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On the prime power divisors
of the iterates of the Euler-ϕ function

By N. L. BASSILY (Heliopolis), I. KÁTAI (Budapest)

and M. WIJSMULLER (Philadelphia)

Abstract. In this paper we prove that for each fixed k ≥ 1,

∆(ϕk(n)) := Ω(ϕk(n))− ω(ϕk(n)) = (1 + o(1))
1

k
(log log x)k(log log log log x)

holds for almost all n, and that

lim
x→∞

1

x

�
n ≤ x

��� ∆(ϕ(n))− s(x)√
log log x(log log log log x)

< z

�
= Φ(z) =

1√
2π

Z z

−∞
e−t2/2dt,

where s(x) = (log log x)(log log log log x) + c1 log log x + o(log log x).

1. Introduction

Let ϕk(n) = ϕ(ϕk−1(n)) (ϕ0(n) = n, ϕ1(n) = ϕ(n)) be the k-fold
iterate of the Euler totient function. Let P be the set of primes, and the
letters p, q, π, Q with and without suffixes denote prime numbers. Φ is
the Gaussian distribution function. ω(n) counts the number of distinct
prime factors of n, Ω(n) is the number of prime divisors of n counted with
multiplicity. Let ∆(n) = Ω(n) − ω(n). As usual pr ‖ n means that pr | n
but pr+1 - n.
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For the variable x let x1 = log x, xr = log xr−1 (r = 2, 3, . . . ).
In our recent paper [1] we proved that for each fixed k

lim
x→∞

1
x

#

{
n ≤ x

∣∣∣ ω(ϕ(n))− akxk+1
2

bkx
k+1/2
2

< z

}
= Φ(z)(1.1)

lim
1

π(x)
#

{
p ≤ x

∣∣∣ ω(ϕ(p− 1))− akxk+1
2

bkx
k+1/2
2

< z

}
= Φ(z)(1.2)

where ak = 1
(k+1)! , bk = 1

k!
√

2k+1
.

We are interested in the distribution of ∆(ϕk(n)).

Theorem 1. For ech fixed k = 1, for all but o(x) integers n 5 x,

(1.3) ∆(ϕk(n)) = ak−1(1 + o(1))xk
2x4

holds.

Remark 1. Theorem 1 implies that (1.1) remains valid if we change ω
by Ω. For an arbitrary additive function f and an interval I ⊆ [1,∞) let

f(n | I) =
∑

qβ‖n
q∈I

f(qβ),

and let fz(n) = f(n | [0, z]).

We shall prove

Theorem 2. Let

s(x) :=
∑

p≤x

Ωx2
2
(p− 1)
p

+ π(x2) +
∑

x2≤q≤x2
2

(1− e−x2/q)− ωx2,

where

ω =
∫ ∞

1

exp(−ξ)
ξ2

dξ.

Then

lim
x→∞

1
x

#
{

n ≤ x
∣∣∣ ∆(ϕ(n))− s(x)√

x2x4
< z

}
= Φ(z).

Remark 2. One can prove that s(x) = x2x4 + c1x2 + o(x2).
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2. Lemmata

Let
s(x,D, `) :=

∑

p≤x
p≡` (mod D)

1/p.

Lemma 1. Uniformly in 1 ≤ D ≤ x we have

(2.1) s(x,D, 1) ≤ cx2

ϕ(D)
.

Proof. From sieve theorems we know that the number of primes
p ≡ 1 (mod D) in the interval [aD, 2aD] is less than c1

aD
log a

1
ϕ(D) . Applying

this for a = 2, 22, 23, . . . one gets that

s(x,D, 1) ≤
∑

p<2D
p≡1 (mod D)

1
p

+
c1

ϕ(D)

j0∑

j=1

1
2jD

2jD

log 2j
,

where j0 is the largest integer for which 2j0D ≤ x. The first sum is at most
1

D+1 , the second sum is less than c1
ϕ(D)

1
log 2

∑j0
j=1

1
j < c2

ϕ(D) log j0 < c3
ϕ(D)x2.

Hence (2.1) is immediate. ¤

Let Uk(x; D) := #{n ≤ x, D | ϕk(n)}.
Lemma 2. Fo every k ≥ 0, r ≥ 0 there exist numerical values c(k, r) ≤

c(k, r + 1) for which

Uk(x;D) ≤ C(k, Ω(D))
xx

kΩ(D)
2

D

whenever ee < x, 1 ≤ D ≤ x.

Proof. The assertion is true for k = 0. C(0, r) = 1 is a suitable
choice. Assume that it is true for k − 1 instead of k. Let D = pa1

1 . . . par
r ,

and the prime decomposition of ϕk−1(n) let
∏

πδπ . Then

ϕk(n) =
∏

π(δπ−1)
∏

(π − 1) = E1E2.

Let p
ej

j ‖ E1, bj = min(ej , aj), D1 =
∏r

j=1 p
bj

j , D2 =
∏r

j=1 p
aj−bj

j .
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Assume now that D | ϕk(n). Then, either D2 = 1, or D2 > 1 and
there is a product partition of D2 as ξ1 . . . ξs, ξi > 1 (i = 1, . . . , s) for which
ξ` | π` − 1, π` | ϕk−1(n) (` = 1, . . . , s). It is clear that s ≤ ∑r

j=1(aj −
bj). For a fixed choice of ξ1, . . . , ξs let T = Ts run over those numbers
π1, . . . , πs ≤ x for which ξ` | π` − 1 (` = 1, . . . , s). Then

Uk(x; D) ≤
∑

D1D2=D

∑
s

∑

ξ1,...,ξs
ξ1,...,ξs=D2

∑

T

Uk−1(x,D1T ).

Since Ω(D1T ) = Ω(D1)+s ≤ Ω(D1)+Ω(D2) = Ω(D), from our hypothesis
we obtain that

Uk(x; D) ≤ C(k − 1, Ω(D))xx
(k−1)Ω(D)
2

∑

D1D2=D

∑
s

∑

ξ1,...,ξs

∑

T

1
D1T

.

From Lemma 1 we deduce that the sum
∑

1
T is less than csxs

2/ϕ(ξ1)· · ·ϕ(ξs).
Furthermore ϕ(ξj) ≥ 1

2ξj . Since the number of solutions of D = D1D2

and that of the number of the product partition of D2 is bounded by a
function of Ω(D), and s ≤ Ω(D), we obtain that the assertion is true for k.

The proof is complete. ¤
As a consequence we have

Lemma 3. Let Kx → ∞ arbitrarily slowly, ω0 = Kx, ωj = x2j
2 (j =

1, 2, . . . ). Let k ≥ 0 be fixed. Then the number M of that integers n ≤ x

for which there exists at least one prime p ≥ ωk such that p2 | ϕk(n) is

o(x).

Proof. It is enough to observe that

M ≤
∑

p≥ωk

Uk(x, p2),
∑

p≥ωk

1
p2
¿ 1

ωkx3
, ¤

Lemma 4. For ee ≤ y ≤ x we have

∑

p≤x

(Ωy(p− 1)− log log y)2 ¿ x

log x
log log y,

and ∑

p≤x

1
p
|Ωy(p− 1)− log log y| ¿ x2(log log y).
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Proof. The first, Turán–Kubilius type inequality can be proved by
squaring out, applying the Siegel–Walfisz theorem. The second inequality
is an easy consequence of the first one. ¤

3. Proof of Theorem 1

Let the prime decomposition of ϕk−1(n) be
∏

πδπ , y = x2k
2 . From

Lemma 3 we obtain that ∆y(ϕk(n)) = ∆(ϕk(n)) for all but o(x) integers
n ≤ x. Furthermore,

Ωy(ϕk(n)) =
∑

π≤y
π|ϕk−1(n)

(δπ − 1) +
∑

π|ϕk−1(n)

Ωy(π − 1).

Let η(n) denote the second sum. The first sum is ∆y(ϕk−1(n)). Thus we
have

∆y(ϕk(n)) = ∆y(ϕk−1(n)) + η(n)− ωy(ϕk(n)).

Since
∑

n≤x

ωy(ϕk(n)) =
∑

p≤y

Uk−1(x; p),

from Lemma 2 and from the obvious inequality Uk−1(x; p) ≤ x we obtain
that the right hand side is less than

xπ(xk
2) + C(k − 1, 1)xxk

2

∑

xk
2≤p≤y

1/p ¿ xxk
2 .

Consequently

1
x

#{n ≤ x | ωy(ϕk(n)) ≥ xk
2x5} → 0 (x →∞).

Let η̃(n) = (log log y)ω(ϕk−1(n)). Then

|η(n)− η̃(n)| ≤
∑

π|ϕk−1(n)

|Ωy(π − 1)− log log y|,
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and so by Lemma 2, and Lemma 4

∑

n≤x

|η(n)− η̃(n)| ≤
∑

π≤x

|Ωy(π − 1)− log log y|Uk−1(x; π)

¿ xxk−1
2

∑

π≤x

|Ωy(π − 1)− log log y| 1
π
¿ xxk

2(log log y)1/2,

Thus

1
x

#
{

n ≤ x
∣∣∣ |η(n)− η̃(n)| > xk

2x
3/4
4

}
→ 0 (x →∞).

Consequently,

∆(ϕk(n)) = ∆y(ϕk−1(n)) + (log log y)ω(ϕk−1(n)) + O
(
xk

2x
3/4
4

)

for all but o(x) integers n ≤ x.
Since ω(ϕk−1(n)) = ak−1x

k
2 + O

(
x

k−1/2
2 x5

)
(see (1.1)) for almost all

n, and by induction on k we may assume that ∆y(ϕk−1(n)) = O
(
xk−1

2 x4

)
,

therefore
∆(ϕk(n)) = ak−1x

k
2x4 + O

(
xk

2x
3/4
4

)

for almost all n. The proof is complete.

4. Further lemmata

Let V = exp(exp(
√

x2 )), Y = exp(x1e
−√x2 ), u = x1

log Y , β= log log Y
log V =

x2 − 2
√

x2, J1 =
[

x2
x3

, x2

]
, J2 =

[
x2, x

2
2

]
, J = J1 ∪ J2, L = [V, Y ].

Let

ψ0(n) :=
∏

p<V
p|n

(p− 1), ψ1(n) :=
∏

p|n
p∈L

(p− 1), ψ2(n) :=
∏

p>Y
p|n

(p− 1),

ψ(n) := ψ0(n)ψ1(n)ψ2(n), T (n) =
∏

p|n pαp(n)−1 where αp(n) is defined
as the exponent for which pαp(n) ‖ n.

Let
τ(k) :=

∏

π∈L
π≡1 (mod k)

(1− 1/π).
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From the prime number theorem for arithmetical progressions one can
get easily that

(4.1) τ(k) = exp(−β/ϕ(k))
(

1 + O

(
1

ϕ(k) log V

))
,

uniformly as k ∈ [√
x2, x

4
2

]
, say.

Assume from now on that q, q1, q2 ∈ J .
Let

%(q1, q2) :=
τ(q1)τ(q2)
τ(q1q2)

.

Since τ(q1q2) = 1 + O
(

x2
q1q2

)
= 1 + O

(
x2
3

x2

)
, therefore

(4.2) %(q1, q2) = τ(q1)τ(q2)
(

1 + O

(
x2

q1q2

))
.

Let

A(q) :=
∑

n≤x
ψ1(n)6≡0 (mod q)

1,(4.3)

B(q1, q2) :=
∑

n≤x
ψ1(n)≡0 (mod q1)
ψ1(n)6≡0 (mod q2)

1,(4.4)

C(q1, q2) :=
∑

n≤x
ψ1(n)6≡0 (mod qj)

j=1,2

1.(4.5)

As an immediate consequence of Theorem 2.5 in Halberstam–
Richert [7], we obtain that

A(q) = xτ(q)(1 + O(e−u)),(4.6)

C(q1, q2) = xτ(q1)τ(q2)
(

1 + O

(
x2

q1q2

))
.(4.7)

Since B(q1, q2) + C(q1, q2) = A(q2), therefore

(4.8) B(q1, q2) = xτ(q2)(1− τ(q1)) + O

(
xx2

q1q2

)
.
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Lemma 5. Let

K1 :=
∑

n≤x

[ω(ψ1(n)|J2)−Ax]2 ,(4.9)

where

Ax =
∑

q∈J2

(1− τ(q)).(4.10)

Then

K1 ¿ xx2.(4.11)

Proof. Let S(x):=
∑

n≤x ω(ψ1(n)|J2); F (x):=
∑

n≤x ω2(ψ1(n)|J2).
Then

S(x) =
∑

q∈J2

(x−A(q)) + O
(
x2

2

)
= xAx + O

(
xe−u

∑

q∈J2

τ(q)
)

= xAx + O(x),

since τ(q) ≤ 1 and
∑

τ(q) ≤ eu.
Furthermore, F (x) = S(x) +

∑
1, where

(4.12)
∑

1 =
∑

q1 6=q2
q1,q2∈J2

∑

ψ1(n)≡O (mod qj)
j=1,2

1.

The inner sum of the right hand side of (4.12) equals to

[x]− B(q1, q2)− B(q2, q1)− C(q1, q2).

Thus

∑
1 = [x]

∑

q1 6=q2

1− x
∑

q 6=q2

τ(q2)(1− τ(q2)) + τ(q1)(1− τ(q2))

− x
∑

q1 6=q2

τ(q1)τ(q2) + O(xx2)=x
∑

q1 6=q2

(1−τ(q1))(1−τ(q2))+O(xx2)

= xA2
x + O(xx2)− x

∑

q∈J2

(1− τ(q))2.
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Since
K1 = F (x)− 2AxS(x) + A2

x[x],

we have

K1 = xA2
x + O(xx2) + xAx + O(x)− 2Ax(xAx + O(x))

+ O(xAx)− x
∑

q∈J2

(1− τ(q))2 ¿ xAx,

and finally, from
Ax ¿

∑
β/q1 ¿ x2,

we obtain that
K1 ¿ xx2.

This completes the proof of Lemma 5.
Let

(4.13) Bx =
∑

q∈J1

τ(q).

From (4.1) we obtain that

Bx =
∑

q∈J1

e−β/q−1

(
1 + O

(
1

q(log V )c

))

=
∑

q∈J1

e−β/q

(
1 + O

(
β

q2

)
+ O

(
1

q(log V )c

))
.

To estimate the main term

T :=
∑

q∈J1

e−β/q,

we shall use the prime number theorem in the form

∆(z) := π(z)− `iz ¿ ze−c1
√

x3 for z ∈ J1.

Thus
T =

∫

J1

e−β/η dη

log η
+

∫

J1

e−β/ηd∆(η) = T1 + T2.
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By partial intergation we have

T2 = O
(
x2e

−c1
√

x3

)
+

∫
|∆(η)| |(eβ/η)′|dη.

The integral on the right hand side is bounded by

¿ e−c1
√

x3

∫
η

(
e−β/η

)′
dη = O

(
x2e

−c1
√

x3

)
+ e−c1

√
x3

∫

J1

e−β/ηdη.

Since 1
log η = 1

x3
+ O

(
x4
x3

)
in η ∈ J1, therefore

T1 =
1
x3

(
1 + O

(
x4

x3

))∫

J1

e−β/ηdη.

Introducing the new variable ξ = β/η we have

(4.14)
∫

J1

e−β/ηdη = β

∫ βx3/x2

β/x2

exp(−ξ)
ξ2

dξ.

Let

(4.15) ω :=
∫ ∞

1

exp(−ξ)
ξ2

dξ.

The integral on the right hand side of (4.14) equals to

ω + O

(
1√
x2

)
+ O


exp

(
−βx3

x2

)

x2
3


 = ω + O

(
1√
x2

)
,

consequently

T1 = βω + O(
√

x2),

and

T2 = O
(
x2e

−x1
√

x3

)
.

One can prove similarly that

∑

q∈J1

e−β/q

(
O

(
β

q2

)
+ O

(
1

q(log V )c

))
= O(1).
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Consequently

(4.16) Bx = ωβ + O(
√

x2) = ωx2 + O(
√

x2).

Let h(n) be the number of those primes q in J1 for which q - ψ1(n).

Lemma 6. Let

(4.17) K2 :=
∑

n≤x

(h(n)− Bx)2,

Then

(4.18) K2 = O(xx2).

Proof. From (4.6), (4.7) we infer that

U(x) :=
∑

n≤x

h(n) =
∑

q∈J1

A(q) = x(1 + O(e−u))Bx.(4.19)

V (x) :=
∑

n≤x

h2(n) = U(x) +
∑

2,(4.20)

where

∑
2 =

∑

n≤x

h(n)(h(n)− 1) =
∑

q1,q2∈J1, q1 6=q2

C(q1, q2)

= x(1 + O(e−u))
∑

q1 6=q2, q1,q2∈J1

%(q1, q2)(4.21)

= x(1 + O(e−u))
∑

q1,q2∈J1, q1 6=q2

τ(q1)τ(q2)
(

1 + O

(
β

q1q2

))
.

Consequently

(4.22)
∑

2 = x

(
B2

x −
∑

q∈J1

τ2(q) + O(e−uB2
x) + O

(
x2

( ∑

q∈J1

τ(q)
q

)2))
.

Since
K2 = U(x) +

∑
2 − 2BxU(x) + [x]B2

x,
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therefore, by (4.19), (4.20), (4.22) we get that

K2 = O(xBx) + O(e−uxB2
x) + O

(
x

( ∑

q∈J1

τ2(q) + x2

( ∑

q∈J1

τ(q)
q

)2))
.

From (4.16), Bx ¿ x2, furthermore

∑

q∈J1

τ2(q) ¿ x2

x3
,

∑

q∈J1

τ(q)
q

¿
∑

q∈J1

1
q

= o(1),

thus K2 ¿ xx2.
The proof of the lemma is finished. ¤

Let H be the number of primes in J1. Then, by Lemma 6
∑

n≤x

(ω(ψ1(n)|J1)− (H − Bx))2 ¿ xx2,

consequently

1
x

#
{

n ≤ x, |ω(ψ1(n)|J1)− (H − Bx)| > x5
√

x2

}
¿ 1

x2
5

.(4.23)

Similarly, from Lemma 5,

1
x

#
{

n ≤ x, |ω(ψ1(n)|J2)−Ax| > x5
√

x2

}
¿ 1

x5
.(4.24)

5. The distribution of Ωx2
2
(ψ(n))

Let

(5.1) A(x) =
∑

p≤x

Ωx2
2
(p− 1)
p

, B2(x) =
∑

p≤x

Ω2
x2
2
(p− 1)

p
.

We observe that

f(n) := Ωx2
2
(ψ(n)) =

∑

p|n
Ωx2

2
(p− 1) =

∑

p|n
f(p)
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is a strongly additive function depending on the parameter x. To prove
that

(5.2) lim
x→∞

1
x

#
{

n ≤ x, Ωx2
2
(ψ(n))−A(x) ≤ zB(x)

}
= Φ(z),

we can apply Theorem 12.15 in Elliott [8], and the Berry–Esseen theo-
rem (see Lemma 1.48 in [8]). The conditions of these theorems are satisfied.
Indeed, by using the prime number theorem for arithmetical progressions
and Lemma 1, we can deduce easily that

(5.3) A(x) = x2x4 + O(x2), B2(x) = (1 + o(1))x2x
2
4,

and that

(5.4)
∑

p≤x

Ω3
x2
2
(p− 1)

p
¿ x2x

3
4.

(5.3), (5.4) imply that
∑

xε<p≤x
|f(p)|>λB(x)

1
p
→ 0

for arbitrary positive constants ε and λ, thus the condition of Theo-
rem 12.15 holds. Since the left hand side of (5.4) is o(B3(x)), therefore the
remainder term in the Berry–Esseen theorem is o(1), thus (5.2) holds.

6. Proof of Theorem 2

It is clear that for ` = 1, 2:

(6.1)
ω(ψ1(n)|J`) ≤ ω(ψ(n)|J`)

≤ ω(ψ1(n)|J`) + ω(ψ0(n))|J`) + ω(T (n)|J`).

Let

∑
0=

∑

n≤x

ω(ψ0(n)|J),
∑

1=
∑

n≤x

ω(T (n)|J),
∑

2=
∑

n≤x

ω(ψ2(n)|J).
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First we estimate
∑

1. We have

∑
1 ¿

∑

q∈J

x

q2
¿ x.

Similarly,

∑
2 ¿

∑

q∈J

∑

n≤x
ψ2(n)≡O (mod q)

1 ¿
∑

q∈J

∑

p≡1 (mod q)
Y <p≤x

x/p

¿ x log
log x

log Y

∑

q∈J

1/q ¿ x
√

x2.

Finally

∑
0 ¿

∑

q∈J

∑

n≤x
ψ0(n)≡O (mod q)

1 ¿ x
∑

q∈J

∑

q|p−1
p≤V

1/p

¿ x
√

x2

∑

q∈J

1
q

= O(x
√

x2 ).

We deduced that ∑
0 +

∑
1 +

∑
2 = O(x

√
x2 ).

Consequently

1
x

#
{

n ≤ x
∣∣ ∣∣ω(ψ(n)|J)− ω(ψ1(n)|J)

∣∣ > x5
√

x2

}
→ 0.(6.2)

We can observe that

1
x

#
{

n ≤ x
∣∣ |∆(ϕ(n)−∆(ψ(n))| ≥ Kx

}
→ 0,

if Kx is an arbitrary function which tends to infinity. Let Kx = x5.
Therefore it is enough to prove the theorem for ψ(n) instead of ϕ(n). From
Lemma 3 we obtain that the asymptotic density of the integers n ≤ x for
which p2 | ψ(n) for some p > x2

2 is zero. Thus ∆(ψ(n)) = ∆x2
2
(ψ(n)) for

all but o(x) integers up to x. By sieve theorems one can deduce that the
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number of the integers n ≤ x for which there is a prime q ≤ x2/x3 such
that q - ψ(n) is less than

cx
∑

q<x2/x3

∏

π≡1 (mod q)
π<x

(
1− 1

π

)
≤ cx

∑

q<x2/x3

exp
(
− x2

q − 1

)
= o(x).

Thus, removing no more than o(x) integers n ≤ x, for the others

(6.3) ωx2/x3(ψ(n)) = π(x2/x3).

Hence, and from (5.2) we obtain that

ωx2
2
(ψ(n)) = π(x2/x3) + ω(ψ1(n)|J) + O(x5

√
x2 )

for all but o(x2) integers n ≤ x. By using (4.23) and (4.24) we get that

(6.4) ωx2
2
(ψ(n)) = π(x2) + Ax − Bx + O(x5

√
x2 )

for all but o(x) integers n ≤ x.
By (5.2) we have that

1
x

#
{

n≤x
∣∣∣ ∆(ϕ(n))−A(x)−π(x2)−Ax + Bx√

x2x4
< z

}
→Φ(z) as x→∞.

From (4.1), (4.10) we can deduce easily that

Ax =
∑

x2≤q≤x2
2

(
1− exp

(
−x2

q

))
+ O(

√
x2 ).

Then, by (4.16) our theorem follows.

Acknowledgement. The authors wish to thank the referee for his valu-
able remarks.
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