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Curvature homogeneous unit tangent sphere bundles

By E. BOECKX* (Leuven) and L. VANHECKE (Leuven)

Abstract. We treat the classification of curvature homogeneous unit tangent
sphere bundles. For two- and three-dimensional Riemannian manifolds we show that
one only obtains the unit tangent sphere bundles of spaces of constant curvature. More-
over, we prove a similar result for conformally flat spaces and Sasakian space forms.
Furthermore, we give a complete answer when the Riemannian manifold is a Damek—
Ricci harmonic space or a four-dimensional Einstein manifold.

1. Introduction

This paper is a continuation of [6], [7], and is devoted to the study of
the unit tangent sphere bundles and is related to our search for non-trivial
curvature homogeneous Riemannian manifolds. A Riemannian manifold
(M, g) is said to be curvature homogeneous ([13]) if and only if, for each
pair of points p and ¢ in M, there exists a linear isometry F : T,M — T,M
such that F*R, = R,,, where R is the Riemann curvature tensor of(M, g).
Equivalently, there exists a metric connection V such that R is V-parallel.
Another useful criterion can be derived from [11]: a Riemannian manifold
is curvature homogeneous if and only if all scalar curvature invariants of
order zero are global constants. Locally homogeneous spaces are trivially
curvature homogeneous, but there exist a lot of examples which are not
locally homogeneous. We refer to [5, Chapter 12] for a survey and further
references.
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In [7], we started the discussion about the following problem: which
Riemannian manifolds (M, g) have a curvature homogeneous unit tangent
sphere bundle (T1M, gs)? Here, gs denotes the induced metric from the
Sasaki metric on the tangent bundle TM. Clearly, this is so when (M, g)
is locally isometric to a two-point homogeneous space, since we have

Theorem 1 ([18], [10]). If (M, g) is a two-point homogeneous space,
then (11 M, gs) is a homogeneous Riemannian manifold.

Up to now, we do not know of any other examples.

Since curvature homogeneous spaces have constant scalar curvature,
we concentrated in [7] on the problem of determining all manifolds (M, g)
such that (71M,gs) has constant scalar curvature. We found a lot of
examples and gave a complete classification for the two- and three-dimen-
sional case and for conformally flat spaces. Our method was based on the
explicit formulas for the curvature of (T7M, gs). (See [6], also for further
references.) These formulas are rather complicated, but they are easier to
handle when (M, g) has a simple curvature tensor, which is the case for
the three cases mentioned.

Continuing our study, we now impose a further necessary condition
on the unit tangent sphere bundle (77 M, gs). Any curvature homogeneous
space is also Ricci-curvature homogeneous, that is, the eigenvalues of the
Ricci tensor and their multiplicities are constant on the manifold, or equiv-
alently, there exists a metric connection V such that the Ricci tensor is
V-parallel. In dimension two or three, this notion is clearly equivalent
to curvature homogeneity, but the equivalence does not hold for higher
dimensions.

First, in Section 2, we recall the needed formulas and earlier results
from [7]. In Section 3, we classify all (M?,g) and (M3, g) with Ricci-
curvature homogeneous unit tangent sphere bundle, by showing that this
happens if and only if the base manifold (M, g) is of constant curvature.
This yields a complete solution of the stated problem. In Section 4,
we prove a similar result for conformally flat spaces. Furthermore, and
based on the results of [7], we determine in Sections 5, 6 and 7 which of
the Damek-Ricci harmonic spaces, the four-dimensional Einstein spaces
and the Sasakian space forms are curvature homogeneous or even Ricci-
curvature homogeneous. It turns out that in all these cases (M, g) has to
be locally isometric to a two-point homogeneous space. As a consequence
of these results, the authors feel that there is some support for a positive
answer to the following problem:
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Problem. Is any Riemannian manifold (M, g) with (Ricci-)curvature
homogeneous (T1 M, gs) locally isometric to a two-point homogeneous
space?

We are still unable to give a conclusive answer, neither do we know
what happens if (71 M, gg) is supposed to be (locally) homogeneous. Con-
cerning this last case, we could not find an answer in the literature.

2. Preliminary formulas and results

We first recall the conventions and notations of [6], [7] and collect the
formulas and results we need in this paper. We refer to those articles for
a more elaborate exposition.

Let (M, g) be a smooth, n-dimensional (n > 2), connected Riemann-
ian manifold and V its Levi Civita connection. The Riemann curvature
tensor R is defined by R(X,Y)Z = VxVyZ —VyVxZ — V(x y,Z for all
vector fields X, Y and Z on M. The tangent bundle of (M, g), denoted
by T'M, consists of pairs (x,u) where x is a point in M and u a tangent
vector to M at x. The mapping 7 : TM — M : (z,u) — =z is the natural
projection from T'M onto M.

It is well-known that the tangent space to T'M at (z,u) splits into
the direct sum of the vertical subspace VI'M(, ,) = ker m,|(; ) and the
horizontal subspace HT' M, ,,) with respect to the connection V:

For X € T, M, there exists a unique vector X" at the point (x,u) €
TM such that X" € HT M, ) and m,(X") = X. X" is called the hor-
izontal lift of X to (z,u). There is also a unique vector X at the point
(w,u) such that X € VI'M(,,) and X"(df) = X f for all functions f
on M. XV is called the vertical lift of X to (z,u). The map X — X",
respectively X — X", is an isomorphism between T, M and HT M .,
respectively T, M and VT'M, ). Similarly, one lifts vector fields on M
to horizontal or vertical vector fields on T'M. The expressions in local
coordinates for these lifts are given in [6].

The tangent bundle 7'M of a Riemannian manifold (M,g) can be
endowed in a natural way with a Riemannian metric T'g, the so-called
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Sasaki metric, depending only on the Riemannian structure g of the base
manifold M. It is uniquely determined by

Tg(X", Yh) =Tg(X,Y?)=g(X,Y)om, Tg(X",Y?") =0

for all vector fields X and Y on M.

In this paper, we consider the hypersurface T3y M, the unit tangent
sphere bundle, consisting of the unit tangent vectors to (M,g). Th'M
is given implicitly by the equation g,(u,u) = 1. A unit normal vec-
tor N to T'M at (z,u) € Ty M is given by the vertical lift of u to
(iL',U) : N‘(x’u):u”

As the vertical lift of a vector (field) is not tangent to 73 M in general,
we define the tangential lift of X € T, M to (z,u) € Ty M by

Xf:c,u) = (X - g(Xv u) u)?x,u)

The tangent space to Ty M at (x,u) is spanned by vectors of the form X"
and X! where X € T, M.

We endow T7 M with the Riemannian metric gg induced from the
Sasaki metric T'g on TM. It is given explicitly by

9S|(z,u) (Xt) Yt) = gw(X7 Y) - g:r(X7 U)QI(Y, U),
95| () (X1, YY) =0,
95| (X", Y") = g, (X, Y).
The Riemann curvature tensor R associated to this metric has been

calculated, e.g., in [6] and [17]. From this, one easily obtains the following
expression for the Ricci curvature tensor p:

ﬁ|(r,u)(Xt7 Yt) = (n - 2) (gac(va) - gx(X7 u)gm(Y, u))
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where {E1,...,E, = u} is an orthonormal basis of T,M. Then {E:’,
o, En 1t By ... E,"} is an orthonormal basis of Tew)T1 M. We obtain
the scalar curvature 7 by making a metric contraction of p:

n—1 n
(2) Tl = O Pl (B B+ b (B, EM)
=1 =1

=7+ (0= 1)(n —2) — & (u,u) /4

where, as in [2], {(u,v) = >0, 9(R(u, Ei)Ej, R(v, ;) Ej).

We note that the natural projection m : (T17M,gs) — (M,g) :
(z,u) — x is a Riemannian submersion with totally geodesic fibres. Hence,
one can also use O'Neill’s formalism (see, e.g., [3, p. 244]) to obtain the
above expressions for the Ricci curvature and the scalar curvature.

From (2), it follows readily

Theorem 2 ([7]). The unit tangent sphere bundle (T1M, gs) has con-
stant scalar curvature 7 if and only if on (M, g) it holds

2
(3) L

n
(4) 4nT — |R|* = constant.

As examples of Riemannian manifolds whose unit tangent sphere bun-
dle has constant scalar curvature, we mention the irreducible symmetric
spaces and harmonic spaces. In particular, this is the case for the Damek-
Ricci harmonic spaces. For the definition of this class of manifolds and for
some of their geometric properties, see Section 5.

For (locally) reducible manifolds, we have:

Corollary 3 ([7]). The unit tangent sphere bundle (T1 M, gs) of a (lo-
cal) product manifold (M, g) = (M{",g1) x (M3?, g2) has constant scalar
curvature if and only if the unit tangent sphere bundles of both (M, g1)
and (Ma, g2) have constant scalar curvature and, additionally,

[ |Rof?
ni Nno '

()

In [7], the present authors determined all two- and three-dimensional
Riemannian manifolds (M, g) whose unit tangent sphere bundles have con-
stant scalar curvature 7. They also considered conformally flat Riemannian
manifolds. It holds:
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Proposition 4. (T1M?, gs) has constant scalar curvature 7 if and only
if (M2, g) has constant curvature.

Proposition 5. (11 M?3, gs) has constant scalar curvature 7 if and only
if (M3, g) has constant curvature or (M?3,g) is a curvature homogeneous
space with constant Ricci roots p1 = pa = 0 # ps.

Proposition 6. Let (M™,g) be conformally flat and n > 4. Then
(T1 M, gs) has constant scalar curvature T if and only if (M, g) has constant
curvature or n is even, say n = 2k, and (M, g) is locally isometric to the
product manifold M* (k) x M*(—k), k # 0, orn = 4, |p|? is constant and T
is zero.

Here, M* (k) denotes a k-dimensional space of constant curvature .

The proof of the above three propositions uses the fact that the curva-
ture tensor R can be expressed explicitly using only the scalar curvature 7
and the Ricci curvature p. Namely, for dimension two, we have

-
(6) R= 7909,
and in dimension three, it holds
-
(7) R=pQg~ 71909
For conformally flat manifolds, the curvature is given by
1 T

Here, @® is the Kulkarni-Nomizu product of symmetric (0, 2)-tensors de-
fined by

(hPE)X,Y, Z, V) =h(X,Z2)k(Y,V)+ h(Y,V)k(X, Z)
— (X, V)K(Y, Z) — h(Y, 2)k(X, V).

A final result which is useful in the context of this paper concerns
four-dimensional Einstein spaces.

Proposition 7 ([7]). Let (M*, g) be a four-dimensional Einstein space.
Then (T\ M, gs) has constant scalar curvature if and only if |R|? is con-
stant.

In the rest of this paper, we consider several classes of Riemannian
manifolds whose unit tangent sphere bundle has constant scalar curvature
and investigate which of these are curvature or Ricci-curvature homoge-
neous.
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3. Classification in dimension two and three

We start by considering the two- and three-dimensional case. First,
combining Theorem 1 with Proposition 4, we obtain easily

Proposition 8. (TyM?, gs) is Ricci-curvature homogeneous or locally
homogeneous if and only if (M?,g) has constant curvature.

We have a similar result for three-dimensional spaces:

Proposition 9. (TyM?3, gs) is Ricci-curvature homogeneous or locally
homogeneous if and only if (M?3, g) has constant curvature.

PROOF. In view of Theorem 1 and Proposition 5, it suffices to show
that a three-dimensional curvature homogeneous space (M3, g) with con-
stant Ricci roots p1 = pa = 0 # p3 cannot have a Ricci-curvature homo-
geneous unit tangent sphere bundle.

Let (F1, Eq, E3) be an orthonormal basis of corresponding eigenvec-
tors for the Ricci tensor p and (w!,w?,w?) the dual orthonormal coframe.
Then 7 = p3 and p is given by

(9) p=p3w3®w3.
For its covariant derivative Vp, we have
(10) Vp = ps3 ((aw1 +bw?) ® (W @ w? + w? @ wh)

+ (aw' + ew®) ® (W ®w® + WP ® w2)>
where
a=g(Vp Es Er), b=g(VEg,Es E1),
c=9(Vpg Es, FEy), e=g(Vg,Es, Es).

(See also [9].) As 7 is constant, it follows

3
1
(11) 0=5VE7= > (VE.p)(Bs, Bi) = a+e.

i=1

We first calculate the Ricci tensor p on the unit tangent sphere bundle
at the point (z,u) where u = cos@ E; + sinf E. An orthonormal basis of
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Tew)T1 M is given by
Fy = (sinf By — cos 0 E)*,
Fy=Es', Fy=E" F,=F)" F;=Es"

We compute the components of the Ricci curvature p in this basis from (1),
where we use the curvature expression (7) and the formulas (9) and (10).
This yields at (z,u):

p(F1, F1) = p(Fa, Fy) = 14 (p3?/8),
p(F1, F;) = p(Fs, Fi) =0, i=23,4,
p(F1, F5) = p3(b—c)/2,

p(Fy, F3) = p3(acosf + bsinh)/2,
p(Fy, Fy) = ps(ccosf + esinf)/2,
p(F3, F3) = —p3®(1 + cos® ) /8,
p(F3,Fy) = —p3®cosf sin /8,

p(Fa, Fy) = —p3*(1 + sin® 0)/8,

p(Fs, F5) = ps — (p3?/8).

The corresponding matrix for pj, . falls apart in two blocks: the 2 x 2-
matrix associated to (Fy, F5) and the 3x3-matrix associated to (Fy, F3, Fy).
The first one does not depend on the variable 6, but the second does. Still,
the eigenvalues (including multiplicities) must be constant if the unit tan-
gent sphere bundle is Ricci-curvature homogeneous. So, its characteristic
polynomial must be independent of . This polynomial is given explic-
itly as

2

N4 (1 - %))\2

p3® (ps® |3 2 1 0)2
+T(ﬁ+§+(acose+bsm9) + (ccosf + esinf) ))\
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4,2
ps”(ps” 1 1 )2 02
+ (16 —{—2—|—2((a0059—|—bsm0) + (ccosf + esin6)?)

—cosfsinf (acosf + bsinf)(ccosf + esin f)

(sin® @ (acosd + bsin6)® + cos® 0 (ccos 6 + esin0)2)).

1
2

The necessary and sufficient conditions for the coefficients of this polyno-
mial to be independent of € are

(12) a—e=0, b+c=0.

From (11) and (12), it follows a = e = 0. The (full) characteristic polyno-
mial for p(, . then reduces to

N —(1+ps)A+ps|1- 1+b2 p3+p—¥—pi3
8 8 64

2 2 2
oy _ P (L 2\ p3T _ P
et () < 56) < ()

Next, we calculate the Ricci tensor p at the point (x,u) where now
u = E3. With respect to the orthonormal basis (Ef, Ext, B\, Ex?, E3h)
of Ty )11 M, the matrix for p is given by

1+ (ps®/8) 0 0 p3b/2 0
0 1+ (ps?/8) —psb/2 0 0
0 —psb/2  —ps?/8 0 0
p3b/2 0 0 —p3®/8 0

0 0 0 0 p3—(ps*/4)

Its characteristic polynomial is

(14) ()\2)\'022(<;+b2>+p13;>)2><(p3ﬁ22)\).

The polynomials (13) and (14) must be identical if the unit tangent
sphere bundle is Ricci-curvature homogeneous. Hence, —p32/4 must be a
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root of the quadratic part in (14), and p3 — (p32/4) must be a root of the
first quadratic factor of (13). In this way, we get the conditions

3
3p32 +8 =16 and 1 p3® — 2p3 + 2 = 16b%.

Eliminating b2, we obtain a quadratic polynomial in p3 with no real roots.
Hence, whatever the value of p3, (11 M, gs) is not Ricci-curvature homo-
geneous. U

4. Conformally flat manifolds

The complete classification results obtained above follow rather easily
from (1) because of the simple expressions for R. A similar situation occurs
also for conformally flat manifolds. Here, we have

Proposition 10. Let (M",g) be conformally flat and n > 4. Then
(T1 M, gs) is Ricci-curvature homogeneous or locally homogenenous if and
only if (M, g) has constant curvature.

PROOF. From Theorem 1 and Proposition 6, we see that it suffices
to consider two cases only: the one where the manifold (M, g) is four-
dimensional with 7 = 0 and |p|? constant, and the case where (M, g) is
a local product M* (k) x M*(—k) of spaces of constant curvature x # 0.
Using the same technique as for the three-dimensional case, we show that
neither of those two has Ricci-curvature homogeneous unit tangent sphere
bundle. Note that the condition to be conformally flat implies that the
curvature operator p — 7 g on (M, g) is a Codazzi tensor. In the cases we
are interested in, the scalar curvature 7 is constant (actually, 7 = 0), hence
the Ricci tensor p is a Codazzi tensor.

First, take a four-dimensional conformally flat manifold (M*, g) with
zero scalar curvature 7 and constant Ricci norm |p|. Denote the Ricci roots
by p1, p2, ps and py and let (Ey, Es, E5, E4) be an orthonormal basis of
corresponding eigenvectors for the Ricci tensor p. Then py + po + p3+p4 =
T:OandR:%p@g.

We calculate the matrix for the Ricci tensor p of TyM* at (z,u)
where u = cos@ E; + sinf Ey, with respect to the orthonormal basis
((sinf Ey — cosb Ep)', Es', B4, Ex"', By, Esh, E4™) for T, )Ty M. Again

this matrix falls apart in two blocks: the 2 x 2-matrix associated to
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(E{", E5") and the remaining diagonal 5 x 5-matrix with diagonal elements
(2+ (p1+p2)?/2, 2+ cos? 0(py + p3)? /2 +sin? O(pa + p3)? /2, 2+ cos? O(p1 +
pa)?/2 + sin® B(p2 + pa)?/2, p3 — cos* O(p1 + p3)* /2 — sin® O(pa + p3)* /2,
pa — cos? 0(py + pa)?/2 — sin® O(p2 + ps)?/2).

For (T1 M, gs) to be Ricci-curvature homogeneous, this diagonal ma-
trix must have constant eigenvalues. Hence, we have (p; +p3)? = (p2+p3)?
and (p1 + pa)? = (p2 + pa)?. Actually, using p; + p2 + p3 + ps = 0, both
are equivalent to

(p1 = p2)(p3 — pa) = 0.

If we start with the choices u = cos0 E1 + sinf E3 and u = cos By +
sin § E4, we obtain similarly the conditions

(p1 — p3)(p2 — pa) =0,
(p1 = pa)(p2 — p3) = 0.

Hence, at least three of the Ricci roots are equal. We can suppose that p; =
p2 = p3. Then py = —3p; and |p|? = 12p;2. As a consequence, all Ricci
roots are constant and the manifold (M*?, g) is curvature homogeneous.
In [15], H. TAKAGI gives an explicit classification of conformally flat
locally homogeneous spaces of arbitrary dimension. He shows that such a
space is locally isometric to one of the following locally symmetric spaces:

1. a space of constant curvature;

2. the Riemannian product of a space of non-zero constant curvature s
and a space of constant curvature —k;
3. the Riemannian product of a space of non-zero constant curvature s
and a one-dimensional space.
As his proof uses only curvature homogeneity, this classification is also
valid for conformally flat curvature homogeneous spaces. (See also [8].) In
the present situation, we see that (M?, g) is locally isometric to
1. a space of constant curvature: this corresponds to the value p; = 0
and (M, g)is flat;
2. the product of a space of non-zero constant curvature x and a space of
non-zero constant curvature —x: this is incompatible with the Ricci
roots (p1, p1,p1, —3p1);
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3. the product of a space of non-zero constant curvature x and a one-
dimensional space: again this is not compatible with the specific Ricci
roots we have here.

So, in dimension four, the only conformally flat manifolds having curva-
ture homogeneous unit tangent sphere bundles are the spaces of constant
curvature.

The remaining case when (M, g) is locally isometric to MF(k) x
M*(—k), is a special case of the more general Proposition 11 on prod-
uct manifolds, which immediately follows this proof. O

Proposition 11. Let (M, g) be locally isometric to the Riemannian
product (M, g1)x (M, g2) and suppose that the Ricci tensor py of (M, g1)
is a Codazzi tensor. If (T\M,gs) is Ricci-curvature homogeneous, then
(M, g) is flat.

PROOF. Let m; : M — M, denote the natural projection from M
to M;, i =1,2. If (T1 M, gs) is Ricci-curvature homogeneous, then it has
constant scalar curvature 7. By Corollary 3, we have & = (|R;|?/n:) g,
i = 1,2, and |R1|?/n; = |Ra|?/n2. In particular, if one of the factors is
flat, so is the other. For this reason, we suppose that nq,ny > 2.

Let (z,y) be a point in M and take an arbitrary unit vector uy € T, M
and an arbitrary unit vector v; € T, M5. Extend these to an orthonormal
basis (u1,us, ..., U, ) of T, My, respectively (vi,ve,...,vy,) of TyMs. We
calculate p at ((x,y),u) where u = cosfu; +sinfv;. By the expressions
(1) for the Ricci curvature and the assumption that p; is a Codazzi tensor,
we have at ((z,y),u)

pXLY") = (n—2)(9(X,Y) = gu(X, u)gs (Y, )

1 =
+ 2 cos?0  gr(Ra(ur, ma X )ug, Ry (u, m.Y )uy,)
k=1

4
1 =
+ Z sin2 0 Zgz(Rz(’Ul, WQ*X)Uk, RQ(Ul, WQ*Y)Uk),

k=1
1.
pXt,Y") = 5 sin 0((Voy p2) (722 X, 72 Y ) = (Viry. x p2) (01, 124Y))

It follows that the matrix of p at ((x,y), u) with respect to the orthonormal
basis (u2?, ..., Un, b, vat, ..., Uyt (sinOuy — cosOur)t, url, ... un, ™, 01,
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..., Un,") has the form

ﬁ(uit,ujt)|i,j:2,...,n1 0
0 x)

For (T1M, gs) to be Ricci-curvature homogeneous, the eigenvalues of
the matrix

(B(us", 45" i j=2,...n1)

cos?2 6 <
= ((n — 2)(5,'3‘ + T E g1 (Rl (Ula Ui)uky Ry (ulauj>u/€)>
k=1

must be independent of 6. Equivalently, the eigenvalues of the symmetric
operator

(Xv Y) = C052 0 Z gl(Rl (ulv X)uk?a Ry (ulv Y)uk?)
k=1

must be independent of §. This is possible only if u; belongs to the nullity
vector space of Ry at x. But z and wy are arbitrary, hence Ry = 0 and
(M, g1) is flat. By the introductory comments to this proof, also Ry = 0
and (M, g) is flat. O

5. Damek-Ricci spaces

In the next two sections, we consider some cases already mentioned
in Section 2 for which we know that the unit tangent sphere bundle has
constant scalar curvature. We start with the Damek-Ricci harmonic spaces
and first briefly recall their definition and some results about these remark-
able manifolds that we need in this section. We refer the reader to [1] for
an extensive treatment and further references.

Let v and 3 be real vector spaces of dimensions n and m respectively,
and 3 : b X0 — 3 a skew-symmetric bilinear map. We endow the direct sum
n = v @3 with an inner product (-, -), such that v and 3 are perpendicular
to each other. For each Z € 3, we define an operator Jz : v — v by
(JzU VY. = (B(U,V),Z), for all U,V € v. Next, we make n into a
Lie algebra with the bracket

[U+ X,V +Y],:=B(U,YV)
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for X,Y € 3 and U,V € v. This Lie algebra is said to be a generalized
Heisenberg algebra if Jz? = —(Z,Z),1d, for all Z € 3. This condition
puts strong restrictions on the dimension n of v once we fix the dimension
m of 3. (See the table in [1, p. 23].)

Next, let n be a generalized Heisenberg algebra, a a one-dimensional
real vector space and A a non-zero vector in a. Define a new vector space
s =n @ a. In what follows, we always use U, V, W for vectors in v, X, Y,
Z for vectors in 3 and r, s, t for real numbers. On s, we define an inner
product (-,-) by

U+ X+rAV+Y +5A) = U+ X,V +Y)+rs

and a Lie bracket [-,-] by
1 1
U+X+71AV+Y +s4] = [U,V]n—i—ErV—isU—i—rY—sX.

The simply connected Lie group 5, attached to the Lie algebra s and with
the left-invariant metric induced from the inner product on s, is called a
Damek-Ricci space.

The Damek-Ricci spaces were the first counterexamples to the funda-
mental Lichnerowicz conjecture, as they are all harmonic but only sym-
metric in special cases (see, e.g., [1]):

Theorem 12. A Damek-Ricci space S is a Riemannian symmetric
space if and only if the attached generalized Heisenberg algebra n satisfies
the J2-condition: for all X,Y € 3 with (X,Y) = 0 and all non-zero U € v,
there exists a vector Z € 3 such that JxJyU = JzU. In this case, S is
two-point homogeneous.

We need two more ingredients. First, let V' € v be a non-zero vector.
Denote by kerad (V') the kernel of the linear map

ad(V):0—3:Uw~ [UV],

and by kerad(V)! the orthogonal complement to kerad(V) in v. Since
U € kerad(V) if and only if 0 = ([V,U], Z) = (JzV,U) for all Z € 3, we
see that

(15) kerad(V)* = J,V.
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In particular, dimker ad(V) = n—dimkerad(V)+ = n—dim J,V = n—m.

Secondly, one can express the curvature tensor R of a Damek-Ricci
space S completely in terms of the bracket on s and the operators Jz.
If we denote the left-invariant vector field on S associated to the vector
U+ X 4+ rA in s by the same expression, we have

(16)  R(U+ X +rAV +Y + sA)(W + Z + tA)

1 1 1 1
= S Ix Wt 1z Iy U = 202 IxV + g Ty W

1 1 1 1
— *J[Vyw]U + Z J[U,W]V + §T‘JyW — istw

4
1 1 1 1
— ZSJZU + ZtJYU + *szv — *tJXv
1
+ §<X,Y>W — 7(<V W)+ st)U + ~ (<U W) +rt)V

1
- §[U, JzV] - Z[Uv Jy W]+ Z[‘/a Jx W]

Lyuv + s[U, W — 1r[v, W]

/\[\:JH

—(VA4Y +sA W+ Z+tAX
U+ X +rAW+Z+tAY

(VW)X — f(U W)Y + ;(

_l’_

._./\

U VZ

*3
1
+{ JzUV (JyU,W>+Z<JXv,W>

—r <4<V, W)+(Y, Z>> +s (i<U, W)+(X, Z)) } A.

With these preliminaries, we are ready to prove

Proposition 13. The unit tangent sphere bundle (IS, gs) of a Damek-
Ricci space S is Ricci-curvature homogeneous or locally homogeneous if
and only if S is a symmetric space.

PrROOF. We show that, if (715, gs) is Ricci-curvature homogeneous,
then the attached generalized Heisenberg algebra n must satisfy the J2-
condition. The proposition then follows easily from Theorem 12 and The-
orem 1.
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For a start, we note that S is an Einstein manifold, hence
ﬁ|(1,7u)(Ft, G") = 0 for all tangent vectors F,G € T,S and for every unit
vector u at x. So, for whatever choice of (x,u) € T1.5, the matrix of pj(y,u)

is of the form
<A1 0 >
0 AQ

where A; is the matrix of pj(, ) restricted to s* x s and Aj is the matrix
of pj(z,u) restricted to s" x s". If we suppose that (T19,gs) is Ricci-
curvature homogeneous, then the eigenvalues of A; and of A must be
independent of the choice of (z,u) € T1S. In what follows, we concentrate
only on pj(.) restricted to s* x s*.

First, we take the unit vector A at z. At (x, A), the tangential part
of T, 4yT1S is given by v’ @ 3*. From the formula (16) for the curvature
and the expression for the Ricci tensor p (see again (2) in [7]), it follows
by a straightforward calculation:

1
Alaa@' V) = (0 =14 B ) s @)
Pl a)(U", X1) =0,
+ 8
Ao X515 = (m oty 7116) gs(X'. YY),

Hence, the eigenvalues of p|, 1) are m +n —1+ mTng with multiplicity n
and m+n—1+ ”1—%8 with multiplicity m. We note that these values are
always distinct, as m < 2n 4 15 (see again [1, p. 23]).

Next, we take a unit vector U € v at z. At (x,U), the tangential part
of T, T1 S is given by (b NUL)" @ 3" @ a. Using the formula (16) again,
we find

_ m—+1
p‘(aj’U)(Xt,Yt) = (m +n — 1 + 32) gs(Xt,Yt),

p|(m,U)(Xt7 Vt) = 07
ﬁ|(z,U)(Xt)At) = 07

_ m—+1
Py, (AT, AY) = (m +n—1+ > gs (A", AY),
0
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m+1

So, we have already the eigenvalue m+n—1+ with multiplicity m+1.

As a consequence, pj(,,u) restricted to (o N U L) x (b N U*)! must have

”+8 with multiplicity m and the eigenvalue

the eigenvalue m +n — 1 +
m+n—1+ mg—‘gl with mult1phc1ty n—m—1.

Now, pjzo)y(VEL W) = (m+n — 1)gs(VE,W') + 1F(V,W) where
F: Ut xUt - R : (VW) — (RU,V)e;, R{U,W)e;) with {e;} an

orthonormal basis of s. Explicitly, from (16), F is given by

m+1 n —-2m+9
3 m
+3 Z (V. Jz,U), [W, J7,U))
where {Z1,...,Z,,} is an orthonormal basis of 3 with respect to the inner

product induced by (-,-),. F is a symmetric, bilinear form on U, hence

”*8 and —méH

diagonalizable. Moreover, we know that its eigenvalues are
with multiplicities m and n —m — 1 respectively.

Denote the (n —m — 1)-dimensional eigenspace to the eigenvalue mT“

by Eig(™1). If W € Eig (1), then F(W, W) = L (W, W). Hence,

n—2m+9

3 m
2 2 _
T O WIE+ 2 > (W, Jz,U)17 = 0.

j=1
Note that n — 2m + 9 > 0: this follows again from [1, p. 23]. So, W €
kerad(U) and W € kerad(JzU) for every Z € 3. But dimkerad(U) =
n —m and hence, Big(™) = kerad(U) NU*.

So, if W € kerad(U)NU*, then W € kerad(JzU) for every Z € 3, or
equivalently, kerad(U) N U+ C kerad(JzU) for every Z € 3. Taking or-
thogonal complements on both sides and using (15), we get that J,JzU C
RU & J,U. Hence, for X € 3, there exists Z’ € 3 and o € R, such that
IxJzU = JzU+aU, where o = (Jx JzU,U) = —(JIxU, JzU) = —(X, Z).
As U is an arbitrary unit vector in v, it follows that the .J?-condition holds.

O
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6. Four-dimensional Einstein spaces

From Proposition 7, we know that a four-dimensional Einstein space
(M, g) has a unit tangent sphere bundle with constant scalar curvature if
and only if the norm of its Riemann curvature tensor |R| is constant. Now,
we determine when (771M, gs) is Ricci-curvature homogeneous.

Proposition 14. Let (M*,g) be a four-dimensional Einstein space.
Its unit tangent sphere bundle (T1M, gs) is locally homogeneous or Ricci-
curvature homogeneous if and only if (M, g) is locally isometric to one of
the two-point homogeneous spaces R*, S*, H*, CP? or CH?.

PROOF. Let {E1, Es, E5, E4} be a Singer-Thorpe orthonormal basis
(2], [14]), that is, the components of the Riemann curvature tensor with
respect to this basis are given by

Ri212 = R3434 = A1, Ri234 = p1,
Ri313 = Roo4 = Mg, Ri342 = po,
Ro323 = Ri414 = A3, Ri423 = s,

Rijii =0 otherwise,

with 1 + pe + ps = 0 by the first Bianchi identity. Further, p = —(A +
Ao + )\3)9 and 7 = —4()\1 + Aoy + )\3)

Now take u = cos @ E1 +sinf Es. A long but routine calculation com-
putes the components of the Ricci tensor p of (11 M, gs) at the point (z,u)
with respect to the orthonormal basis {(sin @ E; —cos 8 E)t, Est, E4t, Ey",
Byt B3 E4"}. The matrix for P|(z,u) has the form

2+ Mt 0 0 0
0 21dy +1 Ay 0 0
0 0 =20 1q, -1 4, 0
0 0 0 r=2m 14, —1 Aq

where the (2 x 2)-matrices A;, As and Az are given explicitly by

(A22 + p2?) cos? @ 4+ (A32 + p3?) sin? 9 2(Aa2p2 + Agps) cosfsin @
2(Aa2p2 + Asusz) cos 6 sin 6 (A32 4 p3?) cos? 6 + (Aa? + p2?) sin? 0
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2%+ A3“)cos® 0 + (u2” + p3®) sin 2(A2A3 + pop3) cos @ sin
A22 4+ 232 20 4+ (u2? + pu3? 20 A2 A w2 b 0 sin 0
2(A2A3 + pops) cosfsin 0 (122 + p32) cos? 0 4 (A2? + A32) sin? 0 ’
(A22 4 p3?) cos? 6 + (A3? + puo?) sin? 0 2(Aa2p3 + Agpz) cosfsin 0
2(Aa2pu3 + Agpz) cos fsin 0 (A32 4+ po?) cos? 0 + ()\22 + p32)sin? 6 ’

Now, we note that the eigenvalues of the matrices A; depend in general
on 6. But if we suppose that (T3 M, gs) is Ricci-curvature homogeneous,
only a discrete set of eigenvalues is possible. Hence, the continuous eigen-
value functions are in fact constant.

For # = 0, the matrix A; has eigenvalues o2 4 110% and \3? + pz?. So,
these must also be the eigenvalues for all other values of 8. If we express
that

det(A; — (Ao? + p2®) 1d2) = 0,
det(A; — (A3% + pz?) Idy) = 0,
we find the condition
(17) ((Ag —p3)? — (o + u2)2> (()\3 + p3)? — (Ao — H2)2> =0.

Similarly, we see that the matrix A, has eigenvalues A\o% 432 and juo2 4132,
and we obtain the condition

(18)  ((n2 = 13)* = Oz 29)%) (12 + 1) = (A2 = As)?) = 0.

Finally, the matrix A3 has eigenvalues o2 + 32 and po? + X3 and we get
the condition

19) (s =p2)? = o+ 112)?) (s + p2)? = (ha — pa)?) = 0.

Clearly, if we start from a different choice of unit vector u of the
form u = cosO E; +sin Ej, i,j € {1,2,3,4} and ¢ # j, we obtain the
same eigenvalues and symmetric analogues to the conditions (17)—(19). In
particular, we see that p has the constant eigenvalues

2+ (M2 +m?)/2,2 4+ (N + 12”)/2,2 + (\s? + 13%) /2,
(T —2(M% + X2 4+ A3%)) /4,

(7 =2\ % + po® + 13®)) /4, (T = 2(m® + Xo® + 13?)) /4,
(7 = 2(m1® + p2” + Xs%)) /4,

(20)
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and that the following nine conditions must hold
(0 = 1) = 2+ 12)?) (s + 1)? = (h2 = 12)?) = 0

(A —p1)? = (A5 + M3)2) )

2

(A2 = p2)® — (A1 +p1)? ) (A2 4 p2)® —

2

?) =0
m)?) =0
)=0
2)
) =0
?) =0
)=

M +p1)?— s —p
A3)

(2 — p3)® — A2+ A3)? ) ((p2 + p3)® — (A2 —

(21) (p3 —p1)® = (A +A1)? ) (s + p1)* — (A3 —

2

(p1 + M2)2 -

3
3
(11— p2)® — (A1 + A2)?
3

2

(s = p2)? = N2+ p13)* ) ( (A3 + p2)® = (N2 —

(A — p3)® — (As + 1)? )?

(M +p3)? — (A3 — 1)

e N N N N N N
N—r' N N~ N N~

(O = )2 = O+ 122)?) (2 + 1) = 1 = p2)?) = 0.

Taking also the condition g + p2 + s = 0 into account, the solutions
of the system (21) are given, up to choice of Singer-Thorpe basis, by

(1) A1, A2 and A3 are arbitrary,
p1=A2 — A3, p2=A3— A1, p3=A1— Ag;

(2) A1 and Ay are arbitrary,
Az = Az,
pr =0, po=A+A2, p3=—A— Ay

(3) A1 and Ag are arbitrary,

A3 = —A1 — Ag,
A1+ 29 2X1 + Ao Al — Ao
MlZ—Ta MZZT’ M3 = — 3 ;
(4) Ao and A3 are arbitrary,
A= Xy — 3)3,

p1=A2 — A3, p2=2Az3— A2, pu3=0;
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(5) A1 and Ag are arbitrary,

A3 =0,
201 + Ao A1+ 20 A1 — Ao
M1=73 s M2:—73 H3 = — 3 ;
(6) A2 and Ag are arbitrary,
A1 =0,

p1 = A2 — A3, o= —A3, 3 =2)A3 — Aa.

From the constancy of the eigenvalues (20), it follows for all six cases
above that the \; and the u;, i = 1,2, 3, are constant. Hence, (M*,g) is a
curvature homogeneous four-dimensional Einstein manifold. It is an imme-
diate consequence of an unpublished theorem by A. DERDZINSKI (see [12])
that (M*,g) must be locally symmetric and, hence, locally isometric to
one of the two-point homogeneous spaces R*, S4, H*, CP? or CH?, or to
one of the product manifolds S?(c?) x S?(c?) or H*(—c?) x H*(—c?). The
proposition now follows from Proposition 11 and Theorem 1. O

7. Sasakian space forms

Finally, we consider another case where the curvature tensor is sim-
ple enough to handle the formulas (1) and (2). Let (M2**1 g,& n,¢)
be a Sasakian space form with constant p-sectional curvature ¢, that is,
g(R(X,0X)pX, X) = c for every unit vector X perpendicular to the char-
acteristic vector field £. (Clearly, the vector field ¢ has nothing to do with
the curvature operator £ in (3).) The Riemann curvature tensor R is given
in explicit form (see [4, p. 97]) as

(22)  ROXY)Z =22 oV, 2)X ~ g(X, 2)Y)

L OM2)Y V()X

+9(X, Z)n(Y)¢ — (Y, Z)n(X)€

+9(Z, Y )X —g(Z, 0 X )pY +29(X, Y ) Z).

We first determine for which values for the constant ¢-sectional cur-
vature ¢ the unit tangent sphere bundle (77M,gs) has constant scalar
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curvature 7. As (M, g) is locally homogeneous, condition (4) holds. We
check condition (3) now.
Using (22), we calculate easily, for X and Y perpendicular to &:

g(R(&, Ei)Ej, R(E, B Ej) = 4k g(&,6),
g(R(ga Ei)Ej7 R(X? EZ)E]) = Oa
9(R(X,E)E;,R(Y,E))E;) = 3k — 1+ *(k + 1)) g(X,Y).

Hence, (3) holds if and only if 4k = 3k — 1 + ¢*(k + 1), or ¢ = £1. This
proves the claim in [7]:

Proposition 15. The unit tangent sphere bundle of a Sasakian space
form with constant yp-sectional curvature ¢ has constant scalar curvature
if and only if ¢ = £1.

In the complete and simply connected case, both of these Sasakian
space forms are principal circle bundles over CP™ with constant holomor-
phic sectional curvature 4 (if ¢ = 1) or 2 (if ¢ = —1), and they are related
by a D-homothetic transformation ([16]). Further, the Sasakian space
form with constant ¢-sectional curvature ¢ = 1 is locally isometric to a
sphere S2"*1(1). By Theorem 1, its unit tangent sphere bundle is locally
homogeneous. This contrasts with

Proposition 16. The unit tangent sphere bundle of a Sasakian space
form (M?+1 g €. n, o) with constant p-sectional curvature ¢ = —1 is not
even Ricci-curvature homogeneous.

Proor. Fix a point z € M. We calculate p at (x,¢) and at (x, X)
with X perpendicular to £ and show that the eigenvalues are different. We
note beforehand that the Ricci curvature p of (M, g) is given by

p(U, V) = (k=1)g(U, V) + (k+ 1)g(U, §)g(V;€)
(see [4]). So,

(Vwp)(U,V) = (k+1)(g(U, Vw&)g(V,&) + g(U,&g(V, Vwe))
= —(k+1)(9(U,W)g(V,€) + g(U,&)g(V,W))

as Vi€ = —pW. (See again [4].)
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With these formulas and with (22), where we put ¢ = —1, the expres-
sions (1) for p at (z,€) are given by

Pz (U V') = (% - ;) (9(U, V) = g(U,&)g(V,£)),

i k41
Pl (U V") = === g(U,¢V),

Pleo @ V) = (k=3 ) oUV)+ o0, a(V.9)

In particular, we see that £” is an eigenvector for P|(z,¢) With eigenvalue k:

D) (€M, €M) = kgs (€, €M)

Next, we take v = X, a unit vector at x perpendicular to £. A
straightforward calculation yields

e V) = (2= 3) (40V) - 9(0: )9V, X))

10,00V, 6) + 2L g(U,0X)a(V, 0X),
e UL V) = =L (U, €09V, 0X) + 29(V,)9(U, X)),
e V") = (k= 7) a0.1) = § o0 X)g(v. )

+ <k + i) g(U,6)g(V,€) — %g(a eX)g(V, pX).

At x, we take an orthonormal basis {Fy = X, FEy = ¢F,E3, By =
@FEs, ..., Eo = pFEop_1, Forrq = &} Then, at (z, X), an orthonormal ba-
sis for T(, x)T1 M is given by {Ex', &" Eol &8 By Est, .. Byt Esh, ..
FE5,"}. With respect to this basis, P|(z,x) 18 given in matrix form by

141 0 0 0 0
0 14, 0 0 0
0 0 kT 0 0
0 0 0 BE=2Tdyg ) 0
0 0 0 0 =T Ty 1)
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where the (2 x 2)-matrices A; and As are given explicitly by

L (20k—2) —A(k+1)
1_<—4(k+1) 2(4k—1)>’

204k =1 —2(k+1)
_<—2(l<:+1) 3k —5 >

The eigenvalues of p|(,, x) are (3k—7)/4 with multiplicity 1, (8k—3)/4
with multiplicity 2(k — 1), (4k — 7)/4 with multiplicity 2(k — 1), and the
solutions of the quadratic equations \2—3(3k—1)/2 A\+(16k*—21k—2)/4 =
0 and A\ — (11k — 7)/4 X + (10k? — 27k + 3)/8 = 0. The eigenvalue k
of p|(z,¢) is not among these and hence, (T1M, gs) is not Ricci-curvature
homogeneous. O
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