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Starlikeness properties
of meromorphic m-valent functions

By MARGIT PAP (Cluj-Napoca and Pécs)

Abstract. We find conditions regarding the values of 3 such that F(z) given by
(%) is nonvanishing, when f € 3}, | (o) with n > —m + 1 and employ a differential
subordination technique, for certain conditions on 3, to obtain the sharpest value of
0 = d(a, B,7, m,n) such that

15y (B, () C X7, 1 (8) C 55, (e).

1. Introduction

Let X, », be the class of meromorphic m-valent functions f defined in
U={z€C, 0< |z| <1} of the form

1
f(z) = om +anz" a1 2"+

where m and n are integers such that m > 0 and n > —m + 1.

A function f € %, , is called starlike of order o, 0 < o < m if

e (Z)

Let X7, (@) be the class of all such functions.
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Let ~, 3 be real numbers, v > 0 and let us define the integral operator
I Yn(@) = B,

z 1/8 ]
() I =FE = (e [ om0t 0a) L s

In [1], [2] and [3] HASSON AL-AMIRI and PETRU T. MOCANU have
investigated the properties of functions f belonging to X7, (0) = X, for
n > 0. In [4] M.K. AoUF and M. HOSSEN obtained some interesting results
concerning the function f from X, , with n > 0.

In this paper we extend a part of results of H. AL-AMIRI and P.T. Mo-
CANU for f belonging to ¥y, ,,(0) = X7, with n > 0 and other results for
J belonging to X7, with n > —m + 1.

Moreover, we find conditions regarding the values of 3 such that F(z)
given by (x) is nonvanishing, when f € X}  (a) with n > —m + 1 and
employ a differential subordination technique, for certain conditions on (3,
to obtain the sharpest value of § = d(«, 3,7, m,n) such that

I (B n(@) C X5, 0(6) € 35, 0 (@)

In the case of holomorphic m-valent functions similar results were
obtained by PONNUSAMY [5].

2. Preliminaries

We will need the following definitions and lemmas to prove our main
results.

If f and g are holomorphic functions in the unit disc U and if g
is univalent, then we say that f is subordinate to g, written f < g or
f(2) < g(2), if f(0) = ¢(0) and f(U) C g(U). The holomorphic function
h, with h(0) = 0 and 2'(0) # 0 is starlike in U (i.e. h is univalent in U and
h(U) is starlike with respect to the origin) if and only if Re[zh/(2)/h(2)] > 0
for z € U.

The holomorphic function h in U is convex (i.e. h is univalent and
h(U) is convex domain) if f'(0) # 0 and

zh'"(2)

Re )

+1>0, forzelU.
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Lemma A [2]|. Let n be a positive integer and « be real, with 0 <
a < n. Let g be holomorphic in U, with q(0) = 0, ¢'(0) # 0 and suppose
that

)Re & 41> e

Let

ii) h(z) =nzq¢' (z) — aq(z).

If p(z) = ppz™ + - -+ is holomorphic in U and zp'(z) — ap(z) < h(z),

then p(z) < q(z) and this result is sharp.

Lemma B [3]. Let n be a positive integer, let A > 0 and let §* =
B*(\,n) be the solution of the equation fm — 2arctg(nAB) = 0. Let a =
a(B,A\,n) = %arctg(n)\ﬁ) — @ for 0 < B < (6%,

Ifp(2) = 14 pp2™ + puyp12" Tt + -+ is analytic in U, then

) —2f(a) < (122)

p(z) < ij)ﬁ

Lemma C [3|. Let n be a positive integer, A\ > 0, §* = *(\,n) be
the solution of the equation m = 2F — arctg(nAB). Let a = a(B,\,n) =
B+ Zarctg(nAB) for 0 < 8 < B*. If p(z) = 1+ pp2™ + ppyp12" T + -+ s

analytic in U, then

implies

b+l (a) < (1)

p(z) < th)ﬁ

Lemma D [6]. Let h be starlike in U and let p(z) = 1+ pp,2"™ + --- be

holomorphic in U. If Z;’ES) < h(z), thenp < q, where q(z)=exp + foz @dt.

implies
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Lemma E [7]. Let p(t) be a positive measure on the unit interval
I =10,1]. Let g(t, z) be a complex valued function defined on U x [0, 1] and

integrable in t for each z € U and for almost all t € [0, 1], and suppose that
Re{g(t,2)} > 00on U and g(z) = [ g(t,z)du(t). If for fixed X (0 < X < 27)
I

is real for r real and

fte {g@l,z)} > e

for |z| <r and t € [0, 1], then

fe {g<1z>} > o)

for |z| <r and 0 < A < 2.

g(t,re™)

This Lemma can be proved in a similar manner as that of Lemma 2
of WILKEN and FENG in [7].

Theorem A [8]. Let ', v be complex numbers with 3’ # 0 and
let k be a positive integer. Let h be analytic in U with h(0) = a # 0,
Re[#'a++'] > 0, and

i) Re(8'h(z) ++') > 0.
If q is the analytic solution of the Briot-Bouquet differential equation

kzq'(z) z
1)+ Gy 7 = )
given by
q(z) = (i/ /OZ[H(tz)/H(z)]ﬁ;atllldQ _gi
with )
H(z) = Zexp/o [h(t) — a]/at dt
and if

ii) h is convex or Q(z) = % is starlike then q and h are uni-

valent. Furthermore, if the holomorphic function p(z) = a + apz® + - -
satisfies /(2)
2p'(z
p(2) + o ——"— < h(z
=) B'p(z) ++' =)

then p < q < h and q is the best (a, k) dominant.
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More general form of this theorem may be found in [8].

We also need the following well known formula.

For a, b, ¢ real numbers with ¢ # 0,—1,—2,... the function
abz  a(a+1)bb+1) 22

(xx)  oF1(a,b,c2) =1+ ——+

cU
c 1 c(e+1) 2! Y

is called the (Gaussian) hypergeometric function.
If ¢ > a > 0, then

1
DFy(ab, c; 2) = )/ 19=1(1 — )01 (1 — 20)~dt
0

and

oF1(a,b,c;2) = (1 — z)*szl (b,c —a,¢ - i 1) .

3. Main results

Theorem 1. Let g be holomorphic, with ¢(0) = 0, ¢’(0) # 0 and
suppose that Re Zg,(g) +1> - Let h(z) = (m 4+ n)z¢'(2) — mq(2).

n+m
If n is positive integer, f € ¥,, ,, and

2T (2) +m < h(z),

then 2™ f(z) — 1 < q(z) and the result is sharp.

PRrROOF. If we denote p(z) = 2™ f(z) — 1, then p(z) = a,z™™" + - --
is holomorphic in U and

(1) 2p'(2) —mp(z) = 2" T f'(2) + m < h(z).

Applying Lemma A with « = m, n = m + n from (1) we obtain that
2"f(z) — 1 < q(2).

Corollary 1. Let M be a positive real number and n, m be positive
integers. If f € ¥,, ,, and

(2) 2" (2) +ml| < M,
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then

3) ()~ 1] <

PROOF. If we take q(2) = 222 then h(z) = Mz and the result follows
from Theorem 1.

Corollary 1. Let f € ¥, ,, with m, n positive integers and suppose
that

mn

m—+1 p/
(4 2 (2) ] < e

then f € 37, .

PrOOF. Let 0 < M < 22— If we denote P(z) = 2™ f(z), then by

W
Corollary 1 we obtain |P(z) — 1| < 2 which implies that P(z) # 0 in U.
Hence the function p(z) = —% =m+ p,z2™T™ + ... is holomorphic in

U and we have —z™*1 f/(z) = P(2)p(z). Hence the inequality (4) becomes
(5) |P(z)p(z) —m| < M, zeU.

We have to show that this inequality implies Rep(z) > 0 in U. Sup-
pose Rep(z) # 0 in U. Then there exists a point zy € U such that
p(z0) = is where s is real number.

If M < 88— then |Im P(z)| < Vme=MZ1 P(z)| and

|P(2)is — m|? — M? = |P(2)|?s* + 2msIm P(z) + m? — M? >0
for all real s, then we deduce that
|P(2)is —m|? > M?

for z € U and s real.

In particular |P(z0)p(z9) — m| > M which contradicts (5).
Hence we must have Rep(z) > 0 in U, which shows that f € ¥, .

Remark. For m = 1 Theorem 1, Corollary 1, Corollary 2 were proved
in [2].
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Theorem 2. Let m, n be integers such that m > 0 and n > —m + 1.
Let

(6) B* = p"(m,n)
be the root of the equation Bm — 2 arctg (meﬂ) =0.
Let
(7) o = am,n, B) = 2 arctg "T™E _ g
T n
for 0 < B < B*.
If f € ¥,,, and
(8) |arg[—" 1 f ()] < aF, 2 €U,
then
T
(9) |axgle™ f()]] < B

PRrROOF. If we let p(z) = 2™ f(2) =1+ a, 2™ + - -, then

—2mHL (%) 1

m =p(2) — EZP/(Z)

and the inequality (8) becomes

) - ') < (1)

1—2z

Hence by Lemma B with A = % and m +n > 1 we deduce

p(z) < Gji)ﬁ

where o and [ satisfy (6) and (7).
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Theorem 3. Let m, n be integers such that m > 0 andn > —m + 1
and suppose that «, 3 satisfy (6) and (8).
If f € Sy and |arg[—2"" f/(2)]] < aF, then

arg < zf’(z))' < arctg m+n5’ z e U,
f(2) m

hence f € X7, ..

PROOF. Applying Theorem 1 from (9) and (10) we deduce

ar _E) arg[—2"" /(2 arg[z™ f(z T
£ (=350 < farg-am el 4 a9 < 7,

where
m-+mn

2
v =04+ a= — arctg 0.
T

Consequently

arg (—ZJ{(E;))‘ < arctg m; nﬂ <z

zf'(z
Re (— I )> > 0.
f(z)
Theorem 4. Let m, n be integers such that m > 0 and n > —m + 1.
Suppose that the positive real numbers «, 3, 7, ¢ satisfy

from which it follows that

2
(10) a:ﬁ—i—;arctgm—i_nﬁ
2 m+n
(11) 8= ;arctg v —".
If feX,, and
(12) |arg[—=" ()| < g, z€U,

then

F’ .
arg _Z (2) < arctg m—i—nv , zeU,
F(2) m
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*

m.n» Where

consequently F' € ¥

C
Zchm

(13) F(z) = /0 ttm=letydt, zeU.

PrOOF. From (13) we obtain

(c+m)F(2) + zF'(z) = cf(2),

and if we denote p(z) = =R g + P 2™ + ..., then

m

p(e)+ 2 opl(2) = =2 f(2),

and (12) becomes

p(z)+%zp/(z)< sz)a

Applying Lemma C we obtain

p(z) < Gji)ﬁ

that means
(14) |arg[—=" 1 F(2)]] < B3,

where o and ( satisfy

m-+n

2
o = 3+ —arctg 8.
T

c
Now by Theorem 2, the inequality (14) implies

T
o)

|arg[" F(2)]] <75

where
m-+n

2
8+~ = — arctg
T

289
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and we deduce

arg (—jf(())) ] < | arg[—="HF!(2)]| + | arglz" F ()]

+n i

< —.
TS5

s m
< (B+7)5 = arctg

Theorem 5. Let m, n be integers, m > 0 and n > —m+ 1. Let a, 3,
7, B1 be real numbers so that « € [0,m), v > 0

i) 1= 61+ 2arctg 2225,
i) B <[] < g

Let F': U — C defined by (x). If f € ¥}, | («), then Re[z™ F'(z)] > 0,
consequently F(z) # 0 in U.

PROOF. Since f € ¥, () we have f(z) # 0, for all z € U and, let
p(2) = 2" f(2).

W) A (=) 2a-m):
o T T [ R

Applying Lemma D we obtain that

2(a—m)

(15) p(z) =2"f(z) < (1 —z) =

This implies that 2™ f(z) # 0 in U.
Let g(2) = (z™F(2))? =14 g,2™*" + ... From (1) we obtain that

9(2)7 = 7 / Porme-s,
0

this implies that

2(a=—m)B

(16) 9(2)+ 220/(2) = "1 < (1 - 2) 5

We observe that |arg(1—z)| < §, when z € U. From ii) and (16) it follows
that

Re (g(z) + })lzg/(z)> >0,



Starlikeness properties of meromorphic m-valent functions 291

consequently

1+ 2
1—2

o)+ 22/ (2) <

Applying Lemma C with o = 1, n = m + n we obtain that

(1) 6(2) < (1‘2)51,

1+ 2

where (31 is given by i). We observe that

n-—+m

2
0<1-—p; =—arctg b1 <1,
T

ie. 1 € (0,1). From (17) it follows that
T
Jargl-" PR < 615,

that implies

hm

161 2

Taking into account that 3, <[3|, from (18) we deduce that Re(z™F(z))>0
in U, and this implies F(z) # 0 in U.

Theorem 6. Let m, n, o, 3, v, 1 be real numbers satisfying all the
conditions of Theorem 5 and suppose that 3 < 0.
If f € ¥}, () and F(z) is given by (1), then

(18) |arg[z" F(2)]] <

(19) Fexy, (),
where
1
5= _% S ~ 1 +ﬂﬁm,
21 ( m+n oLy m’-yl—n +1; §>

oFy given by (xx), and this result is sharp.

PROOF. From Theorem 1 we obtain that if f € 37, | («), then F'(2)#0

hence F(2)
2F' (2
) ==y = e




292 Margit Pap

is an analytic function in U with p(0) = m. From (1) we easily obtain that

PE G
)ty rmB - S Y

The condition f € X}, | (a) implies that

(20) p(z) +

) ()
5 < =5 = h(z).

From (20) and (21) we obtain that

(21)

PE) ol =B

—0p(z) +v+mp 1—2z

p(2) +

It is easy to show that h is a convex function in U and for § < 0,
~v > 0, Re(—Bh(z)+7v) > 0. Hence we can apply Theorem A with ' = —f,
v =~+PBm,a=m, k=m+n. Observe that Re(3’'a +7') =~ > 0 and
we obtain that

(22) p(z) < q(z) < h(z)
and this result is sharp, where

-1

—2B(a—m)
_ z —Bm _ m—+n m

m-+mn Jq 1—=z 16
2
(23) . L asa—m) 1

e _ﬁ tm:yknil — dt + w
m+mn J 1—2 Ié)
If we consider
—2B8(a—m)

1 ,
o' 1—tz m+n
= tmrm 1 dt
Q(z) A + (1_Z>

and we denote with

po Bla-—m) v
=— a , C
m—+n m—+n m-+n

|

I
s
+
—_
I




Starlikeness properties of meromorphic m-valent functions 293

we observe that ¢ > a > 0 and

(@)I'(c —a)

=(1-=z pL@l(c—a a,b,c,z
Q(Z) - (]‘ ) F(C) 2F1( 7b7 ) )
B [(a)T'(c—a) z _
(24) —(1—z)bW2F1 <b,c—a,cz_1> (1—2)7"°

1
1-=2
= [ ———————dul(t
/0 )
where
I'(a)
['(c—b)I'(b)
Let g(z,t) = l_%l_i_zt)z, we observe that Re{g(t,z)} >0, |z| <r < 1,
g(t,—r)eR,0<r<1,t€]0,1] and

fre {gé 7 } e { i t)z} =

for |z| < r < 1andt € [0,1]. Therefore, by using Lemma E we deduce
that

du(t) = t*=1(1 —¢)e=07! dt.

Re{gt) > iy ST <L

and by letting r — 17, we obtain

1 1
Re > , zeU.
{ Q(2) } Q(—1)
Taking into account that 8 < 0 we obtain that

B m+n  fBm+ry m+n v+ Bm

Reats) = e (25t + 257 = oty +
(25) _ " 1 +7+ﬁm:5
B,R (2ﬁ7(f+_nm)’1’ 24+, %) 6} :

From (22) and (24) it follows that

Re <_?Z()Z)) > lrzllll<nl Req(z) =9,

consequently F' € X%, () and this result is sharp.
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