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Binary recurring sequences and powers, 11

By PAULO RIBENBOIM (Kingston)

Dedicated to my friend Marco Fontanu on his 50th birthday

Abstract. We investigate when certain sums or differences of terms of Lucas
sequences are powers (or multiples of powers). In the case of squares, we obtain ex-
plicit bounds, explicit solution in the case of odd parameters. For Fibonacci and Lucas
numbers we obtain results involving squares, but also cubes.

1. Introduction

In this paper we investigate when certain sums or differences of terms
of binary second-order recurrences may be equal to a power, or to a mul-
tiple of a power.

The starting impulse for this paper is the determination by STEINER
[24], and more simply by WILLIAMS [25], of the Fibonacci numbers of the
form z? + 1. Earlier, COuN [1], as well as WYLER [26], had determined
the squares among the Fibonacci numbers. The determination of squares
among Lucas numbers and in Lucas sequences (with odd relatively prime
parameters and non-zero discriminant) was obtained by various authors.
Similar results concerning cubes were also obtained for specific sequences
(like the Fibonacci, Lucas and Pell numbers).

We introduce a general method which allows to identify numbers in
Lucas sequences of the form % 41 (or similar form), provided the squares
and double squares are known. But in fact we obtain much more as we
shall now indicate in a more systematic way.

Mathematics Subject Classification: 11B37.
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Section 2 consists of preliminaries where all the required facts are
gathered for the convenience of the reader, including explicit references.

Section 3 is devoted to basic theorems which are proved using the the-
orem of PETHO [13] concerning multiples of powers in recurring sequences.
Explicitly, we consider the relation

Ws+2k + QkWs = axt’

where W = U(P,Q) or V(P,Q) (non-degenerate, = # 0, t > 2, s > 1,
k > 1). a has prime factors in a given finite set of prime numbers. The
two theorems of the section establish that if s (or k) is given, the other
quantities remain effectively bounded (see the text for the precise state-
ments).

In Section 4 we restrict our attention to the case where t = 2, H
has at most one odd prime. We give explicit bounds which are directly
linked to the occurrence of squares or double squares in the sequences U,
V' and also in another associated Lucas sequence and in a second sequence
of Lehmer numbers. Thus if the required squares are known, the bounds
obtained are far lower than what is normally provided by the theorems on
diophantine approximation.

In the situation where P, @) are odd and relatively prime (and the dis-
criminant is non-zero), the complete determination of squares and double
squares is known. As a consequence, the complete and explicit solution of
the original problem is possible. Namely, all pairs (s, k) such that

Ws+2k + QkWs =0

are completely determined (for arbitrary choice of the odd parameters).
These results may be immediately applied to Fibonacci numbers and to
Lucas numbers.

In Section 6 we show how the same method can be applied to deter-
mine Fibonacci numbers of the form 23 + 1 (and similar results also for
Lucas numbers). For this purpose many results are required to be estab-
lished about Fibonacci and Lucas numbers which are multiples of cubes.

The precise statements of the results obtained are found in the text.
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2. Preliminaries

Let P,Q be non-zero integers, o, 3 the roots of the polynomial X2 —
PX +@Q. The first and second Lucas sequences with parameters (P, Q) are
defined as follows:

(2.1) Up =0, U =1, Up=PU,_1 — QU,_2,
(22) Vo =2, Vi=P, Vi=PVy_1— QVTL—2

for all n > 2. We denote these sequences by U = U(P,Q) and V =
V (P, Q); if required we use also the notations U, (P, Q) = U,, V,(P,Q) =
V.

If P=1, Q = —1, then the numbers U,(1,—-1), V,,(1,—1) are the
Fibonacci numbers, respectively the Lucas numbers. If (P,Q) = (2,-1)
the numbers U, (2, —1), V,,(2, —1) are the Pell numbers (of first and second
kind).

D = P? — 4Q) is the discriminant. We have D =0 or 1 (mod 4). For
Fibonacci and Lucas numbers, D = 5, for Pell numbers D = 8.

It is convenient to extend the Lucas sequences also for negative indices:

Un Vi
2.3 U_,=——, Vo =—
(2.3) o o
for all n > 1. With this definition, the relations (2.1), (2.2) hold for all
integers n.
We note also:
(2.4) Un(=P,Q) = (=1)"Un(P,Q),
(2.5) Vo(=P,Q) = (—1)"V,(P,Q).
Binet’s formulas express the numbers U,, V,, in terms of «, §:
a — ﬂn
2.6 Un = T 4
(26) —

Among the numerous identities and divisibility properties satisfied by
the terms of Lucas sequences we list below some which will be used in this
paper (here m, n are any integers):

(2.8) V2 - DU? = 4Q"
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(2.9) Unin =UnVi — Q"Up_n

(2.10) Vinin = ViV = Q"Vin

(2.11) Vinin = DU Uy + Q" Vi,

(2.12) Usp = U,V

(2.13) Vo = V2 —2Q"

(2.14) Usn = U, (V2 — Q") = U, (DUZ + 3Q")
(2.15) Van =V, (V2 —3Q").

More generally, the following essentially known two results are proven
in [16]:
(2.16). Let k > 3 be odd. Then there exist uniquely defined polyno-

mials f;, fi € Z[X] such that deg(fF)=(k —1)/2, f(0)=(£1)F-D/2k

and
I { Unfi (UZ) when m is even,
km =

N Unfy (U%) when m is odd.

(2.17). Let k > 3 be odd. Then there exist uniquely defined polyno-
mials g, g,; € Z[X] such that deg(g;5)=(k—1)/2, gi (0)=4(—1)F~D/2

and
v { Vmg,j (Vr%) when m is even,
km —

Vingi (V2

m) when m is odd.

(2.18). If U,, # 1 then U, divides U, if and only if m/|n.

(2.19). If V,,, # 1, m # 0, then V,,, divides V,, if and only if m|n and
n/m is odd.

For the next properties, we assume also that ged(P, Q)=1. If m,n#0
let d = ged(m,n).
(2.20) ged (Up,, Uy) = Uy
Va if m/d,n/d are odd,

2.21 cd (Vi Vi) =
( ) ged ( ) {1or2 otherwise,
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Va if m/d is even,

2.22 cd (Up,, Vi) =
( ) ged( ) {1 or 2 otherwise,

(2.23) ged (U, Q) =1, ged (V,,, Q) =1,
ged(D,n) if n is odd,

(2.24) ged (D, U,) = { n ny .. .
ged (D, 5) or 2gcd <D, 5) if n is even.

(2.25). If P,Q are odd, then U, is even if and only if 3|n, V,, is even
if and only if 3|n.

In our study, we shall assume without loss of generality that P > 0.
To exclude degenerate cases, we shall assume that D = P? — 4Q > 0.
Accordingly, let S be the set of all pairs of non-zero integers (P, @), with
ged(P,Q) =1, P>0,D >0. Let S~ ={(P,Q) € S| P and Q are odd}.
The following theorems were proved in [11]; see also [3] for the special case
where |Q| = 1.

Theorem Ul. Let (P,Q) € S~. If n > 1 and U,, = O then n €
{1,2,3,6,12}. Moreover

1) Uy =0 if and only if P =[.

2) Us =0 if and only if P2 — Q = .

3) Us = O if and only if P = 30, P? — Q = 20, P? — 3Q = 60J; this
implies that Q =1 (mod 24).

4) Upp = O if and only if P = 0O, P? — Q = 20, P? —2Q = 30,
P? —3Q =0 and (P? — 2Q)? — 3Q* = 60J; this implies that Q = —1
(mod 120).

Theorem V1. Let (P,Q) € S—. IfV,, =0 then n € {1,3,5}. More-
over

1) Vi =0 if and only if P = .

2) V3 =0ifand only if P =0, P?-3Q =, or P = 30, P?—-3Q = 30J;
this implies that @Q = 3 (mod 4).

3) Vs = O if and only if P = 500 and P*—5P?Q+5Q? = 5J; this implies
that P =Q =5 (mod 8).
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Theorem U2. Let (P,Q) € S~. Ifn > 1 and U, = 20 then
n € {3,6}.
1) Us =200 if and only if P? — Q = 2.
2) Us = 20 if and only if P = O, P? — Q = 20, P? — 3Q = [J; this
implies that @Q = —1 (mod 8).

Theorem V2. Let (P,Q) € S~. Ifn > 1 and V,, = 20 then n €
{3,6}.
1) V3 = 200 if and only if P = 30, and P? — 3Q = 60J; this implies that
P =3 (mod 24) and @ = 1,3 (mod 8).
2) Vg = 20 if and only if P? — 2Q = 30 and (P? — 2Q)? — 3Q? = 6[J;
this implies that Q = 3 (mod 4).

The special cases of Fibonacci and Lucas numbers were obtained ear-
lier (see [1], [2], [26]).

(2.26). The only square Fibonacci numbers are Uy = Uy = 1, Uyo =
144. The only square Lucas number is V3 = 4. The only double square
Fibonacci numbers are Us = 2, Ug = 8. The only double square Lucas
numbers are Vy = 2, Vi = 18.

We turn our attention to square classes. Let T be a set of positive
integers. The numbers a,b € T are said to be square-equivalent if there
exist integers h,k # 0 such that ah? = bk?. It is equivalent to say that
ab =l

The relation of square-equivalence is an equivalence relation. The
equivalence classes are called the square-classes of T'. The square-classes
of Fibonacci numbers and of Lucas numbers were determined by COHN [3];
an independent proof was given in [14].

(2.27). The square-classes with more than one term (non-trivial
square-classes) of the sequences of Fibonacci numbers and of Lucas num-
bers are, respectively: {U; = 1,Uy = 1,Uo = 144}, {Us = 2,Us = 8} an
Vi=1,Vz =4}, {Vo=2,Vs = 18}.

In [17], RIBENBOIM and MCDANIEL proved:

(2.28). If (P,Q) € S then for each U, (respectively V,,) there exists
an effectively computable bound B, respectively a bound C' (depending on

P, Q, n) such that if U, is in the square class of U, (respectively V,, is
in the square class of V,,) then m < B (respectively m < C').

The following theorems were also proved by MCDANIEL and RIBEN-
BOIM in [11] (see COHN [3] for the case when |Q| = 1).



Binary recurring sequences and powers, 11 355

Theorem SCU. Let (P,Q) € S™.
a) If 1 <m <n and U,,U,=0 then (m,n) € {(1,2),(1,3),(1,6), (1,12),

(2,3),(2,12),(3,6),(5,10)} or n = 3m where m > 1, m is odd, 31 m
and in this case Q =1 (mod 4), (—Q/P) = +1, and P < |Q + 1.

bl) U U, = O if and only if U,, = O and this implies (see theorem Ul)
that n € {2,3,6,12}.

b2) UyUs = O if and only if P = 00 and P? — Q = [J; this implies that
Q=1 (mod 4).

b3) UsUs = O if and only if P = O and P? — 3Q = 0, or else if P = 30J
and P? — 3Q = 30; this implies that Q = 3 (mod 4).

b4) UsUyo = O if and only if P = 500 and P* — 5P2Q + 5Q? = 50J; this
implies that P = Q =5 (mod 8).

b5) UpUis = O if and only if P = 0O, P? —3Q = 0O, P? — Q = 20,
P? —2Q = 30, and (P? — 2Q)? — 3Q? = 60J; this implies that Q = 4
(mod 4).

Theorem SCV. Let (P,Q) € S™.

a) If 1 < m < n and V,,V,, = 0O, then (m,n) = (1,3) or n = 3m,
with m > 1, m odd, 3 1 m; this implies that Q = 3 (mod 4), 31 P,
(=3Q/P) =+1, and P < |IQ + 3|.

b) V1V3 = O if and only if P? —3Q = O; this implies that Q = 3 (mod 8)
and 31 P.

Concerning cubes we quote the following results (see LONDON and
FINKELSTEIN [8], LAGARIAS and WEISSEL [6], PETHO [12]):

(2.29).
a) Uy = Uy =1, Ug = 8 are the only Fibonacci numbers which are cubes.
b) Vi =1 is the only Lucas number which is a cube.

We shall also require the Lehmer numbers (see [7]). Let R > 0, @ be

integers with D = R — 4Q # 0. Let «, 8 be the roots of X? — VRX + Q,
soa+B=vVR, aB=Q.
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The first and second sequences of Lehmer numbers, with parameters
V'R, Q are defined as follows (see [7]):

a:g, if n is odd,
K, (JE,Q) =0 g
25 ik if n is even.

L, <\/}>2’ Q) — ! a+p8 if n is odd,

a™ 4+ /", if n is even.

L2n+1 v P2>Q

If R = P? then
Kant1 (Vﬁ, Q) Uzny1(P,Q),
Kz (VP2,Q) = Uy (Va(P,Q), Q%) = m,
(vP.a) -

Koni (\F Q)
Lo (\/ﬁ, Q) —V,(P,Q).

The square terms in certain sequences of Lehmer numbers were determined
by McDANIEL [10].

Theorem K1. Let Q =3 (mod 4), or let Q =5 (mod 8) and R=5

(mod 8).

a) If n>1 and K,, = O then n € {1,2,3,4,6,12}.

bl) K3 =0 if and only if R — Q = [.
b2) K4 =0 if and only if R — 2Q) = [.

) K¢ =0 if and only if R — @ = 200 and R — 3Q) = 20J.

) Kio =0 ifand only if R—Q =0, R—3Q =20, R — 2Q = 30, and
R? —4RQ + Q* = 600.
Theorem L1. Let Q@ =1 (mod 4) and R = 1,5, or 7 (mod 8), or else
let @ = 3 (mod 4) and R = 1 (mod 8). Then: L, = O if and only if
n=1orelsen=3and R—3Q = L.

To conclude the preliminaries we quote the following result of PE-
THO [13] which will be used in Section 3. The special case when a is
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fixed was proved earlier by SHOREY and STEWART [23]. We shall use the
following notation. If H is a finite set of prime numbers, then H* denote
the set of all numbers whose prime factors are in H.

Theorem P. Let (P,Q) € S, let W = U(P,Q) or V(P,Q) and let
H be a finite set of primes. Then there exists and effectively computable
number (depending on P, ), H) such that if a € H*, k > 2, |z| > 1,
n > 1 and W,, = az* then

i) if |z| =1 then n,|a| < C;
ii) if |z| > 1 then n,|al,|z|,k < C.

3. Basic results

Let S be the set of non-degenerate pairs (P, Q) with ged(P,Q) = 1.
Let W =U(P,Q) or V(P,Q), let H be a finite set of prime numbers. We
shall discuss the relation

(3.1) Wiior £ QW = ax?

where s > 1,k > 1, a € H*, x is a non-zero integer, ¢t > 2. We shall prove
the following theorems:

Theorem s. Given s > 1, there exists C' > 0, effectively computable,
depending on P, Q, H, s such that if (3.1) holds then:
i) if |x| =1 then k, |a|] < C,
ii) if |z| > 1 then k, |al, |z|,t < C.
The next theorem is analogous, for given k (instead of given s):
Theorem k. Given k > 1, there exists C' > 0, effectively computable,
depending on P, @, H, k such that if (3.1) holds then:
i) if || =1 then s, |a| < C,
ii) if |z| > 1 then s, |al,|z|,t < C.
Special noteworthy cases occur for Q = £1, t = 2 or 3 leading to the

relations:
Us+2k U, = xt7 V:q—i—Qk £V, = xt-

In particular, the results apply to Fibonacci numbers, Lucas numbers, and
Pell numbers.
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PROOF of Theorem s. Case (+): WyixVi = Weior + Q*W, = az’
(where a,z,t depend on k). Let dy = ged(s + k,k). Then di|s, and
er = ged (Wegn, Vi) is equal to 1, 2 or Vy,. Let H; = H U {2} U
{prime factors of V; for all d|s}. So H; is a finite set of primes which
depends on H, s, but not on k.

We have e?|Ws1 Vi = ax'. Let z = yz, with ged(y,2) =1, y € H{.
Then b = ay'/e? is an integer belonging to H,; note that y, 2, and b
depend on k. Then

Ws+k:

€k

t Vi t

with b1by = b, 2122 = 2. Then Vi, = (exbs) 2% with exb; € H;*. By Pethd’s
theorem [13] k is effectively bounded and from (3.1) we deduce that if
|z| =1 then |a| < C, while if |z| > 1 then also |z|,t < C.

Case (—): We first consider the case W = U:

UpVeik = Usyar — Q U, = ax’.
The proof continues like in Case (+). If W =V, then
DUssiUs, = Vagor, — Q"V; = aa'.

Let di = ged(s + k, k) so di|s and ged (Ustk, Ug) = Ug,. Hence e, =
ged(DUsy i, Uy) divides DUy, . Let Hy = H U {prime factors of DU,}, so
H, is finite. Then, as in the proof of Case (+), Ux = (ex,b2) 25 where
exb € H{ and by PETHO’s theorem [3], & < C and the proof is concluded
as before. n

PROOF of Theorem k. Case (+): W1 Vi = Weior + QW = ax'.
Let ds = ged(s + k, k). Then e; = ged (Wiqk, Vi) = 1,2 or V. Let Hy =
HU{2}Uprime factors of Vg, for all d|k}. As in the proof of Theorem (s),
Witk = (esb1) 2* with esby € H{. The proof is concluded using Pethd’s
theorem.

Case (—): We have

UrVesk = Usror — QU = ax’

and

DU, kU = Vg — Q¥V, = aa’.

The proof continues as in Case (—) of Theorem (s). O
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4. Bounds in the case of squares

In this section we consider the special case of squares and investigate

the relations
Wieior £ Q*W, =0

where W =U(P,Q) or W =V (P,Q), (P,Q) € S.
The purpose is to give effective explicit upper bounds. For this pur-
pose we introduce the following notations. If [ > 1 let

Ty = {h0, 210 | h|1}.

In particular, 71 =15 C T; for [ > 1.
For eachr>1and ! >1 let

Ry = {Ugh0, 20400 | d|r, h|I},
SI = {Vah(,2Vah | d|r, i} .
In particular, 7, = R} C R} forallr > 1,1 >1. Forr >1,1>1 let
Bl(T) = max {n | U, or V,, belongs to T; U S/}

and
Cl(r) = max {n | U, or V,, belongs to S UR]}.

Then Bl(z)7 CZ(T) are finite and effectively computable. We note also that
T, CT; C R} (since U; =1) so BY) < C{T).

St = {(vi0, 2vi0},
S22 ={wvi0, 2vi0, VL0, 2150}
(4.1). For every s > 1, if k > 1 is such that

Us+2k + QkUs € U Tp

p prime

then k < B\
PROOF. Case (4): We have

Us—l—k:Vk = Us+2k: + QkUS S UTp
p
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so there exists a prime p > 2 such that Uy, Vi, €T),. Let e=ged (Usyk, Vi),
so e =1,2 or V, where d = ged(s + k, k) = ged(s, k) with (s + k)/d even,
k/d odd, hence s/d odd. If e = 1 then

{USMZD {=2D {:D
or or
Vi, =0 =0 =20

{:pD {:D {zQpD
or or or

or or or
=20 = p = 2pUJ

Thus either Usyy € Ty or Vi, € Th. Hence k < B%S). Let e = 2. Proceeding

similarly from %% € T, we deduce that either Us4y or Vi belong to

T, hence k < B§s).
If e = V; then Usti “ﬁ—’; € T, with ged (U”’“ , Vk/Vd) = 1 As before,

Va Va
U‘S/idk €T, or % € Ty, hence U4y, € 87 or Vi, € 8§ and therefore k < Bgs).
Case (—): The proof is very similar. We have UpViir = Usyor —
Q*U, € T, for some prime p. Again, e = ged (Uy, Viyx) = 1, or 2, or Vg
where d = ged(k, s + k) = ged(s, k), k/d even, (s + k)/d odd, so s/d odd.

The proof continues as in Case (+), by interchanging s + k and k. O

(4.2). For every s > 1, if k > 1 is such that

Vigor £ Q"V € U T,

p prime

then k < C’l(,}s), where D = P? — 4Q = wz?, with w > 1, w square-free.

ProoOF. Case (+): We have
VeikVie = Viyar + Q¥ Vs € T,

for some prime p > 2. Let e = ged (Viyg, Vi), so e = 1,2 or V; where
d = ged(s + k, k) = ged(s, k), with =£2 % hoth odd. If e = 1 we see as
in the proof of (4.1) that either Vsyr € Th or Vi, € T} hence k < C&S). If
e = 2 the same argument shows that Vs, € Th or Vi € T so k < CQ(US). If
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e = V; we proceed similarly getting again Vs € V141 or Vi, € VT, that
is Vgqx or Vi, € S hence k < CT(US).
Case (—): We have

DUy Uy = Vayor — QV, €T,
for some prime p > 2. Since D = wz? with w square free, then
Us+ Uk € {wO, 2w, wpd, 2wp} .

Let d = ged(s + k, k) = ged(s, k) so Ug = ged (Usqk, Ug). Then

Usyr U
— U, 2wl L1, 2wpl]
Ud Ud e {w ? w 7wp 9 wp }
hence
{ Uerk = UdaD { = Ud x 2al] { = UdCLD
o}
U, = Ugbd = Uyb = Uy x 2b]
{ = Uzap { = Ugald { = Uy X 2ap]
or
= UybO = Uybp = Uyb
{ = Ugapl] { = Uy x 2al] { = Uyzall
or
= Ud x 2b] = Udpr = Ud X prD

where ab = w, ged(a, b) = 1. In all cases Usyy, or Uy, belongs to RS, hence
k< Oy O

We indicate now corresponding results where k£ and [ are given.

(4.3). Let k> 1,1>1 be given. If s > 1 is such that
Uyor = Q" U, € Ty,

then s < Bl(k).

PROOF. Case (+): We have Uy op + QFU, = Us Vi € Tj. Let
e = ged (Usqk, Vi) so e = 1,2, or Vg where d = ged(s + k, k), (s + k)/d is
even and k/d is odd.
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Proceeding as in the proof of (4.1), if e =1 or 2 then

{Us+k:D {:QD {:D
or or

{ = all { = 2al] { = alJ
or or or
= b =0 = 2]
where ab = [, ged(a,b) = 1. Then Usyy € T; so s < Bl(k). If e = V; then
Usyr € Slk hence s < Bl(k).

Case (—): We have Ugyor — Q*Uys = UpViys, € Tj. Proceeding as
before we obtain Vs € T; U Slk hence s < Bl(k). O

(4.4). Let k> 1,1>1 be given. If s > 1 is such that

Vigor £ Q"V, € T)
then s < max {Bl(k), Cl(i)}.

PRrROOF. Case (+): We have Vi o + QFVy = Vi1V € Tj. Let
e = ged (Viyr, Vi), so e = 1,2, or Vy where d = ged(s+k, k) and (s + k)/d,
k/d are odd. If e = 1 or 2, by the same argument we see that Vi, € T},
hence s < Bl(k). If e = Vg, from %% € T; with coprime factors, then
Vsik € Slk, so s < Bl(k).

Case (—): We have Vi, op —Q"Vy = DU, Uy € Ty = {h3,2h0 | h|l}.
Since D = wz?, with w square-free then

Us Uy € {whD, 2wh0 | A1}
Let d = ged(s + k, k), so Uy = ged (Ugy, Ur) hence

{ Us+k = UdagD
Ur = UgbhO

where ab = w, gh divides 2] with ged(a,b) = 1, ged(g,h) = 1. Thus
Usyr € wa so s < Cl(jz). O

When s = 1 we were led in some of the cases of the above proofs to
determine when %’L = UU—;’I (for h > 1) or %’1“ (for £ odd) is in {[J,20},
We note that 522 = Uy, (Va(P,Q), Q?) and & = Ly (x/P2,Q) (kth term
of the second Lehmer sequence). The problem becomes the determination
of squares and double squares in the above sequences.
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5. Applications to sequences
with odd parameters and squares

Let (P,Q) € S and assume that P, @ are odd. We shall apply the
results in [11], [18] to determine the pairs (s, k) such that

(5.1) Uspon £ QFV, =0
or

(5.2) Vieror £ QFV, =0
hold.

(5.3). Let s >1,k>1. If Uyyor, — Q*U, = O then

(s,k) €{(1,2), (2,1), (4,1), (2,3), (3,3)}.

ProoF. We have
0= Ustor — Q"Us = UpVipa.

Let e = ged (Ug, Vstk), so e = 1,2, or V; where d = ged(s + k, k), k/d is
even.

a) If e=1 then Uy =0 and Vs, = 0. Then k£ =1,2,3,6, or 12 and
s+ k=1,3,5. Since k < s+ k then

(s,k) € {(2,1), (4,1), (1,2), (2,3)}.

Note that (3,2) is not possible, since Uz = [J means that P = [, while
Vs = O implies that P = 501.

b) If e = 2 then Uy, = 20, Vs = 200, hence k =3 or 6 and s+ k =3
or 6. Since k < s + k then (s, k) = (3,3).

c) If e = Vg with k/d even, (s + k)/d odd, so s/d odd. Then U,V =
O, VsyxVg = 0. Since d < k < s+ k then s + k£ = 3d, with d odd,
3 1d, hence k = 2d. So (U4Vy)Vy = O hence Uy = 0. Hence d = 1 and
(s, k) =(1,2) O
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(5.4). Let s > 1, k> 1. If Ugyor + Q*U, = O then

(s,k) € {(1,1), (2,1), (11,1), (9,3), (2,2), (3,3), (10,2), (6,6)}.

PRrROOF. We have
0= Us+2k + QkUs = Us+kvk-

Let e = ged (Usyg, Vi), so e = 1,2, or V where d = ged(s + k, k) and
(s+k)/d is even.

a) If e=1 then Usyp =00,V =0, hence s + k = 1,2,3,6, or 12 and
k=1,3,5. Since k < s+ k then

(s,k) e {(1,1), (2,1), (5,1), (11,1), (3,3), (9,3), (1,5), (7,5)}.

But (3,3) is excluded, since Us = O implies that @ = 1 (mod 24) and
V3 = Oimplies that @ = 3 (mod 4). Also (1,5) is impossible, since Ug = O
implies that P = 30 while V5 = O implies that P = 5. Similarly (7,5)
is not possible, because U2 = I implies that P = . Also UgV; = UgUs,
is not a square.

The pair (5,1) is also excluded because Us = O implies that P = 30,
while V; = [0 means that P = [, a contradiction.

Thus

(s,k) € {(1,1), (2,1), (11,1), (9,3)}.

b) If e = 2 then Ugyy = 200,V = 200. Hence s + k = 3 or 6 and
k =3 or 6. Since k < s+ k then (s, k) = (3,3), but this is excluded, since
Us = 200 implies that P = [, while V3 = 200 implies that P = 3[1.

c) If e=V, then (s+ k)/d is even, so k/d, s/d are odd and Us Vg =
\:‘, Vi.Vy =L

Case ¢ 1): d < k. Then k = 3d, and d is odd.

Case ¢ 1.1) Let d = 1 so k = 3 and s + 3 = 2fg with g odd, f > 1.
We have

UgVyVag -+ Vs, = PLL

But gcd (Ug, VgVag - - VQf_lg) is 1 or a proper power of 2. From

UgVyVag -+ Vasory = Usy = PO
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then U, = PU or 2P0. Since Uy = P then UsU, = U or 201. In the first
case g = 3; in the second case Uy is even so 3|g. In both cases 3|d, which
is absurd.

Case ¢ 1.2) Let d > 1 then d is odd. 3{d, 31 P. Let s+ k = 2/ g with
f>1, g odd. Since d is odd, then d|g. Also if 3|g then 3|s + k, k = 3d so
3|d, which is a contradiction. So 31 g. We have VyUsyr = O so

VaUyVyVag -+ Vasong = O,

with ged (Ug, Vaiy) = 1 (for 0 < @), ged(Vaig, Vasy) = 1 (for i < j),
ged (Vg, Ug) =1 and ged (Vd, Vgig) =1 (for i < ). Therefore

Ve

VdUQVQQ”'%f‘Ig =0

hence V;V, = [, therefore g = 3d, which is a contradiction.

Case ¢ 2) d = k. Hence Ugy Vi = O with k|s and s/k odd, so
(s+k)/k even. Let s+ k = 2/g, with f > 1, g odd. Then k = 2'h with
0<I<f, hodd, hlg. We have

UyVyVag -+ Vas—14Vary = O

with ged (U, VyVag - - - Vary) = 1 or a power of 2. So U, = 0O or 20, hence
g=1lor3org=3.

Casec21) Let g=1,s0o h=1,s+k=2F k=2" and Uy Viy = .
If f=I1+1then Uy =0s02 =1or2, 2f =2o0r4. So (s,k) = (1,1),
(2,2). Now, if f > 1+ 1 then

V2f71‘/2f—2 tt V2L+1U2l — |:|

Since Uy, Voit1, ..., Vor—1 are pairwise relatively prime, then Voiprn = [
which is impossible.

Case c 2.2) Let g =3sos+k =2/ x3, k=2"h with0 <1< f, h
odd, k|3 so h =1 or 3. From

V2f—1><3 T V2l+1><3V2l><3V2l><hU21><3 =1

and ged (Ugi g, Vas—143- -+ Vaiyy) = 1 or a power of 2, then Uysy3 = or
200. Hence 2 x 3 = 6 or 12, respectively 2/ x 3 =6, so f = 1 or 2, respec-
tively f = 1. Since (s + k)/k is even, then (s, k) = (5,1), (3,3), (11,1),
(10,2), (9,3), (6,6); (s,k) = (5,1) is not possible, since UsVy = UsUs is
not a square.

We apply (5.3) and (5.4) to the sequence of Fibonacci numbers (see
RoBBINS [19] [21] [22] for (¢), (d), (e), (f)):
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(5.5). Let U be the sequence of Fibonacci numbers.

a) The only sums of Fibonacci numbers with indices of the same parity
which are equal to a square are: Uy + Uy, Ug 4+ Us, Ug + Us.

b) The only differences of Fibonacci number with indices of the same
parity, which are equal to a square are: Us — Uy, Us — Uy, Uys — U,
Uis — Ugy.

U, =0+ 1 if and only if n = 3,5.

U, =0—1if and only if n = 4,6.

U, # 0O+ 2 for all odd n.

U, =0 —2 with n odd if and only if n = 9.

PRrROOF. This is just a particular case of (5.3) and (5.4), excluding the
pairs (s, k) which do not yield a square. O

Before proving the next result, we observe that if P, @ are odd then
D # . Indeed, let o, 3 be the roots of X?> — PX + Q, so a + 3 = P,
af =Q. If D=0then o, 8 € Z so «, § are odd, hence P = o + (3 would
be even. Now we show:

(5.6). Let s > 1, k > 1 be such that ged(s, k) = 1. If Voo — QFV, =
O then ged(D, s + k) # 1.

PROOF. We have [ = Vy o — QFV, = DU, ,Uy. We recall that

ged(D,n) for all odd n,

cd (D, U,) =

ged ( ) { ged (D, g) or 2ged (D, g) for all even n.

We note that if n is even, since D is odd then the second alternative above
cannot occur.

Let dj, = ged (D, Uy), ds4x = ged (D, Usyy). Since ged (Ug, Usqr) = 1

% Us+lc D
then di? dsyr’ drdsig

Uk _ Usyr _ D _
U =0, Yotk =0, ;P =0, Bus

are coprime integers whose product is a square. So

ng(D7 S+ k) when s+ k is odd,
dsyr = ged (D, U, =
+k =8 ( +k) c ( ’ s+k

> when s + k is even.
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So if ged(D, s + k) = 1 then dsyr = 1 hence Usy, = 0. By Section 2,
Theorem (Ul) s+ k =1,2,3,6, or 12. Since ged(s, k) = 1 then

(s,k) € {(1,1), (2,1), (5,1), (11,1), (1,2), (1,5), (7,5), (5,7), (1,11)}.

Now we note that k = 1 or 2. If k = p € {5,7,11} then dy, = ged (D, Uy) =
ged(D, k) = 1 or p. If p|U, then p is the rank of appearance of p, thus
plp— (%), which is absurd. Thus dp = 1 and therefore D = [J, which

is again impossible. So k = 1 or 2, therefore dy, = 1 hence U = . From
DU¢, U, =0, it follows that D = [J which is absurd. O

We obtain the following more precise result for the sequences of Fi-
bonacci numbers and Lucas numbers (P =1, Q = —1):

(5.7). Let s > 1, k > 1 with ged(s, k) = 1. If P =1, Q = —1 then
Virar — (—1)*V, # O except when (s, k) = (4,1) or (3,2).

PrROOF. We have D = 5. If
O = Viyor — (—1)*V, = 5U4 1 U,

by (5.6) 5|s + k hence 5 1 Uy and ged (5Usqk, Ux) = 1, so Up = O and
S5Ustr = UsUsr, = O. The first equation implies k € {1,2,12} by Theo-
rem Ul. If s+ k = 5, then we obtain the solutions. On the other hand, if
s+ k > 5 then by Theorem SCU s+ k = 10, which is impossible, because
in that case P =@ =5 (mod 8). O

(5.8). Let s > 1, k > 1. If Voo + Q*V, = O then (s, k) = (2,1)
or1 < k, s = 2k. The first case happens if and only if P?3Q = [; this
implies that @ = 3 (mod 8), 3 1 P. If the second case happens then k is

odd, @ =3 (mod 4), 3t P, (%) = +1 and also P < ‘%Q+g’,

PRrROOF. Let
O = Vigor + Q"Vi = Vi Vi

By Section 2, Theorem (S C V), we must have (k,s + k) = (1,3), so
(s,k) = (2,1), or 1 < k, s = 2k. Finally, the conditions indicated in the
statement must be satisfied as it was proved in [18]. O
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From the preceding results we deduce (see ROBBINS [19] for (c), (d)):

(5.9). Let V be the sequence of Lucas numbers:

a) Vs + V4 is the only sum of Lucas numbers with indices of the same
parity which is a square.

b) V4 —Va, V7 — V3 are the only differences of Lucas numbers with indices
of the same parity which are equal to a square.

c) V, #0=+1 for all odd n.
d) V,, =0+ 3 with n even if and only if n = 4; V,, # 0—3 for all even n.

PROOF. This is just a rephrasement of the preceding results for the
sequence of Lucas numbers. O

As a supplement we show:

(5.10). Let a > 1.

a) If a + 2 is a prime then Va, = O+ (—=1)"a if and only if V,, =
(a+2+(-1)") /2.

b) If a — 2 is a prime or equal to 1 then Vs, =0 — (—1)"a if and only if
Vo=(@@—-2—-(-1)")/2.

PROOF. a) Let # > 0 and 22 + (=1)"a = V,, = V2 — 2(=1)" so
V2 — 2% =(-1)"(2+a). Then

z+V,=a+2

{Vn+x:a+2
x—V, =1

(n even) or {
Voo—2z=1

6. Applications to cubes and Fibonacci
or Lucas numbers

In this section we determine some sums and differences of Fibonacci
numbers or of Lucas numbers which are cubes. We recall that LONDON
and FINKELSTEIN [8], as well as PETHO [12], LANGARIAS and WEISSEL [6],
showed that the only Fibonacci numbers which are cubes are Uy = Us = 1,
Us = 8. On the other hand, V4 = 1 is the only Lucas number which is a
cube.

Our first result is the following:
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(6.1). Let S = {20,4C,3C,9C,6C,12C, 18C,36CY}. Then U, € S if
and only if n = 3,4,12. In particular U, ¢ {4C,9C,6C,12C,36C'}.

PRroOF. Clearly forn < 12, U,, € Sif and only if n = 3,4,12: Uz = 2,
Uy, = 3, Uyjp = 18 x 8. Assume that n is the smallest index, n > 12, such
that U, € S. Then either 2|U,, or 3|U,.

First case. 2|U, then 3|n. Let n = 3k. So U, = Uy (5UZ + 3(—1)%).
Let d = ged (Uk, 5UZ 4+ 3(—1)¥) sod = 1 or 3. If d = 1 then U, € SUC. If
Ur = C then k =1 or 6 so n = 3 (excluded) or n = 18. However, Ug ¢ S,
as verified by computation. If Uy € S then k£ < 12 (by the minimality
of n), hence k = 3, giving n = 9 (excluded) or k = 4, but then d = 3,
which is excluded; or k = 12, n = 36, but Usg ¢ S. If d = 3 then

Uy 5UZ + 3(—1)*

3 5 eSucC.

Then U, € SUC and we conclude as in the previous case that k = 3,4,
or 12, giving again n = 9,12, 36 which are excluded.

Second case. 21U, then 3|U, thus 4|n. Let n = 2k, so UyV}, =U,, €
S. Let e = ged (Ug, Vi). So e =1 or 2. By hypothesis, 21 U,, so e =1
then Uy € SUC. If Uy, = C then k = 1 so n = 2 (excluded), or k = 6,
n = 12, which was already considered. If Uy € S then k < 12 so k = 3,
hence n = 6, which is excluded; or £k = 4 and n = 8, also excluded; or
k=12, n=24,but Uy ¢ S. O

Similarly,

(6.2). Let S = {2C,4C,3C,9C,6C,12C, 18C,36C}. Then V,, € S if
and only if n = 2,3,6. In particular, V,, ¢ {2C,6C,9C,12C,36C'}.

ProOF. Forn <6,V, € Sif and only if n = 2,3,6. Let n > 6 be the
smallest index such that V,, € S. Either 2|V, or 3|V,,.
First case. 2|V, so 3|n. Let n = 3k, hence V; (V2 —3(=1)%) € S.
Let d = ged (Vi,, V2 = 3(=1)%),sod =1or 3. If d =1 then V}, € SUC. If
Vi = C then k = 1 and n = 3, excluded. If V;, € S then by the minimality
of n, k = 2,3,6 hence n = 6 (excluded), or n = 9,18 but Vo, Vig ¢ S. If
d = 3 then
Vi V2= 3(=1)k
3 3
so Vi € SUC. As before £k = 1,2,3,6 leading to no allowed value for
n = 3k.

cSuUC,
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Second case. 21V, hence 3|V, thus n =2 (mod 4) so n = 2k, with
k odd. Now V2 —2 = C. As it is known (see [9] for example) the only
solution in integers of X? —2 =Y3isx =41, y=—1sok=1,n =2
(excluded). O

We shall also require the following fact:

(6.3). Let S = {5C,25C,110C,20C, 50C,100C'}. Then U,, € S if and
only if n = 5. In particular U, # 25C,10C, 20C, 50C, 100C'.

ProoF. For n < 5, U,, € S exactly when n = 5. Let n > 5 be the
smallest index such that U,, € S. Since 5|U,, then 5 (the rank of appearance
of 5) divides n. Let n = 5k, so U,, = Uy fs (U,f), where f5 € Z[X] with
constant term +5. Let d = ged (Uk, f5 (U,?)), sod =1or5. Whetherd =1
or d =5, we deduce that Uy € {C,2C,4C} U S. By the preceding results
and the minimality of n, we have k = 1,2, 3,5, 6 giving n = 5 (excluded) or
n = 10,15, 25,30. But, by calculation, we see that Uyg, U5, Uas, Usg ¢ S.

O

It is worth noting that since 51 V;, for all n, then V,, ¢ {5C,25C} for
all n. The same method may be used to determine the Fibonacci numbers
and the Lucas numbers of the form aC, for some given integer a > 1. It
is worth noting, as an illustration that the above results amount to the
determination of solutions in integers of certain diophantine equations. For
example: Solutions in positive integers:

X2 -5Y5 =41 (z,9) =(2,1)
X2 —45Y° =44 (2,9) = (7,1)
X2 -20Y°% = +1 no solution

X2 -125Y% =44 (x,y) = (11,1)
X2 -45Y% =41 no solution

X2 - 405Y% =44  no solution.
And similarly

X6 —5Y? =41 no solution
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9X% —5Y? =44  (2,9) = (1,1)
4X% —5Y2 =41 (a,y) = (1,1)
9X6 —5Y? = +1 no solution
81X°%—5Y? =44  no solution.
Now we shall consider sums or differences of Fibonacci numbers and of

Lucas numbers. First, we show,

(6.4). Let s > 1, k > 1 be integers and assume that d = ged(s, k) =
1,2, or 3. Then
Usior — (1)U, # C.

PROOF. We have C' = U, 9 — (—1) U, = Uy Vi
Let e = ged (Us, Vsak). If e = 1 then Us = C, Vsup = C, which is
impossible. If e = 2 then %% = 2C and

{ Us =4C { =2C
or
Then 2|Us, 2|Vsyk so 3]s, 3(s+ k) and 3 ged(s, k) which is contrary to the
hypothesis.
If d = ged(s, s + k) with s/d even, s+ k/d odd, then

Va = ged (U, Vsqg). If d = 1 this leads to e = 1, already seen. If d = 2
then V5 = 3, hence g% = 3C'. Therefore,

3
{ Us =3C { =9C
or
The first case is not possible by (5.4) while the second is impossible

by (5.3).
If d =3 then V3 =4 so %% = 4C and therefore,

{U3—2C {—40

By (6.1), (6.2), in the first case s = 3, s + k = 3, which is impossible. The
second case is also impossible by (6.2). O
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(6.5). Let s > 1, k > 1 be integers with ged(s,k) = 1,2, or 3. Then
Usior + (—1)*Us = C if and only if (s, k) = (1,1) or (5,1).

PrOOF. We have C = Ugqop, + (—1)’“US = Usyi V.
Let e = ged (Usyg, Vie). If e = 1 then Ugior = C, Vi, = C, which implies
that k=1, s+k=2o0or6sos=1orb5. LetezQ,soMﬁ:2C,hence

2 2
{ Uy, = AC { =2C
Vi = 2C — 4C.

However, by (6.1), Ustx, # 4C while by (6.2) if V}, = 4C then k = 3 and if
Ust+r, = 2C then s + k = 3, which is incompatible.

Let d = ged(s, k) and assume that (s + k)/d is even while k/d is odd.
Then e = V. If d = 1 then e = 1, already considered. Let d =2 so V5 =3
and Y5 Ve = 30 Thus

{ U5+k == 90 { == 3C
Vi, =3C =9C.
However, by (6.1) and (6.2), Ustx # 9C and Vi, # 9C, so all cases are

impossible.
If d = 3 then V3 = 4 and we have %% = 4C, leading to

{ Usr = 2C { =4C
Vi = 4C =2C.

In the first case, by (6.1) and (6.2) s + k = 3, k = 3, which is impossible.
By (6.2) the second case is impossible. O

Next we consider similar results for Lucas numbers:

(6.6). Let s > 1, k > 1 be integers such that ged(s, k) = 1,2, or 3.
Then
Vepar — (=1)FV, # C.

PROOF. We have C =V, or — (—1)*V, = 5U,, x Uy hence U, Uy =
25C. Let d = ged(s, k). Then ged (Usqr, Ux) = Ug. If d = 1 or 2 then
Ug =150 Usy, = 25C or Us = 25C, which is impossible by (6.3).

If d = 3 then Us = 2 and Y5t Y = 50C so

{ Ustr = 100C { =50C { =4C { =2C
U, =2C =4C =50C = 100C.
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By (6.3) all cases are impossible. O

(6.7). Let s > 1, k > 1 be integers with ged(s, k) = 1,2, or 3. Then

Vior + (—D)*V, £ C.

PrOOF. We have C' = Vo + (—=1)kVy = Vi i Vi
Let e = ged (Vsqk, V). If e=1then Viyp, =C, Vi =C,s0s+k=k =1,

which is impossible. If e = 2 then %% = 2C, hence

{vm:w {:40
Vi, =4C = 2C.

By (6.2) both cases are impossible, since V,, # 2C for all n. Now let
d = ged (s, k), with k/d, (s+k)/d odd. Then e = Vy. If d = 1, this
case has already been considered. If d = 2, V5 = 3. Then %% = 3C,
hence Vi, = 3C or 9C' and respectively Vsyx = 9C or 3C. However, this is
impossible because V,, # 9C for all n.

Ifd:3then‘/3:4so%%:4Cande:2Coer+k:2C,

which is impossible. O
As particular cases of the preceding results, we deduce:
(6.8).
a) Uy, # C £1 for all n except n = 3.
b) U, # C £ 2 for all odd n.
c) U, # C +4 for all even n.
d) V,, # C %1 for all odd n.
)
)

e) V,, # C + 3 for all even n.

f) Vi, # C £+ 4 for all odd n.

Proor. This is just a special case of (6.4), (6.5), (6.6), and (6.7).
O

As a supplement, we show:
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(6.9). Vo, =C =+ 1 ifand only if n =2 (giving Vy = 7).

PROOF. Let C+1 =V, = V2 —-2(-1)"s0 V2 -2(-1)"F1 = C.
According to the parity of n and sign this leads to the Mordell equations

X2_-3=Y3 (only solution in positive integers x = 2, y = 1)
X?2+3=Y? (no solution)

X?2_-1=Y3 (only solution in positive integers x = 3, y = 2) and
X?+1=Y? (no solution).

It follows that V,, = 2 (impossible) or V,, =3son=2and V, =7=C-1.
O
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