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Uniform measures on vector-valued functions

By SURJIT SINGH KHURANA (Iowa)

Abstract. It is proved that (Cyup(X, E),By) is strongly Mackey and its dual
is weak® sequentially complete. Also for special Banach spaces E, it is proved that
(Cup(X, E), By) has D-P property.

1. Introduction and notations

In this paper, X is a uniform space, K be the field of real or complex
numbers (called the scalar field), E a Banach space over K, Cy(X, E)
(Cup(X, E)) the space of all E-valued, bounded continuous (uniformly
continuous) on X (we denote them by Cy(X) (Cuwp(X)) if B = K). If
f: X — E, then || f|| : X — R is defined by ||f||(z) = ||f(x)||. All vector
spaces are taken over the field K. Uniform measures, on uniform spaces,
are defined and studied in ([3], [4], [5], [7], [11], [13]). All uniform spaces are
assumed to be generated by a filtering upwards family of pseudo-metrics
(see [9]). For a uniform space X, let H be the collection of all uniformly
bounded and uniformly equicontinuous subsets of Cy;,(X) (these sets will
be called ueb sets); H is closed under taking, in pointwise topology, the
closed absolutely convex hull and, in this topology, elements of H are rel-
atively compact. The finest locally convex topology on C,;(X), agreeing
with pointwise topology on every H € H, is denoted by (3, [8]; in this topol-
ogy, bounded sets are norm-bounded. The dual of (Cy,(X), £,) is denoted
by M, (X) and its elements are called uniform measures ([7], [13]). If d is a
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uniformly continuous pseudo-metric on X, the corresponding metric space
is denoted by X4. The canonical mapping ¢ : X — X4 gives rise to the
uniformly continuous mapping (Cyup(Xa), Bu) — (Cun(X),Bu), f — fop.
The space X, with weakest uniformity for which each f in Cy(X) is uni-
formly continuous, is precompact and its completion, denoted by X, is
called the Samuel compactification of X ([13]); the completion of X is
denoted by X. For uniform measures, we will be using the notations and
results from ([13], [7], [11]). It is proved in ([7]) that when a uniform mea-
sure is tight, it can be uniquely extended to a tight measure on Cy(X),
and on a complete metric space, a uniform measure is always tight; also
1 uniform implies || uniform. The spaces (Cyp(X), Bu) and (Cyup(X), Bu)
are easily seen to be isomorphic (f — f ).

The definition of uniform measure easily extends to (Cyup(X, F)) when
FE is a Banach space, the space H is the collection of all E-valued ueb sets
in (Cyup(X, E) (this is done in [11]); the elements in H are not necessarily
relatively pointwise compact. The dual of the (Cyp (X, E), 3,) is denoted
by M, (X, E’") and has the property that u is in the dual if and only if |u|
is a uniform measure, where, for any f in Cy,(X), f >0

[l(f) = sup{lu(g)| : g € Cur(X, E), lgll < f}-

Let X be a complete metric space u € M, (X, E"). Thus |u/| is a tight
measure in C,(X). In order to extend p to a bigger class of functions we
define (as in [10]) |p|*:

U={g: X — [0,00], there exists a net g, € Cp(X), >0, g =supgq}-
For an f € U, define
|1l *(f) = sup{u(g) : g € Cb(X), 0 < g < f}.
For any h : X — [0, o0], define
|ul*(h) = inf{|u[*(g) : g €U, g = h}.
Let g; : X — [0,00], i = 1, 2; the following properties are easily verified:
(@) el (91 +92) < |pl"(91) + [1l"(g2)

(i) g1 < g2 = [ul"(g91) < [ul"(g2)
(iii) |ul"(agr) = alp[*(91), «>0.
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Let P = {f : X — E,|ul*(]|f]l) < oo}. P is a vector space and
p, p(f) = |p/*(|f|]) is a semi-norm on P. Denote by Lq(u, X, E) the
closure of Cy(X, E) in the semi-normed space (P, p). As in [10], |u(g)| <
l(lgll) ¥g € L1(, X, F) and g in L1 (s, X, F) implies that [lg]| € £1 ().
Using the extension theorem in [1], it is easily shown that Cp(X, E) is in
Li(p, X, E). Also if g is in £4(u, X, E) then for any bounded h in £ (|ul),
hg is in L1(p, X, E).

For locally convex spaces, the notations and results from [15] are
used. For measures we will follow the notations of and results from [16],
[10]. Let F be a lcs (locally conves space) and F” its dual. It is called
strongly Mackey if every relatively o(F”’, F) countably compact subset of
F’ is equicontinuous. N will denote the set of natural numbers. If X is
a metric space and A C X, € > 0, B(A,e) ={x € X : d(x,A) < e}. We
need the following lemmas:

Lemma 1. Let )\, : 2V — K be a sequence of countably additive
functions (on all subsets of N). If lim \,,(A) exists for all subsets A C N,
then the convergence is uniform on 2.

PROOF. This is proved in [10, p. 199]; it follows from Vitali-Hahn—
Saks theorem and also from classical Phillips’ lemma ([6]). O

Lemma 2. Let T be a Hausdorff topological space having a o-compact
dense subset, C(T') all scalar-valued continuous functions on T with the
topology of pointwise convergence, and A C C(T') such that every sequence
in A has a cluster point in C(T). Let g be in the closure of A in KT. Then
there exists a sequence in A which converges to g pointwise.

ProOF. This is proved in [14]. O

It is proved in ([13], [5]) that (Cyus(X), B.) is Mackey and its dual is
weak™® sequentially complete; the proofs are quite technical and they do
not naturally extend to the vector case. Even for the real case, our proof
is very different and it easily extends to the vector case.

2. Main results

Lemma 3. Assume (X,d) to be a complete metric space. Let fi,
be a sequence of uniform measures in (Cyp(X, E), 3,)" such that either
lim p, (f) exists for every f in Cyup(X, E) or the sequence is relatively
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countably compact in (M, (X,E"),0(M,(X,E"),Cu(X,E)), Xo a Borel
subset of X with the property that |, |(X\ Xo) = 0, Vn, f,, a ueb sequence
in Cyy(X, E) such that |f,(x) — fn(y)| < d(z,y), Vn and f,, — 0, pointwise
on Xg. Then p,(f,) — 0.

PROOF. Suppose this is not true. We can assume |u,| < 1, and
|| f»]|<1. By taking subsequences, if necessary, we assume that |u,(f,)| >
64¢, for some € > 0, Vn. We claim that given a compact subset K of X
and ng € N, there exists an ny > ng such that

[l <96 s,
B(K,4¢)

Take a finite number of points {z; : 1 < i < p} in K so that

P _, B(xi,8¢) covers B(K,4e). Since f, — 0 uniformly on K, choose

an m; > ng such that ||f,|] < eVn > ny, on K. Put Y7 = B(x1,8¢) N
B(K,4e)N Xy. For2<j<p

Y; = (B(x;,8¢) \ UZ B(xi,8¢)) N B(K, 4¢) N Xo.

For any n > n; we have

/ Jndpin
B(K 4¢)

So the claim is proved. Inductively we construct below a sequence K, of
compact subsets of Xy, a ueb sequence h,, such that:

P p
<3 [, Wil <32 [ st + 8] < .

(1) d(Ki, Kj) > de, Vi # j;
(#9)  h; = 0 outside B(K;,¢), Vi;

> €, Vi.

(4ii) ’/fihidﬂi

Take a compact set K; C X, with |u|(X \ K1) < e. Put hy(x) =
inf (1d(B(K1,€),2),1). It is immediate that €|(hi(z) — hi(y)| < d(z,y).
Also ]ffldul—le fiduy| < e. Further | fhlfldul—le frdpa| < [ |ha—
XK, |d|p1| < e. From these inequalities and from | [ fiduq| > 64e it follows
that | [ hy fidp| > e
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Having determined K;, we take K = K; in the claim proved above
and find an no, such that

[l <96 vz n
B(K 4e)

Since |pn(fn)| > 64€, Vn, we get B(K,4e) N Xo € Xy. For notational
convenience, we denote ny by 2. Thus fB(K 40) | f2|] dlp2| < 9e. Take a
compact Ky C B(K,4€)' N Xg such that |us|(B(K,4e)" \ K3) < €. As was

done for hy, put ho(z) = inf (1d(B(K2,¢€)’,z),1). From

/ I folldlpsz
B(KQ,E)\K2

</ I felldleal + AL
B(Kz,e)ﬂB(K1,4€) B(K1,4E)’\K2
< 9¢+e=10€
and
'/hzfzduz > ‘ Jadz —/|h2 — XI5, | || folld| p2]
K>
> ‘ fadpa| — 10€
Ko
(note |ho — XKQI < XB(KQ,S)\KQ)y and
‘ fadpsa| > |/f2d,u2 - '/ fadps
Ko X\K2
> '/fgd,uz — / fodpus| — / fodua| >32e—e — 9e=22¢
B(K1,4¢)'\ K> B(K1,4€)

we get,
> 22¢ — 10e > e.

’/ ha fadps

To get hs, we apply the claim to the compact set K1 U Ko and proceed as

above. So, by induction, the sequences mentioned above get determined.
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Suppose X is compact. Take a sequence {z,} such that z,, € K,,
Vn. This means d(z;,z;) > 4e for i # j; since X is compact this is a
contradiction. So, in case X is compact, the lemma is proved.

Now suppose X is not compact. It is easily verified that for any
M C N, Y cpmhifi € Cu(X,E). If p, does not converge pointwise
on Cyup(X, E), then, by the countable compactness of this sequence and
Lemma 2, a subsequence of u,, converges to some u € M, (X, E’), pointwise
on » iy hifi € Cup(X, E), as M varies as a subset of N. By Lemma 1,
[ fihidp; — 0 gives a contradiction.

Now we come to the Mackey property.

Theorem 1. Let ) be a countably compact subset of (M, (X),
o(My(X),Cup(X))). Then Q is By-equicontinuous (thus (Cyup(X), Bu)
is strongly Mackey, [13], [15]).

PROOF. Since @ is norm-bounded, we can assume that |pu| < 1,
Vu € Q. Let H be a ueb set, uniformly bounded by 1 and pointwise
closed (note H is compact in pointwise topology). Defining the metric

d(z,y) = sup{|h(z) — h(y)| : h € H},

we can assume that X is a complete metric space. Let A be the uniformity,
on H, of uniform convergence on all finite subsets of X and on Q. It is
easily seen that H is complete in this uniformity. It is enough to prove
that H is compact in this uniformity. To prove this, it is enough to prove
that every sequence has a cluster point ([12], p. 37). So we take a sequence
{fn} in H with 0 as a cluster point, in the pointwise convergence on X,
and assume that 0 is not a cluster point in uniform convergence on Q.
By taking subsequences, if necessary, there exist an € > 0 and a sequence
{pn} in @ such that

bn(fn)] > € Vn,

0 still being a cluster point of the sequence {f,} in the pointwise topology.
Take an increasing sequence {C;} of compact subsets of X, such that

mn\(X\ Uci) =0, Vn.
i=1
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Since {f,} is a ueb set, by taking subsequences, if necessary, we assume
that

o]
fn — 0, pointwise on Xy = U C; and |pun(fn)| > €, Vn.

i=1
By Lemma 3, this is a contradiction. O
Now we come to the vector case.

Theorem 2. Let E be a Banach space and () be a norm-bounded and
countably compact subset of (M (X, E"),0(M,(X,E"),Cuy(X, E))). Then
Q is By-equicontinuous (this means (Cy (X, E), 3,,) is strongly Mackey).

PrOOF. Take H to be a ueb set. We can assume that (X,d) is a
complete metric space, where d(z,y) = sup{||f(x)—f(y)|| : f € H}, and H
and @ are uniformly bounded by 1. Suppose a net f, — 0in H, pointwise
on X but not uniformly on (). By taking subnets if necessary, take a net
o in @ such that | (fa)| > €, Va, for some € > 0. Take a fi4(1) and a
compact Cy such that |pqq)[(X\C1) < 1/2; take an a(2) > (1) such that
|fa@2)jcy | < 1/2; take a compact Co D Cy such that (|paa)| + |pa2)]) X
(X'\C2) < 1/3; take an a(3) > «(2) such that |f,(s))c,| < 1/3; continuing
like this we get a sequence { f,,} in H, a sequence {C,,} of compact subsets
of X, and a sequence {u,} in @, such that

mi(x\Ue) =0 v
=1

fn— 0on J;o, Ci, and
ln(fr)l > €, Vn.

By Lemma 3, this is a contradiction. O
Theorem 3. M, (X, E’), o(M,(X,E"),Cyu(X, E)) is o-complete.

PROOF. Suppose a sequence p,, € M, (X, E’) pointwise converges on
Cup(X, E) and let p(g) = limp,(g), Vg € Cup(X, E)). Let H be a ueb
set, uniformly bounded by 1, and a net f, — 0 in H, pointwise on X.
Suppose |u(fa)| > €, Ya for some € > 0. We can assume that (X,d) is a
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complete metric space, where d(z,y) = sup{||f(z) — f(y)|| : f € H}. Take
an increasing sequence {C;} of compact subsets of X, such that

(X U c)=0.

i=1

From the net f, select a sequence f,, such that f, — 0, pointwise on
Ui2, C;. Take subsequences of pu,, fn, if necessary, such that |, (f,)| > e,
Vn. By Lemma 3, this is a contradiction. O

A locally convex space F, with F’, F” its dual and bidual, has
Dunford—Pettis (D-P) property if every absolutely convex o(F, F’)-com-
pact C F|, is also compact in the topology of uniform convergence on
all equicontinuous, absolutely convex and o(F’, F")-compact C F’. Tt is
proved in ([2]) that (C(Y, L1(A\)), |- ), A, being a finite measure and Y a
compact Hausdorff space, has D-P property.

Theorem 4. Let E be a Banach space with the property that for
any compact Hausdorff space Y, (C(Y,E),| .|) has D-P property. Then
(Cup(X, E), B.) has D-P property.

PROOF. Let F = (Cup(X, E), By). Since (,-bounded sets are norm-
bounded, we have (F',B(F',F)) = (F’,||.||). Let P be an absolutely
convex o(F, F')-compact subset of F' and @ a weakly compact set in the
Banach space (F',||.]|). We can assume that the elements of P and Q
are uniformly bounded in norm by 1. Let U be the uniformity, on P, of
pointwise convergence on F’ and uniform convergence on (). P is complete
in this uniformity. Let {f,} be a sequence in P with 0 as a cluster point
in o(F, F'). Since {f,} is uniformly bounded the pseudo-metric d(x,y) =
St 5 1 (fa(z) = fu(y))| is uniformly continuous. So we assume X to
be a complete metric space. Now for every u € @, |u| is tight. We
claim that the measures {|u| : © € Q} are uniformly inner regular by the
compact subsets of X. If this is not true, there exists a sequence p, in @,
a sequence {C), } of disjoint compact subsets of X, such that |u,[(C)) > €
for some € > 0. By [10], for each n, there exists a finite disjoint collection
{Ch.i : 1 <i<p(n)} of compact subsets of {C),}, and elements {e,, ; : 1 <
i < p(n)} in the unit ball of E such that |u,( fg) XCrs @ €ni)| > € Vn.
Denoting the countable collection {x¢, ,ge,,1 by {g;} (1 < j < 00), we
first prove that for any subset M of N, > jem 9j isin F”. Now from the
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definition of g;, [[(3_;cps 95l < 1 and so for any p € F', ||ul| < 1, we have
(3 jerr 99)] < 1 ([10). This proves (5, g;) € F”. The mapping

A2V = K, A (M) =un( th)

jeEM

satisfies the conditions of Lemma 1 (note |u,| are tight). Thus we get a
contradiction and so the claim is proved.

Fix K, a compact subset of X. The mappings (Cyup(X, E),Bs) —
(CCK,E), | W), £ — firc and (M(X, '), | }) — (MK, E'), | ), o —
px are easily seen to be continuous (note pjx(g) = fK go dp, go being
any continuous extension of g to X — E [1]. Thus Pk is weakly compact
in (C(K,E),|.|). Also Q|x is weakly compact in (C(K, E),|.|)". Fix
€ > 0 and take a compact subset K of X such that |u|(X\K) <€, Vu € Q.
Suppose a net f,, taken out of {f,}, converges to 0 in P. Take a u € Q.
Since (C(K,E),||.||) has D-P property and | [ fadu| < | [5 fadp| + €,
Y € @, the result follows.

Acknowledgement. We are very thankful to the referee for making
several useful suggestions which have improved the paper.

References

[1] R. ARENS, Extension of functions on fully normal spaces, Pac. J. Math. 2 (1952),
11-22.
[2] J. BOoURGAIN, On Dunford—Pettis property, Proc. Amer. Math. Soc. 81 (1981),
265-272.
[3] E. C. CaBY, Convergence of measures on uniform spaces, Ph.D. Dissertation in
Statistics Dept., University of California, Berkley.
[4] E. C. CaBY, The weak convergence of measures on uniform spaces, J. Multivar.
Anal. 9 (1979), 130-137.
[5] J. B. CooPER and W. SCHACHERMAYER, Uniform measures and co-saks spaces,
Lecture Notes in Math. 843 (1981), 217-246.
[6] N. DUNFORD and J. T. SCHWARTZ, Linear opeators, Vol. 1, Interscience, New York,
1958.
[7] Z. FROLIK, Measure-fine uniform spaces, Lecture Notes in Math. 541 (1976),
403—-413.
[8] D. J. H. GARLING, A generalised form of inductive-limit topology for vector spaces,
Proc. London Math. Soc. (3) 14 (1964), 1-28.
[9] J. L. KELLEY, General Topology, Van Nostrand, Princeton, N. J., 1955.
[10] S. S. KHURANA, Topologies on spaces of vector-valed continuous functions, Trans.
Amer. Math. Soc. 241 (1978), 195-211.



82 Surjit Singh Khurana : Uniform measures on vector-valued functions

[11] S. S. KHURANA and J. AGUAYO, Vector-valued uniformly continuous functions and
uniform mesures, Analele Universitatii Bucaresti, Seria Matematica, XLV (1996),
17-23.

[12] G. KOTHE, Topological vector spaces I, Springer- Verlag, New York, 1969.

[13] J. K. PACHL, Meaures as functionals on uniformly continuous functions, Pac. J.
Math. 82 (1979), 515-521.

[14] J. D. PRYCE, A device of R. J. Whitley applied to pointwise compactness in spaces
of continuous functions, Proc. London Math. Soc. 23 (1971), 532-546.

[15] H. H. SCHAEFER, Topological vector spaces, Springer-Verlag, 1970.

[16] R. F. WHEELER, A survey of Baire measures, Expos. Math. 2 (1983), 97-190.

SURJIT SINGH KHURANA
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF IOWA

IOWA CITY, IOWA 52242

USA

(Received April 28, 1997; revised August 4, 1998)



