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On Nemytskii operator for set-valued functions

By JOANNA SZCZAWINSKA (Krakéw)

Abstract. This paper is devoted to Nemytskii operator mapping some subfamily
of the space of class C'! functions into a space of set-valued functions, and can be
considered as generalization of [13].

J. MATKOWSKI has proved that every function h, which generates the
Nemytskii operator mapping the Banach space of Lipschitzian functions
into itself and satisfing the Lipschitz condition, must be Jensen function
with respect to the second variable (see [3], [4], [5]). His result was gen-
eralized by A. SMAJDOR and W. SMAJDOR for set-valued functions ([10],
[11]). We will restrict our attention to the Nemytskii operator defined on
some subspace of the space considered by Matkowski.

We will start with some definitions and notations. Let (X, || - ||) be a
real normed space and let C C X be nonempty. Let f : (a,b) — X, and
x1,...,%p € (a,b) be distinct points. The divided difference [z1,...,zp; f]
of f at points x1,...,x, is defined by recurrence

[xlaf] = f(x1)>

[xl’.“’x‘p;f]: [x27-"7xp;f]_[xla'“vxp—l;f]’ p22
Tp — T1

(cf. [2]).
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Let us consider

lip2(<(l,b>,0) = {f <a¢b>_>0: sSup H[t17t27t3;f]” <OO}.
tl,tQ,t3€<a,b>
titty, j#i

It is clear that lip?((a,b), X) is a real normed space with the norm

LA = @l + 1@+ sup It b2, 55 f-
t1,t27t3€(a,b)
titt;, j#i

It is a Banach space, if the space (X, || -||) is complete.
Indeed, let {f,}nen be a Cauchy sequence in lip®({a,b), X) and let
€ > 0 be fixed. Then,

[fna) = fm(a)ll < e,

and
1 fn(z)_fm(z)_fn(y)+fm<y)
0 |z — x| Z-y
_ fo(y) = fn(y) = fo(@) + fin(2) <e
y—= 7

for all z,y,z € (a,b), distinct and n,m > ng, where ny = n(e) is some
number.
Let us fix € (a,b). By (1), for n,m > ny,

fo(x) = fim (@) = fn(0) £ frm(b) H

z—b
<e(b—a) + 1) —fm(bziin(a)%—fm(a)\\ <elb-a)+ bg_ga'

Hence,

(@) = fn(@)] <& (0= a)* +2) + [ fa(b) = S (D) < e ((b—a)* +3),

n,m > ng.
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So, {fn(z)}nen is a Cauchy sequence, for each = € (a,b). Define f :
(a,b) — X as follows f(x):= lim f,(x), z € (a,b). By the continuity of

the norm and (1),
Iz y, 2z fn = fll < &, 1> no,

thus f € lip®({a, b), X), and || f,, — f|| < 3¢, n > ny.
The space lip?((a, b), C) C lip®({(a, b), X) can be considered as a metric
space with a metric generated by the norm from lip®((a, b), X).

First, we prove a few properties, which will be useful.
Let us consider the family

lip' ({a, b),R) := {f (a,by = R: sup |[t1,t2; f]] < oo}

t1,t2€(a,b)
t1#to
By [2] (Lemma 1, p. 390), lip((a,b),R) C lip'({(a,b),R), but not con-
versely (for example the function f(x) = % x € (0,1) belongs to the

)

class lip' ((0,1),R), but f ¢ lip®((0,1),R)).

It is easy to check that (lip*({a,b),R),]| - ||) is a real Banach space
with the norm

If1l:=1f(a)[ 4+ sup [[tx,t2; f]].
tl,tze(a,b>
t1#ts

Lemma 1 (cf. the proof of Th. 1 in [2] p. 391). If f € lip?((a, b),R),
then f is of class C! in (a,b), and its derivative f' belongs to the class
lip'({a,b),R) and

sup Htl?t2’f/” §2 sup |[t17t27t3;f”’
t1,t2€(a,b> tl,tQ,t3€<a,b>
t1#t2 tiAty, j#£i

If a function f : (a,b) — R is differentiable in (a,b), and f' € lip* ((a,b),R),
then f € lip*({a,b),R), and

sup [t1,t2, 835 ]| < sup  |[[t1, t2s f']).
t1,t2,t3€<a,b> t17t2€<a,b>
tiAt;, j#£i t17#t2
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PROOF. Let f € lip®((a,b),R) and
M:=  sup |[ts,t2,t3; f]|.
t1,t2,t3€<a,b>

tity, j#i

Let z1,z2,y1,y2 € {(a,b) be fixed distinct points. Then

‘f(xl)—f(@) _fy) = fy2)

1 — T2 Y1 —

’f — f(y1) f(yl) — f(y2)

’f — flz2)  f(z2) — f(y1)

T — T2 T2 — W1

T2 — Y1 Y1 — Y2

< M(|lz1 —y1| + 22 — y2|).

Thus, for a fixed point x € (a,b), there exists the limit

i @) — flz2)

T1,To—T Tr1 — T2
T1#£T2

— ().

So, the function f is differentiable at every point = € {(a,b). Moreover,
letting ©o — x1, and y» — y1, we obtain that

[f' (1) = f'(yn)] < 2M |y — | for all 1,91 € (a,b),
which proves, that f is of class C, its derivative f’ € lip' ((a,b),R) and

sup [z, 915 f]] < 2M.
z1,y1€(a,b)
T17£Y1
Conversely, let f : (a,b) — R be differentiable in (a, b), its derivative

f’ belong to lip' ({a,b),R), and let x,y, z € (a,b) be fixed distinct points.
By Theorem 1 in [2] (p. 372), a function (x,y, 2) — [z, v, 2; f] is symmetric,
so we can assume, that © < y < z. Then, by the Lagrange Theorem, there
exist & € (x,y) and & € (y, z) such that

L fE) =) fly) = f@)| (&)= f(&)
2=z | z-y y—x |z — x|

<|f/(§1)_f/(§2)‘< sup |[t1,t2; f']].

B €1 — &2 B t1,t2€(a,b)
t1#to
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Thus
sup [ty to,t3; ]| < sup ([t t2; 1)),
tl,tz,t3€<a,b> t17t2€<a,b>
tiF#ty, j# t1 7o
which ends the proof. O

Remark 1. If f, g € lip' ((a,b),R), then

max{f, g}, min{f, g} € lip'((a, ), R).

Indeed, let h : {(a,b) — R be given as h(x) := max{f(z),g(z)}, = €

utvtfu—vl e have

{lf ) =St

+‘!f(t2) glt2)| ~ 11 (1) — g(t0)] }
ty — 1

(a,b). Since max{u,v} =

h(t2) — h(t1)
to —ty

‘g(tz) —g(t1)
to — t;

< sup |t tes fll 4+ sup ([t t2; 9]
tl,tQE(a,b> tl,t2€<a7b)
t1 #ta t1#£ts

for all distinct ¢1,t2 € (a,b). Hence

sup [y, tp;max{f,g}]| < sup [t t2; fll+  sup |[[t1,t2;9]]-

t1,t2€(a,b) t1,t2€(a,b) t1,t2€(a,b)
t1¢t2 t17ét2 tl;’étZ
For min{ f, g}, the proof and the inequality are the same. O

Remark 2. Let u,v € R, and z, 2z € {(a,b) x < z be fixed. The function
g : {(a,b) — R, given as follows

u, t € {(a,x),

o (t—x)4u, te (l‘, I;Z%

t—2)2 4o, te (T2 ),
2

\ v, t e (Z,b>,
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belongs to the class lip?({a,b), R) and sup  |[t1,t2,t3; 9] <8 lu—v|

EEOLE
t1,t2,t36<a,b>
tiFty, jF#

PRrOOF. If u = v, the remark is obvious. Let v < v. Then it is easy
to check that g is differentiable. Its derivative is equal to

0, t € (a,x),

—(t—x x, Ttz
(fo)z(t ); tE(, 2>’

B ) VP z+z ,
(z — 1) (¢ ); te( 2 >7

. 0, tc (Z,b>,

and g is of class C!. Let us define functions h; : {a,b) — R, i = 1,2 by
formulas

ha(t) = H(t —a) ha(t)= s (- 2)

Then ¢’ = min{max{0, h; }, max{0, ho}}, and
/ ’v — u‘
sup |[t1,t2;9']| < sup ([t tas ]|+ sup  [[ty, t2; ho][=8 5.
t1,t2€(a,b) t1,t2€(a,b) t1,t2€(a,b) (z—2)
tl;étQ t1¢t2 t13£t2

Thus, by Lemma 1,

u— |
sup |[tlat27t37g||§8( )2‘
tl,tg,t3€<a,b> z z

tiAt;, j#£i

If v < u, then define gg : (a,b) — R as go = —g. Then

—u, t e <CL,$>7
20, te (n2g),
go(t) == e
w(t_z)Q—v, te (552, 2),

—v, t € (z,0).



On Nemytskii operator for set-valued functions 333

Since —u < —wv, go € lip>({a,b),R) and

—u-+v
sup  |[t1,t2,t3; gol| 38‘(_)2-
t1,t2,t3€(a,b) 2o
tiitjz ]#'L

A set C C X is said to be a convex cone if C +C C C and A\C C C for all
A € (0,00).

Lemma 2. Let (X, || -||) be a real normed space, C C X be a convex
cone and let x,z € (a,b) be fixed, v < z. If u,v € C then the function
¢ : {a,b) — X, given by formula

u, t e <a'7 x>7
2(U B u) 2 z+2z
7(2_3;)2(75—95) +u, te(z, =),
o(t) = 20— )
B B 2 Ttz
W(t—Z) +U, tE( 2 ,Z>,
v, t € (2,0),
. 2 . lu—2ll
belongs to the classlip®({a,b),C) and ~ sup  ||[t1,t2,3;¢]| < 8=z
t1,t2,t3€(a,b)
tiFty, jFi

2
Proor. If t € (z, Z£2) then 0 < (%) < 1. Thus

2
Similarly, for t € (££2,2), —2 (t_z) (v—u)+wv € C. Hence ¢ : (a,b)—C.

Z—X

Let us define a function ¢ : (a,b) — R by formula

(0, t € (a,x),
2
(z—:n)z(tix)a te (:E, x‘§2>,
g(t) = y
e (t—2)2+1, te (&2,2),
1, t € (2,b)
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It is easy to check that o(t) = (1 — g(t))u + g(t)v, t € {(a,b), and
[t1,t2,t3; 0] = [t1,t2,t3;9](v — u), for all t1,t2,t3 € (a,b), distinct. By
Remark 2, g € lip?({(a, b), [0, 400)) and sup  |[t1,te, t359]] < e x)2
t17t27t3€<a,b>
tiFty, ji
Therefore
[u—]

TETSER g

||[tl)t2)t3a ]H < 8

Let us consider a real normed space (Y, ||-||) and a convex cone S C Y.

Lemma 3. If a function f : (a,b) — S belongs to lip?({a,b), S) then
f is continuous.

PROOF. Since f € lip®({(a,b), S), we have

sup  ||[ty, to, t3; fl] =1 M < oo.
t1,t2,t3€(a,b)
tiFty, j#i

Hence

Hf (t2)  flt2) — f(ta)
t3—t2 t2_t1

‘§M|t3t1’

for distinct ¢y, to,t3 € (a,b).
Let us fix a point = € (a,b). Choose y € (a,b) such that = # y.
Then for every z € (a,b), z # x, z # y, we have

#0100 = 222 5 - )| < b1z =z =

Thus

1f(2) = F@)I = 1£(z) = f(y) + Fy) = f(@)]]

~156) - 50 + EEEEZD (1) — g
< |I7(=) = fw) — ;:Z (Fw) = F@) I+ | o= | 17w) — F@)

<M|z—x|]z—y|—|—

(y) = ()]l
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for every z € (a,b) such that z # x and z # y. It implies
tim () - £(@)]) = 0.

which proves the continuity of the function f. O

Let X, Z be real vector spaces and C' be a convex subset of X. Let
f : C — Z be an arbitrary function and h € X. The difference operator
Aj, with the span h is given by the formula

Apf(z) = f(x+h) = f(z).

Thus Ay f is a function mapping the set {z € C : x + h € C} into the
space Z.
The iterates A} of Aj are given by the recurrence

AVf=f, AT fi=ALALf), n=0,1,2,...

The expression A} f is a function defined for all x € C such that z+nh € C.
It is easy to see that x+kh € C for k =1,...,n—1 whenever x,z+nh € C.
A function f: C' — Z is called a polynomial function of order at most
n if
A () =0
for every € C' and h € X such that z 4+ (n+1)h € C.
Now, we can formulate the main result.

Theorem 1. Let (X, - |), (Y,| - |l) be real normed spaces, and let
C C X, S CY beconvex cones and let S be closed. Assume that a function
h: {a,b) x C — S generates the Nemytskii operator N : lip*({(a,b),C) —
lip((a, b), 9), i.e.,
(3) No(x) == h(z,0(x)), z € (a,b), ¢ € lip*((a,b),C)

and that N satisfies the Lipschitz condition

(4) INo1 — Nzl < Lilgr — gall, @1, 92 € lin*({a, b), 0).

Then there exist functions a, : {(a,b) x C — S and b, : (a,b) — S such
that

(i) ao(x,-) is linear for every x € {(a,b),
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(ii) ao(z,-) is uniformily bounded on C, i.e., there exists a constant M > 0
such that ||a,(z,y)|| < M|y||, y € C for every x € (a,b),

(iii) h(x,y) = ao(z,y) + bo(x), x € {(a,b), y € C,

(iv) bo, ao(-,y) belong to lip*((a,b), S) for all y € C.

Moreover, if (X, || -||) is a real Banach space (or the set of the second
category) and int C' # () then the function a,(z,-) : C' — S is continuous
for each x € (a,b).

PROOF. The function ¢o(z) = yo, € (a, b) belongs to lip*({a, b), C)
for a fixed yy € C'. Consequently

Ngo = h(-, o) € lip*((a,b),S) for all yo € C.
Let us fix z,z € (a,b), v < z. By (4),

Lllr = 2| = [[Np1 — Nepa|

x4+ z
> sup  ||[t1,t2,t3; N1 — Nepo|| > ’ [%2,2;1\@1 —Nﬁpz} ‘
tl,t27t3€<a,b>
1 || Nei(2) — Noa(z) — Ny (%52) + Noo (252)

:]2—x| z—

x+z
2

_ Neu (%F2) = Nea (*2) — Nea(z) + Nepo(x)
T+z
2

Ne1(2) = Nepa(2) = 2N¢y (”7 + Z>

— X

2
(2 —2)?

2

T+ 2z
+2N o <2> + N1 (x) — Npa(z)

e st 25 ()
|

(z —x)?

w2 (550 (157)) # haal) = o)
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for every @1,y € lip®((a,b),C). Hence

(e + 20 (D55 (137) ) + o)

(5) ~eeal) -2 (T3 R (2 ) - h(x,m(x))H

2 2

<

N |t

(z — 2)*|l¢1 — @2

for every @1, € lip*({a, b), C).
Let us fix y1,ys3, 91,93 € C and define finctions o1, ¢ : (a,b) — X as

follows
Y1, t € (a,z),
2(y3 — y1) T
(=) (t—x)+y, te(w,2E2),
S R,
—<\Ws— Ttz
, t€ y 20,
(Z — x)Q ( ) + Y3 ( 2 Z>
\ Y3, t e (Z,b>,
gla te <CL,33>,
2(53 _gl) 2 _ x4z
o) G T e
pa(t) =
_2(g3 _gl) 2 _ +
W(t—z) +9y3, te€ (x2z’z>’
gBa te (Z7b>.
By Lemma 2, 1,09 € lip2( w+Z) — yH2-y37

b),C), p1(x) = y1, @1 (
- +y3) 902 ) - ?/3 and

)

Qﬁl(Z) = Y3, 902('%) = gl) P2 (w

lYs —¥s —y1+ 41
up [ttt o1 — o] < 12 ==L
t1,t2,t3€(a,b) o

tiFty, jF£i
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Thus, by (5), we have

2 72

+z i+
h(z,y3>—h<z,yg>+2h<x =0 y3)

T4z Y1 +ys3
—2h
( 2 2

) T () — b, g)

L _ _ lys — 93 —y1 + 1l
< 2 (ys = Gull + llys — G|l + 8
5 (z —x) (||y1 gl + llys — gsl (z — )2

_ _ L _ _
=4L|ys — y3 —y1 + 71| + 5(2 =) (lys — g/l + lyr — )

for all T,z € <CL, b>7 <2z Y1,Y3,91,Y3 € C.
By Lemma 3, the function h(-,y¢) is continuous in (a,b) for every
yo € C. Letting z — x, we get the inequality:

h(wayfi) - h(l"g?)) +2h <.’L’, & —;y3> —2h <$7 yl—;ys)

(6)

+ h(x,y1) — h(x,91)|| <A4L||lys — ¥3 — y1 + U1 ||

for all z € (a,b), y1,y3,791,73 € C.
Now, let us fix y € C, h € X such that y + 3h € C. Putting in (6),
y3 ==y +3h, Yz =y +2h, y1 ==y + h, §1 :=y we get

|h(x,y + 3h) + 3h(x,y + h) — 3h(x,y + 2h) — h(z,y)|| =0

for x € (a,b), y € C, h € X such that y+ 3h € C.

This means that for every x € (a,b) the function h(z,-) : C' — S is a
polynomial function of order at most 2. According to Corollary 2 in [1],
there exist functions g : (a,b) — Y and 9y : (a,b) x C* — Y, k= 1,2
such that i1 (z,-) is additive and 15 (z, -, -) is biadditive, x € (a,b) and

h(z,y) = o(x) + 1z, y) + V2 (2,y, 1)

for all z € (a,b),y € C.
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Let us fix y € C and put in (6) y3 := vy, y1 = y1 = y3 := 0. Then
|n(@,y) = h(@,0) + 20z, 0) = 2k (w,5) + lw,0) ~ h(z,0)
= [[#.y) =2 (2.2) + 0w, 0)| < 4Lyl

for all z € (a,b),y € C.
Since ¥o(x,-, ) is biadditive and ||¢2(z,y,y)|| < 8L|y||, = € (a,b),
y € C, we conclude that s (z,y,y) =0, = € {(a,b), y € C. Hence

(7) h(z,-) = vo(x) +Y1(x,-), =€ (a,b),

is polynomial of order at most one, for each x € (a,b). There exist unique
constants b,(x) € Y and the additive functions a,(x,-) : C' — Y such that

(8) h(z,y) = ao(x,y) + bo(x) for x € (a,b),y € C.

It is easy to check, that b,(z) € S and a,(x,-) : C — S.

To prove the linearity of the function a,(zx,-), * € (a,b), let us fix
x,z € {a,b), x # z, y1,y3 € C such that y; — y3 € C. Consider a function
@1 : {(a,b) — C given as follows

(z —2)?
Then @1(z) = ys, @1(2) = y1, @1(2E2) = LA and
I[t1,t2,t3; @1l
_llys=mll 1 (ts —x)* = (2 —2)* (2 —2)*—(t1 —2)°
(z—2)? |tz —t] t3 — to ty — t
= M, for distinct tq,to,t3 € <(I, b>

Hence @; € lip?({(a,b),C). Let @2(t) =0, t € (a,b). By (5), we have

Hh(z,yl) — h(,0) + 2h <x’2”0>

r+z y1+3 L _
o) 20 (T12 DA ngeo)| < 26—l

< Zllys — il (L4 (a =) + (b~ 2)?) + Llysl(z — 2)?
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for all x,z € (a,b), x # z, y1,y3 € C, such that y; —y3 € C. Letting
z — x, by the continuity of h(-,y),y € C we obtain

Y1 + 3y3

Hh(x, y1) — h(z,0) + 2h(z, 0) — 2h <$ y

) + h(z,y3) — h(a:,())H

<

|

L
(14 (=2 +(b—2)%) lys — ]l < 3 (14 (a=1)?) [lys — v
for = € {(a,b), y1,y3 € C, y1 —ys € C. Thus, by (8)

(9) lao (2, y1) — ao(@, y3)|l < L (1+ (a = 0)*) lys —

for all x € (a,b), y1,ys € C such that y; — y3 € C. In particular

lao(z, )l < L (1 + (a = 0)*) [lyll

for x € (a,b), y € C, which proves (ii).
To prove (i), let us fix A > 0. Then A = lim A\,, A\, € QN (0, 00),
An > A, n € N. Therefore Ay — Ay = (A, — Ny € C fory € C, n € N,
and by (9)
[Anao(z,y) — ao(z, Ay)||
= llao(z, Adny) = aoz, M)l < L (1 + (a = )*) A = Allly]
forne N,y e C, z € (a,b). Letting n — oo, we get a,(z, \y) = Aao(x,y)

forally € C, x € {(a,b), A > 0.
Since ¢ = 0 belongs to lip*((a, b), C),

bo() = ao(+ @) +bo(-) = h(:, @) = N@(-) € lip*({a,b), 5).

Similary, let @1 = 0, o2 = y, where y € C'is fixed. Then, by the Lipschitz
condition

||[t1,t2,t3;a0(-,y)]|| = H[t17t27t3;a0('a¢2) - GO('>¢1)]
= [[[t1,t2,t3; Nga — N@u]|| < Lf|g1 — Baf| = 2Lyl

for all t1,t,t3 € (a,b), which imply a,(-,y) € lip*((a,b),S) and ends the
first part of the proof.
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Now, let us assume that (X, ||-]|) is a real Banach space, and int C' # ().
There exists an open ball B C C. Fix = € (a,b). Then the function
f:C —Y given by

f(y) = ao(:v,y), yEC’

is linear. By Theorem 2 ([1]), there exists the unique linear extension
f: X — Y of the function f. The function f is linear and bounded on B,
which is a set of the second category. Therefore, by Theorem 5 in [6], the
function f is continuous, so the function f does, which ends the proof.

O

Now we formulate a multivalued version of Theorem 1.

Let (Y, || -||) be a real normed space. We denote as n(Y') the family of
all nonempty subsets of Y, as cc(Y") the family of all convex and compact
members of n(Y), and as 0 the singleton {0}. The class cc(Y) may be
considered as a metric space with the Hausdorff distance § given as follows

0(A,B) :=inf{t >0: ACB+1tS, BCA+1tS},

where S is closed unit ball in Y. Of course, 0(A4,6) = sup{||a|| : a € A}
for A € cc(Y'). We define

| Al :=0(A,0).

Let F : {(a,b) — cc(Y) be a set-valued function (abbreviated to s.v.
function in the sequel). Hans Radstrom defined the equivalence relation
~ on cc(Y) (see [8]) by stating (A,B) ~ (C,D) if A+ D =B+ C. The
equivalence class containing (A, B) is denoted by [4, B].. The quotient
space Y = (cc(Y))?/~, with addition defined by

[A,B]. +[D,E|.:=[A+D,B+ E].,
and scalar multiplication
[AA,AB]_, A>0,

[(=\)B, (—=A)A4] A <0,

~ )

AA, Bl = {

is a real normed space with the norm defined by the Hausdorff metric

I[A, B]~|| :=0(A,B), A,Be€cc(Y).
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Let define S := {[A4,0]~, A € cc(Y)}. It is obvious that S is a convex cone
in the space Y. By Lemma 6 in [12], the cone S is closed in the normed
space ). Consider

Lip®((a,b), cc(Y)) := lip*({a, b), S).
Then

Lip2(<a7 b),cc(Y))

= {F :{a,b) — cc(Y) : sup l[t1, ta, ts; [F, 0]~ < oo},
t1,ta,t3€(a,b)

where [F,0]. denotes the function (a,b) > z +— [F(z),0]. € S and

(Lip?({(a, b, cc(Y)), d) is a metric space with the metric given

d(F,G) :=6(F(a),G(a)) +0(F(b),G(b)) +  sup  ||[t1, b2, t3; [F, G|~ |-
tl,tz,t;?,e((l,b)

By the definition, F' € Lip?((a, b), cc(Y)) iff the function (a,b) > =
[F(x),0]~ € S belongs to the class lip*({a, b),S).
Consider an s.v. function

H :{a,b) x C — cc(Y)
which generates the Nemytskii operator
N :1ip*({a,b),C) — Lip*((a, ), cc(Y)),
No(z) := H(z,p(z)), z€ {(a,b), ¢ €lip((a,b),C).
Assume that N satisfies the Lipschitz condition

d(Np1,Ng2) < Lllg1 — @2, 1,92 € lip*({a,b), 0).

Then the function
h(z,y): (a,b) x C — S

given by
ha,y) :=[H(z,y),0]~, =z€(ab), yeC



On Nemytskii operator for set-valued functions 343

generates the Nemytskii operator

N :lip?({(a, b, C) — lip®({(a, b),S),
No(x) = h(z,¢(z)) = [H(z, ¢(x)), 0]~ = [No(z),0]~.
The operator N is Lipschitzian, so by Theorem 1, there exist functions
a, : {a,b) x C — S and b, : (a,b) — S such that
(1) ao(z,-) is linear for all z € (a,b),
(ii) a,(z,-) is uniformily bounded on the cone C, = € (a,b),
(ifi) h(z,y) = ao(z,y) +bo(x), z € (a,b), y € C,
(iv) bo, ao(-,y) € lip*((a,b),S) for all y € C.

By the definition of S, there exist s.v. functions

A:{a,b) x C — ce(Y),
B : (a,b) — cc(Y)

such that
ao(@,y) = [A(z,y),0]~, bo(z) =[B(x),0]~, =z€(ab), yeC.

The linearity of the function A(z,-) follows from the linearity of a,(z, ).
By (ii) there exists a constant M > 0 such that |a.(z,y)|]| < M|y|,
x € (a,b). Thus, for all z € (a,b),

[A(z, y)|| = sup{ll=]l; = € Az, 9)} = [[A(2,), O]~ || = llao(z, y)|| < Mly[].

By (iii), (iv) and the definition of S, H(z,y) = A(z,y) + B(z), z € (a,b),
y € C and A(-,y), B € Lip®({(a, b), cc(Y)).

If the values of an s.v. function F' are compact, then the continuity
of F' (cf. [7]) is equivalent to the continuity of the function F' treated
as an ordinary function with values in the metric space ¢(Y')-nonempty
and compact subsets of the space Y with the Hausdorff metric. So, if we
assume that (X, -||) is a Banach space and int C' # (), then continuity of
the function a,(z,-) implies the continuity of the function A(z,-), for each
x € (a,b).

So, we have the following collorary:
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Corollary 1. Let (X, | - ), (Y,] - |l) be real normed spaces, and let
C C X be a convex cone. Let a function H : {(a,b) x C — cc(Y') generates
the Nemytskii operator N : lip®({a, b), C') — Lip*({a, b), cc(Y)), i.e.,

Ne(@) i= H(z,0(x), =€ (a,b), o € lip*({a,b),C)
and let N satisfies the Lipschitz condition

d(N§017N902) §L||<p1_902”7 P1, P2 Glip2(<a,b>,0).

Then there exist s.v. functions A : {(a,b) x C — cc(Y) and B : {(a,b) —

cc(Y') such that

(i) A(z,-) is linear for every x € (a,b),

(ii) A(z,-) is uniformily bounded on C, i.e., there exists a constant M > 0
such that ||A(x,y)|| < M||y||, y € C for every x € (a,b),

(iii) H(z,y) = A(z,y) + B(x), € (a,b), y € C,

(iv) B, A(-,y) belong to Lip®({a,b),cc(Y)) for all y € C.
Moreover, if (X,|| - ||) is a real Banach space (or the set of the sec-

ond category) and int C' # () then the function A(z,-) : C — cc(Y) is
continuous for each x € (a,b).

In the real case, we have

Theorem 2. Let C = R or C = [0,00) or C = (—00,0] and let
(Y,|| - ||) be a real normed space. A function H : {(a,b) x C — cc(Y)
generates the Nemytskii operator N : lip*({a, b), C') — Lip*({a,b), cc(Y)),
satisfying the Lipschitz condition (4), if and only if there exist s.v. functions
A, B : {a,b) — cc(Y') such that

(i) A, B € Lip*((a,b), ce(Y)),
(ii) A is bounded, i.e., there exists a constant M > 0 such that | A(z)|| <M

for x € (a,b),

(iti) H(z,y) = A(z)y + B(z); z € (a,b), y € C.

PROOF. Assume that H generates the Nemytskii operator, which is
Lipschitzian. Let us fix x € (a,b). By the last theorem, A(x,-) : C — cc(Y)
is a linear function. Hence, there exists a unique set A(z) € cc(Y') such
that

A(z,y) = A(x)y forall y € C.
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Boundedness of the function
(a,b) 3 x— Ax) € cc(Y)

follows from (ii) of Corollary 1. Similary, (i) and (iii) are clear from Corol-
lary 1.
Conversely, let us fix ¢ € lip®({(a,b), C'). Then the map

(a,b) 3 x — No(x) = p(z)A(x) + B(x) € ce(Y),

belongs to Lip?({a, b), cc(Y)).
Indeed, for fixed distinct points t1,t9,t3 € (a,b), we have

”[tlat27t37 [N(Pa G]N“’
< |[ft1, 2, 233 [B, O] + Nl[E1, B2 ts5 [ A, 0] L]

Let us consider the case C' = (—00,0]. Then

I[t1, t2, ts; [0 A, 0] ]|

1 ‘[A(tz)w(t?)),A(tz)sD(b)% _ [A(2)e(ta), Alt2)p(t1)]~
N ’t3_t1’ t3 — 12 to — 11
4L ‘[A(t3)<ﬁ(t3)vA(t2)<P(t3)]~ ~ [A(2)e(ts), Alt1)w(ts)]~
‘t3_t1| t3 —t2 to — 11
4t ’[A(t2)<P(t3)vA(t1)<P(t3)]~ C[A(t2)e(t), Alt)e(t)]~
‘t3_t1’ o — 1t to — 11

= [[t1,ta, 3; 0] - [[[=A(t2), 0]~ |

+lo(ts)] . 1 — ’[ A(tiz—i(tg)]N ~ [—A(t;),_—;l(tl)]N
90 tl tl)]
" ‘ 3 —t H tz — 11

for tq1,tq,t3 € (a,b), distinct. Since,

o(t3) — p(b)

o)) < [Z =20 ) 1 o)
< ‘«P(tii:f(b) B w(bl)):f(a) (b_a)+|so(bl)):f( )‘(b_a)ﬂso( )
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< |la,b,t3; ]| (b — a)” + [e(a)] + 2l (b)] < ((b—a)* +2) ll¢],

H [—A(t2), —A(t1)]~

< H [tzfl(%,tfll(tl)h N [—A(t;%_—;‘l(a)h n H [—A(til)v_—;‘l(a)% H

< la, 1, t2; [= A, O] [1(6 — @) + (1B, a, 25 [= A, O] [I(b — @)

# DO < (o) 1 ) -0,

and similarly,

= A(t2), 0]~ < (b= a)* +2) [ A4, 6],

‘Ws)—@(tl)
ty — ty

< (2(b —a)+ bi@) el

the following inequality holds:

sup |[[t, b2, t3; [0 A, 0] ]|
t1,t2,t36<a,b>
tiFty, jF#

1 2
<224 (b—a)®) [[-4, 0]l ¢l + <2<b —a)+ b_@) =4, 61~ [l I

= Mall¢|

for all o € lip*({a,b), C), where M, is a constant independent on ¢. The
last inequality shows that N¢ € Lip*((a,b),cc(Y)) as well as N is Lip-
schitzian. The same proof works for C' = [0,00). For C' = R, the s.v.
function A is an ordinary function A : (a,b) — Y. Then [A(u), A(v)]~ =
[A(u) — A(v), 0], which simplifies the above considerations. O

Since every function belonging to the class lip®({a, b), C) is bounded,
the following consequence of Theorem 2 holds:

Corollary 2. Assume that C =R or C' = [0,00) or C' = (—00,0] and
(Y,|| - ||) is a real normed space. A function h : (a,b) x C' — Y generates
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the Nemytskii operator N : lip®((a,b),C) — lip*({(a,b),Y), satisfying the
Lipschitz condition

(10) INg1 — Noo|| < Llpr — @2, 1,2 € lip*({a, b), C)

if and only if there exist functions a,, b, : (a,b) — Y, ao, b, € lip®({(a,b),Y)
such that

h(z,y) = ao(x)y + bo(z) for x € {(a,b), y € C.
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