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Some examples of almost complex manifolds
with Norden metric

By V. OPROIU (Tasi) and N. PAPAGHIUC (Tasi)

A Norden metric on the almost complex manifold (M, J) is a pseudo-
Riemannian metric g on M such that

9(JX,JY)=—g(X,Y)

for arbitrary vector fields X,Y on M. Then g has the signature (n,n)
where 2n is the (real) dimension of M. In [2] the almost complex mani-
folds with Norden metric have been classified in eight classes. In this paper
we present examples of almost complex manifolds with Norden metric be-
longing to some of the classes from [2]. Our examples are constructed on
the cotangent bundle of a smooth manifold, endowed with a symmetric
(nonlinear) connection and a nondegenerate symmetric M-tensor field of
type (0,2). These examples cover five of the eight classes in the classifi-
cation given in [2]. The remaining classes are those of the special com-
plex, quasi-Kéhlerian and w; ® w3 manifolds with Norden metric. Re-
mark that in [1] the authors have obtained examples of Kéahlerian, special
complex and semi-Kéhlerian manifolds with Norden metric. The examples
given in this paper can be considered also on the tangent bundle endowed
with an appropriate (nonlinear) connection. Throughout this paper the
well known summation convention is used and the range for the indices
hyi, g,k l,m,y ... is {1,2,...,n}.

1. Almost complex manifolds with Norden metric

Let (M, J) be a 2n-dimensional almost complex manifold, i.e. J is an
endomorphism of the tangent bundle with J? = —I. A pseudo-Riemannian
metric g on M is a Norden metric for .J if

(1) g(JX,JY) = —g(X,Y); X,Y € X(M).
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Then ¢ has necessarily the signature (n,n). If V is the Levi Civita connec-
tion of g then the following tensor field F', of type (0,3) may be considered

F(X,Y,Z) = o(VxJ)Y.Z); X,Y.Z € X(M).
The tensor field F' has the following properties
(2) F(X,Y,Z)=F(X,JY,JZ)=F(X,Z)Y).

The space of tensor fields F' of type (0,3) with the properties (2) has
been decomposed (see [2]) in to the direct sum of three terms. Using
this decomposition, there are obtained eight classes of almost complex
manifolds with Norden metric. To describe these classes, introduce the
following 1-form ¢, associated with F:

(3) 0p(X) :gijF(ei,ej,X); peM, XeT,M, i,j=1,...,2n,

where (e1, ... ,ea,) is a basis in T,M and g;;, g are the components of
the metric tensor field g and its inverse with respect to this basis.

Then M is called:

1. Kéhlerian manifold with Norden metric if
(4) F(X,Y,Z)=0
or, equivalently, VJ = 0.

2. Conformally Kéahlerian manifold with Norden metric, or w;-mani-
fold if

(XY, Z) =9(X,Y)p(Z) + 9(X, Z)p(Y) + g(X, JY )p(J Z)+
+9(X,JZ)p(JY).

3. Special complex manifold with Norden metric, or ws-manifold if
(6) =0, FX)Y,JZ)+F(Y,Z,JX)+F(Z,X,JY)=0.

4. Quasi-Kéhlerian manifold with Norden metric, or ws-manifold if
(7) FX,Y,2)+ F(Y,Z,X)+ F(Z,X,Y) = 0.

5. Complex manifold with Norden metric, or wy @ ws-manifold if
(8) FX,Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY)=0.

6. Semi-Kéhlerian manifold with Norden metric, or ws ¢ ws-manifold
if

9) ¢=0.
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7. w1 @ ws-manifold if
n{ F(X.Y,2) + F(Y,2,X) + F(Z,X,Y) | = g(X,Y)p(Z)+

(10) +9(Z, X)p(Y) + (Y, Z)p(X) + g(X, JY )p(J Z)+
(Y, I Z)p(JX) + g(Z, TX)p(JY).

8. Almost complex manifold with Norden metric if no special condi-
tion is fulfilled.

Remark that in [1] the classes of Kéhlerian, special complex and semi-
Kahlerian manifolds with Norden metric have been considered on the tan-
gent bundle of an almost Hermitian manifold.

In this paper, we get examples for five of the eight classes listed above,
i.e.: Kahlerian, conformally Kahlerian, compex, semi-Kahlerian and al-
most complex manifolds with Norden metric. Our examples are obtained
in the case of the cotangent bundle of a smooth manifold with a symmetric
(nonlinear) connection.

2. The case 8: almost complex structures with Norden metric
on cotangent bundles

Let M be an n-dimensional smooth manifold and denote by
m:T*M — M its cotangent bundle with fibres the cotangent spaces to
M. Then T* M is a 2n-dimensional smooth manifold and some local charts
induced naturally from local charts on M may be used. Let (U,x) be a
local chart on M with the domain U and the coordinate map z = [z%];
i = 1,...,n. Then the local chart (7=1(U), (q,p)) is induced on T*M
where the coordinate map (q,p) = [¢%,p;] is defined as follows. Firstly,
¢" = 2% -7, i.e. the first n local coordinates of a cotangent vector from
7~ H(U) are the local coordinates of its base point, thought of as functions
on 7~ Y(U). Then p;; i = 1,... ,n are the vector space coordinates with
respect to the natural local frame (dz!,. .. ,dz™) in T* M defined by (U, z).
The M-tensor fields and the linear M-connections may be considered on
T*M and the usual tensor fields and the linear connections on M may be
thought of naturally as M-tensor fields and linear M-connections on 7M.

Let VI™*M = Ker m, C TT*M be the vertical distribution over T M.
Then VT*M is involutive with fibre dimension n and the local vector
fields 8%1_ =0%i=1,...,n define a local frame in VT*M. A (nonlinear)
connection on T*M is defined by a complementary distribution HT*M
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(horizontal distribution) to VIT*M in TT*M. A local frame in HT*M is
defined by the vector fields 5%1-; 1=1,...,n where

0 0 0
11 = _ N..— .

4 o¢'  9¢° Y Op;
The functions N;j;; ¢,7 = 1,... ,n are the connection coefficients of the con-
sidered (nonlinear) connection in the induced local chart (7=1(U), (¢, p)).
We shall assume N;; = Nj;, i.e. the considered nonlinear connection is sym-
metric (there always exists a symmetric nonlinear connection on 7% M).
Then

g 6 .0 ) 0
12 O 0 g O |0 0 p O
() [51%" 561]] *opy.” [&J”W] Fokis D
where
1 oL, = =T - =
(13) ik op; i dqt 5q7

Remark that the components q)é.k; 1,5,k = 1,... ,n define a linear M-
connection on T*M and the components Ry;j; 4,7,k = 1,... ,n define an
M-tensor field of type (0,3) on T*M.

The pseudo-Riemannian metric G with the signature (n,n) is defined
on T*M by the following local coordinate expression:

(14) G = 2(dp; + Nyjd¢’ )dq'
(see [3]) and its Levi Civitia connection V is given by
. -5 _ .
vzizo, V'— =0, vii:_qﬂki7
Ip; o’ Ip; " Opr,
(15) 4] 4] 0
N VR -
Visg = Pusg T kg,
where we have denoted:
Vi=Vy, Vi=V,.
Op; dq*
From V we get its Schouten connection V given by
=i —i 0 = ;
¥ o 90 o vl D
Ip; og’ Op; " Opr,
(16) 5 5
Vi— = oF —.

dqJ Y 5qk
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Next, we may consider the covariant derivatives with respect to V of the
M-tensor fields on T*M. E.g. if the components g;i; j,k = 1,... ,n define
an M-tensor field of type (0,2) on 7" M then

ot i = 0g;k

V gjk = 0" gjr, Vigjx = chl - (I)?jghk — @ g
The components V;gx; i,j,k = 1,... ,n define an M-tensor field of type
(0,3) on T* M.

Assume that the components g;i; j,k = 1,... ,n define a nondegen-

erate M-tensor field of type (0,2) on T*M. Denote by ¢/%; 5,k =1,... ,n

the components of its inverse matrix, i.e.

(17) gihgkh = ghighk = 55-
Then the components ¢/%; j,k =1,... ,n define an M-tensor field of type
(2,0) on T* M.

Definition. The almost complex structure J on T*M determined by
the nondegenerate M-tensor field g;; is given by:

4] 0 0 0
— g L

J defines in fact an almost complex structure on T* M, as it can be checked

by a straightforward computation.

Proposition 1. The pseudo-Riemannian metric G given by (14) is a
Norden metric for the almost complex structure J given by (18) if and
only if M-tensor field g;; is symmetric, i.e. g;; = gj;-

PROOF. By straightforward computation.

Thus, the existence of a symmetric (nonlinear) connection and of a
symmetric nondegenerate M-tensor field of type (0,2) on the cotangent
bundle T*M of a smooth manifold M assures that 7% M may be organized
as an almost complex manifold with Norden metric, i.e. a manifold from
the class 8.

The following expressions of F' and ¢ considered in the first section
of this paper are obtained in the case of (T*M, J, G) by a straightforward



204 V. Oproiu and N. Papaghiuc

computation:
9 9
8p] Opk
r 9 i _ o 9\ _
i 3 Toqk) apz oq ap;)
(5 1) 6 0 0 .
19 F _— = , - — — — _VZ Jk’
19) < pi’ 6q1 q’“) 9k <5ql Ip; 81%) g
6 0 6 0 -
F|l—,—,— | = = Rixng’"
(5178 k) (5q 5qk78pj> Eng”
6 0 —
NER AT
0 - ) ) -
(20) P <3pk) =-Vig*, ¢ <5qk> = 0'gir — 9" Rijn.

Finally, we shall present some auxiliary results for later use. Let V
be a torsion-free linear connection on M and denote by Ffj its connection
coefficients. Then V defines a symmetric (nonlinear) connection on 7% M
with the coefficients —I'¥; ;pr and we may express the connection coefficients
of any symmetric nonhnear connection on T* M as follows

(21) Nij = —Ffjpk + Cij

where the components ¢;;; 4,5 = 1,... ,n define a symmetric M-tensor
field of type (0,2) on T* M. Next, we may express the coefficients @fj and

the derivative defined by V as follows:

(22) oF =TV — 8¢y,
(23) Vigik = Vigjn — Cihahgjk + gjhahcik + ghkahcij
where

) 9y, ¢ h h
(23°) Vigjr = ( o + pul'},0 ggk> Liignke — Uik gin-

Finally, we get the following relation between the torsion of the non-
linear connection defined by INV;; and the curvature tensor field RZij of

V:
(24) Rkij == _thZij + ViCjk — vjcik — Cihahcjk + thahcik.
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3. The case 1: a Kihlerian structure with Norden metric on 7% M

Using (19), the condition F' = 0 which must be fulfilled is reduced in
the case of (T*M, J,G) to:

(25) (i) 0'gjr =0, (ii) Vigje =0, (iii) Ryjx = 0.

From (25)(i) it follows that the g;; are independent of p;. Thus the M-
tensor field g;; is obtained from a tensor field on the base manifold, defining
a pseudo-Riemannian metric. Then the condition (25)(ii) and the condi-
tion for N;; to be symmetric imply that V is the Levi Civita connection

V of gi;, thought as a linear M-connection on 7" M. Then

(26) (i)(I)Z.l; :{fy} (ii) Ni-:—pk{ilj.}—l—cij

where {Z} are the Christoffel symbols and the components c;;; 4,7 =

1,...,n do not depend on pi. From the conditions (25)(iii) and (24) we
get . . .
Rkij = _thZij + Vicjk - Vjcik =0.

It follows that RZZJ =0, Vicjr — Vjcip = 0, i.e. the connection V is flat
and the tensor field with the components c¢;; is a Codazzi tensor field.
Hence

Theorem 2. The almost complex manifold with Norden metric
(T*M, J,G) is Kahlerian with Norden metric if and only if J and G are
defined by a flat pseudo-Riemannian structure on M and a nonlinear con-
nection given by (26)(ii) where the components c;;; i,j = 1,... ,n define
a Codazzi tensor field on M.

The n-dimensional torus 7™ has a flat Riemannian metric and every
Codazzi tensor field on T defines a Kéhler structure with Norden metric
on its cotangent bundle T*71™.

4. The case 2: a conformally Kéahlerian structure with Norden
metric on 1" M

The condition (5) which must be fulfilled is reduced in the case of
(T*M, J,G) to the following relations:

() (n+1)0"gju = 6:0" gni, + 61,0 gn;,

(27) (ii) Vigjr = 0,
(iti) (n + 1) Rijr = 90" gn; — 9:50" gni-
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Consider a fixed pseudo-Riemannian metric on M, defined by the
symmetric tensor field ¢;; and denote by V the Levi Civita connection of

(M, t;;). Take the Christoffel symbols {Z } of V for F’fj in (21). We also
take
(28) 9ij = tij + 1ipj + 1;pi + apipj, ¢y = bip; + 0;pi + bpip;
where 7;, 0; define 1-forms on M, thought of as M-1-forms on T*M and
a,b are constants.

It follows by a straightforward computation that the condition (27)(i)
is identically fulfilled by the g;; given in (28). Then, by using (23), (23’)
we get from (27)(ii) that

b=0, 0=Vitjp=—t;j0 —tir; — 2t;10;,
(29) Vit j J j
Vin; = —b0in; — 0;m;.

From the second condition (29) we get 6; = 0.

Finally, from the condition (27)(iii) we get, by using (24), the following

relations:
(30) (i) R}y, = —(ata — ning)d) + (ati; — min;)op,
(ii) tjemi —tim; =0

where RZ . are the components of the curvature tensor field of V. Since

the tensor field defined by t;; is nondegenerate and we assume n > 1, it
follows from (30)(ii) that nr = 0. So we get the following expression

(31) gij = tij +apipj, ¢ij =0

i.e. the nonlinear connection on 7% M is defined by the Levi Civita con-
nection of (M, t;;):

k
(32) Nij:_{ij}pk-
Then, from (30)(i) we get

(33) R?Jk = a(tijé,’; — tiké;l),

i.e. (M,t;;) must have the constant curvature —a. Thus we may state:

Theorem 3. Let (M,t;;) be a pseudo-Riemannian manifold. Assume
that the almost complex structure with Norden metric on T* M is obtained
from the Levi Civita connection V of (M, t;;) by (21) and from the M-
tensor fields g;;, ¢;; given in (31). Then (T*M, J, Q) is conformally Kéhler
with Norden metric if and only if the pseudo-Riemannian manifold (M, t;;)
has constant sectional curvature —a.
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5. The case 5: a complex structure with Norden metric on T*M

The condition (8) which must be fulfilled is reduced in the case of
(T*M, J,G) to the following relations

(34) (i) Vigik = Vg, (i) Riij = 0"grign; — 0" g1 gni-

Fix an arbitrary torsion-free linear connection V on M and express the
connection coefficients of the nonlinear connection on T*M by (21). As-
sume that the M-tensor fields g;;, ¢;; are given by (28). Then from the
condition (34)(i) we get

(35) (1) Vitjk — Vjtik; = tikej - tjkzei, (ii) vink‘ = btik - 7714:91' - 77i9k-

Next, from the condition (34)(ii) we get by using (24) the following
relations:

(i) Rii; =01 (Viby = V;8:) — 61 (V0k + 0,60, + at i)+
(36) + 60 (Vibk + 0,0y, + atyy),
(ii) - mitjrx — njtie = 0.

Since n > 1, we get from (36)(ii) that n;, = 0, and (35)(ii) implies b = 0.
Thus we find the expression (31) of g;; and the following expression for ¢;;

(28) cij = 0ip; + 0;pi -

Moreover, the expression (36)(i) of R} . gives us the condition that be V

kij
projectively flat. Hence we may state: ’

Theorem 4. Let (M, t;;) be a pseudo-Riemannian manifold and as-
sume that there exist a torsion free linear connection V and a 1-form 6; on
M such that the condition (35)(i) is fulfilled. Then (T*M, J,G) defined
by V and g;; given by (31) and c;; given by (28’) is a complex manifold
with Norden metric if and only if the linear connection V is projectively
flat.

Remark. If we take 6; = 0, the conditions which must be fulfilled
become

(37) Vitjk - Vjtik = 0, RZij = a(tkﬁ? - tkjéf‘)

i.e. V is always projectively flat and ¢;; is a kind of Codazzi tensor field
with respect to V.

We may get another example of a complex manifold with Norden
metric by considering a Kéhler manifold as the base manifold of 7™ M.
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Denote by sz the components of the complex structure on M, by t;; the

components of the Kihler metric on M and by V the corresponding Levi
Civita connection. Then:

(38) ti;FLF) =ten, Vitj=0, V,F]=0.
Take in (21) V =V and ¢;; = 0, i.c.

k
Nij:_pk{ij}a

and consider the M-tensor field g;; on T*M given by
(39) 9ij = tij + a(pip; — Ff F}'pipn)

where a is a constant. Then it follows easily from (23),(38) that Vig;; = 0,
thus the condition (34)(i) is automatically fulfilled. Next from (24) and
(34)(ii) we get

(40) Ri = a{6Mte; — 6P tyj + FtjoFf — FltyFf — 2t FIF)'}

ie. (M, F ;, t;;) must have constant holomorphic sectional curvature —4a.
Hence we may state:

Theorem 5. Let (M, F},t;;) be a Kéhler manifold of constant holo-
morphic sectional curvature —4a. Then (T*M,J,G) with the nonlinear
connection defined by the Levi Civita connection of (M,t;;) and the M-
tensor field g;; given by (39) is a complex manifold with Norden metric.

Remark. Under the assumptions from Theorem 5, (T*M, J,G,) can-
not be a conformally Kéhler manifold with Norden metric.

6. The case 6: a semi-Kéahlerian structure with Norden
metric on T*M.

The condition ¢ = 0 which must be fulfilled is expressed in the case
of (T*M, J,G) by:
(41) Vig* =0, ¢9Ri,=0"gi.
To get an example for this case we shall take g;; = t;; independent of p;, and

the nonlinear connection on 7" M defined by the Levi Civita connection
V of (M, tij) i.e.

(42) N, = —pk{ k}

L]
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With this choice, the conditions (41) become
(41) Vit* =0, YR}, =0.

Remark that the first condition (41’) is trivially fulfilled. The second
condition (41) is equivalent to the property for the pseudo-Riemannian
manifold (M, t;;) to be Ricci flat. Thus we may state:

Theorem 6. Assume that the pseudo-Riemannian manifold (M,t;;)
is Ricci flat. Then (T*M, J,G) defined by the nonlinear connection N;;
given by (42) and g¢;; = t;; is a semi-Kdhlerian manifold with Norden
metric.

7. Some final remarks concerning the remaining cases

In this section we shall discuss the possibility of finding examples for
special complex structures with Norden metric (case 3), quasi-Kéhlerian
structures with Norden metric (case 4) and wy @ ws - structures (case 7)
on the cotangent bundle T M.

In the case 3 (the special complex manifolds with Norden metric) the
conditions which must be fulfilled by (T*M, J,G) are (34) and (41). Then
we get after a straightforward computation

(43) 9in0"gjrg"* = 20" gp;.

Thus we must find a nondegenerate symmetric M-tensor field g;; on T M
satisfying (43). Such an M-tensor field could be g;; = t;; -independent of
pr. Then the conditions which must be fulfilled are

(44) (i) Vigjk = Vg, (i) Vig™ =0, (iii) ¢" Ryij = 0.
Denoting by V the Levi Civita connection of (M, g;;), the conditions (44)
may be written in the following equivalent form:

(45) N jS'lahcm = .Qz‘hahcjka' g7 0" epp + 0'enpg™ =0,

g Z(—Rgijph + Vicjk — Vicik — cindcji + cjnd™cir) = 0

where Vicjk is defined similarly to (23’) by using V instead of V. Now, the
point is to find an M-tensor field ¢;; on T*M in order that the conditions
(45) be fulfilled.

In the case 4 (the quasi-Kéhlerian manifolds with Norden metric) the
conditions which must be fulfilled by (T*M, J, G) are:

(46) (i) Vkgij =0, (i) Riji + Rjri + gin0"gj1 = 0.
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Due to the identity
(47) Riji + Rjpi + Ry = 0
the relation (46)(ii) is equivalent to the following two relations

(48) i) 9in0"gj + 95n0" gri + grnd"gi; = 0,
(i) 3Riji = g;n0" gir — gend" gij-

So we must find a nondegenerate symmetric M-tensor field g;; and a sym-
metric nonlinear connection on 7*M in order that conditions (46)(i) and
(48)(i),(ii) be fulfilled.

Finally, in the case 7 (the w; @ w3 - structures) the conditions which
must be fulfilled by (T*M, J,G) are

(i) nVigi; = (96 Vngje + 958V ngie — 915V ngre) 9",
(49) (i) ngind"gjr + nRjk + nRiji = 9i;(0" gnr — 9" Ruex)+
+ 9k (0" gnj — 9" Rue) — 950" gni — 9" Rner-

Using again (47) the condition (49)(ii) may be transformed into

(n +2){9in0" gk + 909" gri + gkn0" 9i;+ = 9i;(20" g+
(50) + 950 0" Gimeg™) + 95 (20" gni + Gind" gmeg™")+
+ gri(20"gnj + 9in 0" gmeg™"),

3Ryij =9in0" g1 — 900" gir+

(51) + P { 95k (20" gni + gin0" gmeg™")—

— 9ir(20"gn; + 9jn0" gmeg™") } :

The following nondegenerate symmetric M-tensor fields on 7*M can
be considered:

a) gij = t;j -independent of py,

b) 9is = T gq (tia T apipy); ¢V = (14 aa)at” — 567 prpy,
oy (gt e+ mp; g = fay = (L4 B

+ 6" —pipn + (1+ B)(mkpn + mwpr) — amemn },

c) Ggij =
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1
V5= —Tp
g7 ={ aly—a) = (1+ )" } 17 + """ { (a = y)prpn+

+ (1+ 3)(kpn + mnpr) — annn }

B (tij + mipj + njpi + apip;);

where a is a constant and a = t*pyp;,, B = tF" = thh

NkPh, Y NkMh -

Remark. Some of the examples presented above may be adapted for
the remaining cases. However, they cannot be considered as specific ex-
amples for the cases 3, 4, 7.
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