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On the uniqueness problem
for continuous convolution semigroups
of probability measures on simply connected
nilpotent Lie groups

By DANIEL NEUENSCHWANDER (Lausanne)

Abstract. Let G be a simply connected nilpotent Lie group and assume {,ugl) te>0
(¢ = 1,2) are Poisson semigroups of probability measures on G with boundedly sup-
ported Lévy measures. We prove that if ugl) = ,ug2), then ,ugl) = u§2) for all ¢ > 0.
As a consequence, e.g. a convergent triangular system of rowwise i.i.d. probability mea-
sures on G which are concentrated on a fixed circular annulus automatically converges
functionally.

1. Introduction

One of the most important problems in probability theory on groups
G (e.g.) is the so-called embedding problem, i.e. the question if a given
probability measure p on G may be embedded into a continuous convo-
lution semigroup of probability measures (c.c.s. for short) {p:}+>0 on G
(i.e. o = p1). In this note we are interested in the class of simply con-
nected nilpotent Lie groups G. It has been proved by BURRELL, McC-
CRUDDEN (1974) that any infinitely divisible probability measure on G
is embeddable into a c.c.s. on G. But now not only the question of ex-
istence of a c.c.s. in which a given probability measure can be embedded
is important, but also that of its uniqueness, i.e. the following problem:
If {,ugi)}tzo (1 = 1,2) are c.c.s. such that ,ugl) = M(IQ), do then the c.c.s.
have to coincide (i.e. ugl) = u§2) for every ¢ > 0)? If this is true, then
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this has important consequences for limit theorems, namely in this case,
a convergent triangular system of rowwise i.i.d. random variables auto-
matically converges functionally, in detail: For an increasing sequence

{k(n)}n>1 of natural numbers, the relation yrkm) (n — oo) implies

kil 2, pe (t > 0) (cf. NOBEL (1991), Remark 2.(a)). It is well-known
that this uniqueness property is true for (R?, +). Finite groups satisfy the
uniqueness property iff every non-neutral element has order 2 (then the
group is of course abelian) (cf. BOGE (1959)). For locally compact abelian
groups, a sufficient condition for the uniqueness property is the request
that the group have no non-trivial compact subgroup (cf. HEYER (1977),
Theorem 3.5.15). In more general framework, some partial results have
been obtained by HAzoD (1971). For stable and semi-stable semigroups
on simply connected nilpotent Lie groups see DRISCH, GALLARDO (1984),
NOBEL (1991), and HAZOD, SIEBERT (1997), 2.6. PAP (1994) proved the
uniqueness property for the Gauss semigroups among all Gauss semigroups
on simply connected nilpotent Lie groups, generalizing the corresponding
result for simply connected step 2-nilpotent Lie groups by BALDI (1985),
but he left open the question if Gaussian measures can also be embedded
into non-Gaussian c.c.s. NEUENSCHWANDER (1996), Theorem 2.1 shows
that for Gaussian measures on the (3-dimensional) Heisenberg group this
is indeed not the case. For irreducible symmetric spaces G/K of noncom-
pact type (i.e. G a semisimple noncompact Lie group with finite center and
K a maximal compact subgroup) and K-biinvariant probability measures
won G, GRACZYK (1994) used a method to associate to u a bounded non-
negative measure fi on a Cartan subalgebra (a,+) such that puq * e = us
iff fi1 % fio = fi3 and such that i determines p uniquely. This readily yields
the uniqueness property for all c.c.s. of K-biinvariant probability measures
on G by the uniqueness property on (a,+).

In this note, we will look at Poisson semigroups. We show that on a
simply connected nilpotent Lie group Poisson semigroups {Mﬁi)}tzg whose
Lévy measures have bounded support and who satisfy ,ugl) = M(IQ) have
to coincide as a whole. As a consequence, we get e.g. that the afore-
mentioned passage from convergence to functional convergence of rowwise
i.i.d. triangular systems is possible provided all occurring measures are
supported by some fixed circular annulus.

Our method, which is related to the idea of PAp (1994), consists of
recursively calculating the moments and to make use of certain conditions
guaranteeing the unicity in Hamburger’s moment problem.
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2. Poisson semigroups

Let G be a simply connected nilpotent Lie group, which will be iden-
tified with its Lie algebra G = R?. Consider the adjoint reperesentation
of the Lie algebra given by ad(z) : G — G, ad(z)(y) := [z,y] (x,y € G).
The product on G is then given by the Campbell-Hausdorff formula, (cf.
SERRE (1965)), where only the terms up to order, say, r € Ny (the step of
nilpotency of G) arise:

(1) Ty = Zzn,
n=1

/ "
(2) Zn = E Z (Zp7q —+ Zp7q) ,
p+qg=n

3) =z ,= Z (—=1)™* ad(x)Pr ad(y)? ... ad(z)P™ (y)

" m Dl ol )

p1+p2+...+pm=p
q1+q2+...+qm_1=q—1
pit+q;>1
Pm=>1

(4) Z” = Z (_1)m+1 ad(x)pl ad(y)ql . ad(y)qm—l (x)
o m pilai! . gm—t!

p1+p2+...4+Pm—_1=p—1
q1+q2+...+qm-_1=¢q
pit+qi>1
The first few terms are

() zoy=zty+ el lel + )+

Clearly, e = 0 and 27! = —z (2 € G). Consider an adapted vector space
decomposition of G = G, i.e.

(6) G=G=R%= @ Vi
i=1
such that

P Vi =Gk,
i=k
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where {Gy, }o<k<r is the descending central series:

Go: =G, Git1:=1[G,Gi]

(and thus G, = {0}). In this case, one can take a Jordan-Hélder basis for
G = R% ie. abasis E = |J;_; BE; where E; = {ei1,€i2,... ,€,q0)} s a
basis of V; (d(i) thus being the dimension of V;).

A continuous convolution semigroup (c.c.s.) {ut}e>0 of probability
measures on G is a monoid homomorphism of ([0, o[, +) to (M*(G), *, —,
d0), where the latter denotes the topological monoid of probability mea-
sures on G with the convolution #, the weak topology —>, and the unity
do (= Dirac probability measure at 0) (cf. HEYER (1977), Theorem 1.2.2).
For f € Cp°(G) (= space of bounded C*°-functions on G), the generating
distribution of the c.c.s. {f1t}+>0 is defined as

A(f) = lim ~ / (@) — F(0)e(de)

G

(cf. SIEBERT (1981), p. 119). A Poisson semigroup on a simply connected
nilpotent Lie group is a c.c.s.

(7) {1t }i=0 = {expt(A — [|A[d0) }>o0s

where A is a bounded non-negative measure on G\{0} (the so-called Lévy
measure), || .|| is the total variation norm of a bounded measure, and exp
is the power series

= 1 *k
expn = g + E P
k=1

which, for every bounded measure n on G, is convergent with respect to
||.]| and thus also in the weak topology. The generating distribution of
the Poisson semigroup (7) has the form

A(f) = / (@) — FO)IA(dx)
G\{0}

(cf. SIEBERT (1981), p. 119 bottom). We will use the following estimation
on the number of terms in the Campbell-Hausdorff formula:
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Lemma 1. In the Campbell-Hausdorff formula up to order r for m
factors, the number of different summands may be estimated from above
by m'rJrl‘

PROOF. By counting all k-tuples with m possible elements (1 <k <r),
this follows at once from the estimation

r+1 1
Zm 71—1ng+1 (m > 2). O

(For what follows, this trivial bound will suffice, we are not interested
in better ones.)

Since the bound in Lemma 1 is polynomial in m, the following corol-
lary follows immediately:

Corollary 1. Let G be a simply connected nilpotent Lie group. If
{}+>0 is a Poisson semigroup on G whose Lévy measure has bounded
support, then for every u; all moments exist.

Now we formulate our main result:

Theorem 1. Let G = R be a simply connected nilpotent Lie group.
Assume {uﬁi)}tzo are Poisson semigroups whose Lévy measures \(*) have
bounded support (i.e. supp A C {z € R? : ||z|| < p} for some p > 0
(i=1,2)). Then if u(l) = ng) it follows that u(l) = u?) for all t > 0.

Consider on N the lexicographic ordering from behind defined by
(ala az, . .. 7ad) < (b17 b27 e 7bd) — (CLd, ad—1,--- 7ad—j+1)
= (bg,bg—1,... ,ba—j+1), aq—; < bq—; for some j € Ny.

Let G be as in Theorem 1. Let £ = {ey,e2,... ,eq}={e11,€12,... ,€1,401)

€... €r1,6r2,..- € q) ) (d(i) = dimV; in (6)) be a Jordan-Holder basis
of G = R4, and put G 3 z = E;l:l zje;.  For p € MYQG),
0= (l1,0s,... ,£q) € N& define the “mixed moments”

d ‘
/HJ:JJM (dz)
Jj=1

(if they exist).
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Lemma 2. Assume p, v are probability measures on G satisfying p =
v*2 and such that all moments My(v) (¢ € N@) exist. Then all My(u) exist
and the M,(v) (¢ € N¢) may be calculated out of the My(u) recursively
with respect to £.

PRrROOF. The existence of M,(u) follows at once from the existence
of the M;(v) and the nilpotency with the aid of the Campbell-Hausdorff
formula. Assume X,Y are i.i.d. G- valued random variables with £(X) =
v. Write

=
S

I

&
A~
=~

(X-7)})

<.
Il
—

(X+Y+%mﬂq+”ﬁﬁ

=.

:E(

By the adaptedness, we get, by multiplying out and considering the coor-
dinates (with respect to (6))

<
Il
—

2
1 J v ,
(9) (X+Y+ﬂxm+“> =X +Y + P,
J
P; being a polynomial in X1,Y7, Xo,Ys,...,X;,Y;, where in every mono-
mial the exponents of X; and Y; are strictly smaller than ¢;. Now, by
multiplying out the product szl(. ..)% in (8), we get by (9)

d d d
[ =1+ I+
j=1 j=1 j=1

where P is a polynomial in X1, Y7, Xo,Y5,..., X4, Yy such that for every

monomial H?ZI(X;ijsj) we have (r1,72,...74), (51,82, ... ,84) < £. Now

the assertion follows from the independence of X and Y and the fact that
d £ d £

E(Tj=1 ;") = E(IT5-1 Y57)- -

A bounded measure 1 on R? is called determinate, if it is uniquely
determined by its /-th moments M,(u) (¢ € Nd), i.e. if there is no other
bounded measure on R¢ with the same ¢-th moments.
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Lemma 3. If Clxy,x2,...,24] is dense in LP(u) for some p > 2
(11 some bounded non-negative measure on R?), then i is determinate.

(Cf. FUGLEDE (1983), BERG (1995), p. 3.)
Now we are ready to prove Theorem 1:

PROOF of Theorem 1. Since A\(¥) have compact support,
Clz1,22,... ,2q] is dense in, say, L3(A\(¥)) by Weierstrass’ Theorem
(cf. BERG (1995), p. 3). Hence, with the aid of Corollary 1, it follows that
Clz1,z2,... ,xq4] is dense in L3(M§Z/)2) = L3(exp(—(1/2)||]A\D|]) exp(AD)) C

(@)

1/2 are determinate. So by

L3(A®), thus by Lemma 3 the measures u

Lemma 2 we get that ,u,gl) = u,@ for all dyadic t. By continuity, Theo-

rem 1 follows. O

The following corollary says that a convergent triangular system of
rowwise i.i.d. probability measures which are all supported by some fixed
circular annulus automatically converges in a functional sense:

Corollary 2. Let {v,},>1 be a sequence of probability measures on

the simply connected nilpotent Lie group G = R? such that suppv, C
Acp, ={z e R e < |lz|]|] < p} (n > 1) for some 0 < € < p < oo.
Suppose {k(n)},>1 Is an increasing sequence of natural numbers. Then
if pptn) 2, p (n — oo) for some probability measure y1 on G, we have
that po = p; for some uniquely determined Poisson semigroup {fi}+>0 and
V:;Uf(n)ﬂ W, (e (n — ).
PrOOF. By NOBEL (1991), Theorem 1, it follows that for every sub-
sequence {n'} C {n},>1 there is another subsequence {n”} C {n'} and a
c.c.s. {fu}t>0 such that gy = p and V:ka(n”)j = e (0" — o00) for every
t > 0. By Hazop, SCHEFFLER (1993), Theorem 2.1, (i)==-(iii) it fol-
lows that all such limiting c.c.s. {y }+>0 are Poisson semigroups with Lévy
measures supported by A. ,. Now the assertion follows from Theorem 1.
O
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