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Volume of tubes in noncompact symmetric spaces

By X. GUAL-ARNAU (Castellén) and A. M. NAVEIRA (Burjassot)

Abstract. From the duality between symmetric spaces of compact type and sym-
metric spaces of noncompact type, we deduce an expression for the “infinitesimal change
of volume function” of geodesic balls and tubes around certain submanifolds of a non-
compact symmetric space of arbitrary rank. We also give a formula for the volume of
a geodesic ball in a noncompact symmetric space.

0. Introduction

The theory of tubes and geodesic balls in symmetric spaces of rank
one has been fully developed without making an explicit reference mention
to the theory of roots of the symmetric space [AGV], [G].

One important fact that arises for compact symmetric spaces of rank
one is that the isotropy representation acts transitively on the unit sphere
of the tangent space of any point. Since that property is not satisfied for
symmetric spaces of rank greater than one, we have to use the theory of
restricted roots and orbital geometry of the linear action of the isotropy
group of a compact symmetric space, to obtain an expression for the area of
geodesic balls and tubes around a submanifold of that compact symmetric
space [N-G].

The aim of this work is to use the duality between compact and non-
compact symmetric spaces to show that some of the formulae obtained in
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[N-G] for geodesic balls and tubes in compact symmetric spaces of arbi-
trary rank are easily adaptable to the noncompact case.

Finally, if we restrict our results to symmetric spaces of rank one we
can deduce the well-known formulae for geodesic balls and tubes in these
spaces. For instance, the volume of a geodesic ball in an n-dimensional
sphere of constant curvature A = 1 is given by

n T
1) VAr) = s [ s o) de,
(3) Jo
and the volume of a geodesic ball in the hyperbolic space of constant
curvature A = —1 is

2) V2(r) = 1%?3) /0 " sinh™1(8) d .

So, the formulas for the case of sectional curvature A < 0 can be found
by changing all of the trigonometric functions, which appear for the case of
sectional curvature A > 0, to hyperbolic functions. Similar remarks apply
to all rank one symmetric spaces and, as we will see in this work, also for
symmetric spaces of arbitrary rank.

To illustrate this program we will use the symmetric spaces of type
ATII as examples. Therefore, the complex projective space (compact case)
and the complex hyperbolic space (noncompact case) are included in these
examples.

1. Duality for symmetric spaces

Let My = Go/K be a noncompact symmetric space and M = G/K
a compact symmetric space dual to My. We denote by gg the orthogonal
involutive Lie algebra associated to My. Let

(3) go =k +mg

be the Cartan decomposition of gy (k is the Lie algebra of K). If g denotes
the complexification of gg, then the compact real form g. of g, given by

(4) ge = k+m where m = imy, (izﬁ),

is the orthogonal Lie algebra associated with M.
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Let h,,, denote a maximal abelian subspace of m and let hy be any
maximal abelian subalgebra of gg containing h,,,. We denote by h the
subspace of g generated by hg and h,, = ih,,, denotes a maximal abelian
subspace of m.

We give My the unique Gy-invariant Riemannian structure induced by
the restriction of the Killing form B of g to mg X mg. Similarly, the space
M will be given the unique G-invariant Riemannian structure induced by
the restriction of —B of g to m x m.

Let A denote the set of all nonzero roots of g with respect to h, and
let A,,, denote the set of those roots which do not vanish identically on
hm,- Each a € A is a C-linear function on A which is real-valued on hy,;
therefore, we get in this way an ordering of A,,,. Let AT denote the subset
of positive roots in A,,,.

The sectional curvature of the symmetric spaces My and M is given,
by means of the roots in AT, as follows:

Let Hy and X( be two unit vectors in h,,, and mg, respectively; the
sectional curvature of My is

KHOXO = (R(HOv XO)H07 XO)>

®) = (—[Ho, [Ho, Xol], Xo) = —a*(Hp), « €A™

Therefore, since a(Hy) € R, K, x, < 0.
Now, let H = 1Hy and X = iXy be two unit vectors in h,, and m,
respectively; the sectional curvature of M is

(6) Kpx = (R(H,X)H,X)=—a*(H)=—a*(iHy) = a*(Hp) > 0.
On the other hand, if we consider the linear actions
Ad: K xmg—mg and Ad: K xm — m,

it can be shown that the two actions have the same principal orbit type.
Moreover, if we denote by K/Kp, this principal orbit type, (Kp, is the
isotropy subgroup of K), the volume of the principal orbits K(Hy) =
Urex Ad(k)Ho, (Hy € mg), and K(H) = U, Ad(k)H, (H € m) is
([H-HJ, [H-L]):

(1) P(K(Ho) =¢ [[ ej(Ho)=¢ ] of(H)=*(K(H));
Jj=q+1 Jj=q+1

where ¢ denotes the constant given by the volume of K/Kp,.
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2. The volume function
of a geodesic ball in a noncompact symmetric space

We begin this section by giving an expression for the infinitesimal
change of the volume function from the roots in AT. The infinitesimal
change of the volume function appears in the volume formula of a tube
and it is defined as follows: given a submanifold P of My, the infinitesimal
change of the volume function ¥y, (¢) of P in the direction of a unit vector
Hy, normal to P, is given by w({(t)) = 9pu,(t)d Ho A dP A dt, where
&(t) is a geodesic of M satisfying £(0) = p € P and £'(0) = Hy, w is the
Riemannian volume element of My, d P that of P, and d Hy that of the
unit sphere in the normal space TpPL. This definition makes sense when P
is a point p € My and Hj is a unit vector in my; in this case a geodesic ball
(tube around a point) is considered and we obtain the following expression
for the infinitesimal change of the volume function:

Proposition 2.1. Let M, be a noncompact symmetric space and (t)
a geodesic in My such that £(0) = p and £'(0) = Hy (Ho a unit vector in a
maximal abelian subspace hy,, of mg). Then, the infinitesimal change of
the volume function 9, (t) is given by

sinh(ta;(Hop)) .

) Dy (1) = 4700 H o (Ho)

J=q+1

where ¢ is the rank of My, (i.e. dim(h,,,)), and «; varies in A", where
without loss of generality we assume that 0 = a1 (Hp) = --- = aq(Hyp) <
ag1(Ho) < -+ < ap(Hop).

PROOF. By analogy with the compact case (see [N-G]), we omit the
explicit proof of the proposition. The main difference between the two
cases is that for noncompact symmetric spaces the sectional curvature is
negative and the Riccati differential equations for the principal curvature
functions are:

k:’-(t):ki(t)2, 1=2,...,q;

) , ,
k;(t):kj(t) —Oéj(Ho) , j=q+1,...,n.

Now, starting with the expression (8) for the infinitesimal change of
volume function, our purpose is to simplify the integral over the unit sphere
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which appears in the next identity for the volume function of a geodesic
ball:

(10) ‘G,M(’(r):/ A;”O(t)dt:// t" Y, (t) d Hy dt.
0 0o Jsn-1(1)

In order to achieve this, we consider the next two properties, which
are satisfied for compact and noncompact symmetric spaces.

Proposition 2.2. The infinitesimal change of volume function Vg, (t)
does not depend on the vector chosen in the orbit | J; ¢ Ad(k)Ho.

Proposition 2.3. Let S"71(1) and S971(1) be the unit spheres in
mg and hy,,, respectively. Given a Weyl chamber Dy in h,,, we consider
Co = Dy N S?71(1), where Dy is the closure of Dy; then,

(11) S"H (1) = | Ad(k) Co.

keK
(See [N-G] for the proofs of both propositions.)

Theorem 2.4. The volume of a geodesic ball in the noncompact sym-
metric space My is given by

%MO(T):/O A]J?V[O(t) dt where
(12) n

Aéw() (t) = th—l/ H sinh(taj (Ho)) dH()
Co j=q+1

where ¢ denotes the constant given by the volume of the principal orbit

K/Ky,.

PROOF. From Propositions 2.2 and 2.3, we can express tha area func-
tion of the geodesic ball as

(13) AY(t) =2 [ o(Ho)da, (6)d Ho,
Co
where v(Hj) is the volume of the orbit | J,  ; Ad(k)Ho.
Now, replacing 9, (t) and v(Hp) in (13), and having in mind (8) and
(7), respectively, we obtain the desired result. O



318 X. Gual-Arnau and A. M. Naveira

3. Example: Symmetric spaces of type AIII

Now, we shall consider the noncompact symmetric space
My = SU(p,q)/S(U, x Uy), and we specialize the expression (12) for this
space. Here,

0 iz .
(14) m = { <—i)_(t 0 ) : Z complex p X ¢ matrlx} ;
and
(15) himy = > iR(Ejpyj — Epijij)
Jj=1

where E;j, denotes the matrix (04;0p%)-

Let Hy be a unit vector in h,,, which we identify with (x1,...,z,),
such that 27 +--- +z2 = 1. Then, from (5), the eigenvalues of Ry, are: 0
with multiplicity g, —m? with multiplicity 2(p — q), —435? with multiplicity
1 and —(z; — )%, —(xj + x%)? with multiplicity 2; for 1 < j < k < g.

A Weyl chamber in h,,, is given by Do = {(z1,...,2¢) 1 21 > -+ >
xq > 0}

From (12) we have that

2(p—q) q
A;‘,/"“ (t) = ctql/ H sinh(tz;) | | sinh(2tx;)
Co j=1 j=1

(16) 4
X H sinh® (t(xy — ;) sinh® (t(zy + 25)) d 2y ... dz,.
=1
j<k
Remark 1. For ¢ = 1, My is the complex hyperbolic space and the
area function of the geodesic ball is, [G],

(17)  AMo(t) = csinh®P =V (¢) sinh(2t) = 2csinh® ! (¢) cosh(t).

Remark 2. The area function Aéw (t) for the compact symmetric space
dual to My is given by changing in (16) all the hyperbolic functions to
trigonometric functions.

To end this section we plot the volume of a geodesic ball, up to the
same constant factor, in the compact and noncompact symmetric spaces
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of type AIII from 0 to the injectivity radius of the compact symmetric
space, which is 7/2, [N-G].

SU(4)/S(U(2) x U(2)) SU(2,2)/S(U(2) x U(2))

4. Tubes in noncompact symmetric spaces

In the preceding section we have computed the volume of a geodesic
ball in a noncompact symmetric space My as an adaptation of the volume
function of geodesic balls in the compact symmetric space M dual to M.
In this section we consider tubes around totally geodesic submanifolds
compatible with M.

Let Py be a totally geodesic submanifold in My; then ([He] and [W]),
Py = Uy/L is a noncompact symmetric space. Let po denote the Lie
algebra of Uy and ug = pg + [ its canonical decomposition.

In order to get the compatibility condition of Py with My we assume
that for all vectors Hy in pg- the curvature operator satisfies the condition
of preserving the curvature Ry, (po) C po and Ry, (pg) C pg, (the first
inclusion is immediate because py is a Lie triple system).

Let P denote the compact symmetric space dual to Py, which is, in
its turn, a totally geodesic submanifold compatible with M.

In [N-G] we have computed the infinitesimal change of volume function
of P; therefore, as we have seen in Proposition 2.1 for geodesic balls, the
infinitesimal change of the volume function of Py is given by changing all
of the trigonometric functions, which appear in the infinitesimal change of
the volume function of P, to hyperbolic functions.

However, although we have an expression for the infinitesimal change
of the volume function of Py, it is not possible to obtain a finite value
for volume of a tube around P, because Fy is a noncompact submanifold
of M(].
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