ®kogyg W is a projective k*(HN)-
module, and multiplication induces an epimorphism Indzzgﬂv) W — W.
By the commutativity of the diagram (2.8) we have that P is the projective
cover of W (where W is regarded as a simple k“(H N )-module), so P is
a direct summand of Indzzglm W. Since W ~ P/J(k“H)P, we have
that dimgP = |N \dimkW comparing dimensions, it follows that P ~
Indfo ¥ W, hence V ~ Indf. G W

W. By (2.6) again, W corresponds to a projective

(b) We use again induction on G, and we see that the statements are
trivial if G is a p’-group or a p-group.

Suppose first that N = N; # 1 is a p/-group. By the assump-
tion on isotypy, there is a G/N-invariant k“N-module M such that W
and W’ belong to the same category (k“H|Ind¥.$§ M)-mod. Denoting
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V = Ind’gzg W ~ Indgzg W', we have that V belongs to the category
(k*G|Ind¥.$ M)-mod. By (2.6) and (2.4) V corresponds to a projective
k?(G/N)-module, W and W’ correspond to projective simple k% (H/H)-
modules W and W’ respectively, such that

k°(G/N)

5 o Tk’ (G/N) 1%
kﬂ(H/N)W_Ind W',

V ~ Ind K (/N

and ReS:ZEggpi/N) W, Res];ggggpi/m W’ are isotypic for i =1,...,r — 1.
Since |G//N| < |G| and H/N is a Hall p’-subgroup of G/N, by the in-
duction hypothesis we have that V is an indecomposable k” (G /N )-module,

and there is gN € Ng/n(H/N) such that

By (2.6) it follows that V' is an indecomposable k*G-module and W' ~
k“HG Qpag W.

Finally, assume that N # 1 is a p-group. By Remark 2.3 we have
an epimorphism k*(HN) — k“H, and regard W, W' as simple k*(HN)-
modules by scalar restriction. Let P = P(W) and P’ = P(W') be the
projective covers of W and W' respectively, so P and P’ are projective
indecomposable k“(H N )-modules. By the last part of the proof of (a)
we have that P ~ Indzzg{m W and P’ ~ Indzzg{N) W'. Moreover, by

assumption
V ~ Indlga(GHN) P~ Indza(GHN) P/.

Clearly, V belongs to (k“G| Indﬁi% M)-mod while P and P’ belong to the
category (ka(HN)|IndZZ§§IN) M)-mod, where M ~ k*N is the unique
projective indecomposable k* N-module. (Hence M is G-invariant and we
do not have to use the assumption on isotypy when we restrict to normal
p-groups.) By (2.6) and (2.4) V corresponds to a projective k°(G/N)-
module V, while W and W’ correspond to projective k°(HN/N)-modules
W and W’ respectively, where 3 € Z2(G/N, k*). Moreover, by assumption
it follows that
Vo~ Ind:ZEZGV]\;)N) W~ Ind:iggévj\;)]\[) W',

Since |G/N| < G and HN/N is a Hall p’-subgroup of G/N, the induc-
tion hypothesis can be applied, hence V is an indecomposable kP (G/N)-
module, and there is gN € Ng/n(HN/N) (so g € Ng(H)) such that
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W' ~ kP(H/N)gN @b (H/N) W. By (2.6) it follows that V is an indecom-
posable k*G-module and P’ ~ k*(HN)g @y gy P as k*(H N )-modules.
Consequently, by Remark 2.3,

W'~ P'/J(k*N)P' ~ k®Hg @papr P/J(k"H)P ~ k*Hg Qpag W

as k“H-modules.
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