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On the equivalence of the rectangular
and the rhombic functional equations

By HENRIK STETKZER (Aarhus)

Abstract. We construct a bijection of the set of continuous solutions of a gen-
eralized rectangular functional equation onto the set of continuous solutions of a corre-
sponding generalized rhombic functional equation.

1. Introduction

The rectangular functional equation

flz1+y1, 22 +y2) + f(z1 +y1, 22 — y2) + f(x1 — y1, 22 + y2)

(1.1) + f(z1 = y1, 22 — y2) = 4f (21, 72)

for all (w1, 2), (y1,72) € R? expresses that the value of the function f :
R? — C at the centre of any rectangle, the sides of which are parallel to the
coordinate axes, equals its mean value over the four vertices. The related
functional equation

flx1+y1,22) + f(x1 — 91, 22)

(12) —|—f((1}1,$2+y2)+f(x17w2 —yg) :4f(-%'1,1'2)

is for obvious geometric reasons called the rhombic functional equation.
AcziL, HARUKI, MCKIERNAN and SAKOVIC [1] observed that (1.1) and
(1.2) have the same set of solutions.
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CHUNG, EBANKS, NG, SAHOO and ZENG [2] generalized the domain
R? of (1.1) and (1.2) to a product G = Gy x --- x G,, of groups. Apart
from normalizing factors their equations are

1 leg o
(1.3) o 2 Pl zayr) = f@)hi(y) + ha(y),
O1,..,0pn==F1
and
Zn:; S @i,y i, )
(14) =1 o;=*1

= f(z)p(y) + q(y),

where x = (x1,...,2,) € G and y = (y1,...,Yyn) € G. They proved that
the same set of f’s occurs in the solutions of (1.3) and (1.4).

In this paper we generalize the left hand sides still further, keeping the
right hand sides of (1.3) and (1.4) unchanged, so that we get a further gen-
eralized rectangular functional equation (2.1) and a generalized rhombic
functional equation (2.2). We construct a bijection of the set of solutions
of the generalized rectangular functional equation onto the set of solutions
of the generalized rhombic functional equation. The bijection takes not
just f, but also the other functions hi, ho and p, g of the solutions into
account. The result reveals that it is not necessary that Gi,...,G, be
groups.

The way we proceed is inspired by [2; Sections 4 and 5]. It should
be pointed out that we work with complex valued solutions, while the
solutions of [2] may take their values in any quadratically closed field of
characteristic different from 2.

2. The bijection

Let X1,...,X, and Yi,...,Y, be topological spaces and put X =
Xix--xX,andY =Yy x---xY,. Welet K,..., K, be compact spaces
equipped with complex Borel measures p1, ..., u, such that p;(K;) =
oo = up(K,) = 1. We assume that the given continuous mappings ¢; :
X; x K; xY;, — X; fori =1,...,n, satisfy the following condition: For

each i = 1,...,n there exists an e; € Y; such that ¢;(z;, k;, e;) = x; for all
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x; € X; and k; € K;. If there are more than one possibility for the e;’s we
fix one for each i = 1,...,n.

Writing « = (x1,...,2,) € X and y = (y1,...,Yn) € Y we formulate
the following version of the generalized rectangular functional equation

/ f(¢1(331, k17y1)7 R ¢n(‘rn7 kna yn))dul(kl) s dlu“n(kn)

(2‘1) Kix- XK,
= f(x)h1(y) + ha(y), z€ X, yeYy,

and of the generalized rhombic functional equation
Z/F(xb ceey ¢z(xz7 ki7yi)7 s axn)dul(kl)

i:lKZ_
=F(x)py) +qy), ze€X, yeY.

(2.2)

The functions to be determined are f € C(X) and hy,hy € C(Y), resp.
F € C(X) and p,q € C(Y). We use the standard notation of C'(X) for
the set of complex valued continuous functions on a topological space X.

Ezamples 2.1. 1. In [2] we have for i = 1,...,n that X; = Y; = G,
K; = {£1}, i;({1}) = p;({—1}) = %, bi(xi kiyy) = xlyf" and e; is the
neutral element of the group G;. If G; is abelian then a more general
instance is given by ¢;(x;, +1,y;) = x; + vi, ¢i(xi, —1,y;) = x; + o3y;
where o; : G; — G is a continuous homomorphism such that o; oo; equals
the identity map (see [3]).

2. We get a more general example than the one in [2] as follows: For
i=1,...,n we let K; be a compact topological transformation group of
a topological group G; such that the map z; — k; - x; of G; into G is
either an automorphism or an anti-automorphism for each fixed k; € K.
Furthermore we let dk; denote the normalized Haar measure on K;. Then

/' .. / f({L’l(kl . yl), . ,.Tn(kn . yn))dk)n e dkl = f(:c)hl(y) + hg(y)
K1 K,

where x = (z1,...,2,) € Gy X -+ x Gp, and y = (Y1,...,yn) € G X

-+ X G, is a generalized rectangular functional equation that satisfies our
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requirements. We get Example 1 by taking K; = Z,. Another choice
of K; can be K; = Zy acting on X; = C as follows: Zy = {w" | n =
0,1,...,N — 1} where w = exp(27i/N), and w™ - z = w"z for z € C.

Theorem 2.2. Let the assumptions be as above. For any continuous
solution (f, hy, hs) of the generalized rectangular functional equation (2.1)
we define

(f,p,q) if f is not a constant

®(f, h1,ho) :=
(f: b, o) { (f,nhi,nhy) if f is a constant

where

Ply):= D Mly] and q(y) = holy] foryey

i=1

with the notation [y;] :== (e1,...,€i—1,Yi,€it1,...,€n) €Y when y; € Y;.
Then ® is a bijection of the set of continuous solutions of the gen-
eralized rectangular functional equation (2.1) onto the set of continuous
solutions of the generalized rhombic functional equation (2.2).
The inverse map V¥ is given by

(f,hi,h2) if f is not a constant

U(f,p.q) = { (f,p/n,q/n) if f is a constant

where

m(v) = [[{ply] - (0 = D},

n k—1
ho(y) == 3 alye] [T {pli] — (0 — 1)}
k=1 i=1

fory = (y1,...,yn) €Y.

PROOF. The statements are easy to check if f is constant, so we may
in the proof restrict our attention to solutions for which f is not constant.
For brevity we write dk; = dp;(k;) for i = 1,...,n, dk = dk; ...dk, and
K = K; x -+ x K, in the proof. Let (f, h1,h2) be a continuous solution
of the generalized rectangular functional equation (2.1). Putting y = [y;]
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into it and using the conditions on the mappings ¢1, ..., ¢, we find that

f(@)halyi] + halyi]

:/f(gbl(xl; kl? 61)7 ey gbz(xla kiayi)a o ,an(l'n, kna en))dk
K

(23) - /f(xlaaqsz(xzaklayl)a7xn)dk
K
= /f(xh s Gy Ry y) ) dEy.
K;
Summing this over ¢ = 1,...,n we find that
Z/f(xh .. '7¢i(xi7ki7yi)7 o ,l’n)dki - f(flf) Zhl[yl] + ZhQ[yZL
=1z i=1 i=1

which shows that (f,p,q) is a continuous solution of (2.2) with p(y) :=
> izt hilyd] and q(y) = 307, halyi]-

We will next show that ® is injective. Let (f, hy,he) and (f’, b}, hb)
be two solutions such that ®(f, hy,he) = ®(f’,h},h,). Then obviously
f=1" Now f(z)hi(y) + ha(y) = f(x)hi(y) + k5 (y) implies that hy =y
and ho = hf, because [ is not constant.

Let (F,p,q) be a continuous solution of (2.2). Putting y = [y;] in
(2.2) we get that

F(2)ply;] + qly;] = Z/F(xlv-~7¢i(xi7ki7€i)w~7xn)dki

i j,
+/F({L‘l,...,¢j(.%'j,kj,yj),...,$n)dk‘j
K;
:(TL—].)F(CC)—F/F(xl,...,qu(l']',k‘j,yj)...,Q?n)dk‘j
K.

J

so that

/F(:vl, o 055, K5, 95), - e )dky = F(2){ply;] — (n = 1)} + qly;]-
K;
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Using that we compute

/ F(¢1(xl7kl7yl),“~7¢n(xn,kn7yn))dk1...dk}n
Kix---xKp

[ [ F@1@ikimn). oaea o). bnns )b Yo .. b

KoX--- XKy, Ki

= / {F($17¢2(x27k27y2)7"'7¢’n«(x’n«7kTMyn))([p[yl]7(n71)]+q[y1]}dk2"'dk”

KoX--- XKy

= / F(x1,d2(z2, k2,y2), . ., dn(Tn, kn,yn))dkz . . . dkn[ply1]—(n—1)]4+q[y1]
KoX--- XKy

k—1

== F@) [[{plyi] — (0= D} + > alun] [T {olyi] = (= 1)}
k=1

=1 1=1

We see that (F, hi, he) is a continuous solution of (2.1) where

n n

k—1
h(y) = [[{plyil = (n =D}, haly) == alu] H{p[yi] —(n—1}

=1 k=1

To see that ® is surjective it suffices to consider a solution (F,p,q)
of (2.2) for which F' is not a constant. With the notation just applied we
see that (F,hy,hs) is a solution of (2.1). Now, ®(F,hi,he) = (F,P,Q)
is a solution of (2.2), so we have two solutions with the same F. Thus
F(z)P(y)+Q(y) = F(z)p(y)+q(y). Since F is not a constant we get that
P = p and Q = ¢, so that ®(F,hy,hs) = (F,p,q). This shows that & is
surjective. It also shows that ® o U is the identity, thus verifying the claim
about the inverse. g

Corollary 2.3. The solutions f € C(X) of the following version of
Jensen’s functional equation

/ F 1@, k1,51, s S (@ Ko ) dpis (R - . dpn (k) = F(2),

KlX"'XKn

reX, yey,
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are the same as the solutions F' € C(X) of the following version of the
rhombic functional equation

Z/F(mlv .. ‘7¢’i(xi7ki7yi)7 s 7xn)dul(kl) = F(l’), T e X7 Yy e Y.
i:lKi

The corollary was noted in [1; §4] for the classical case of X = R?,
and proved in [2] in the setup there.

Remark 2.4. In contrast to [2] we work with continuous solutions.
This is because our integrals should make sense. However, if K1,..., K,
are finite sets then we may dispense with all assumptions about continuity
by equipping Xi,...,X, and Y7,...,Y,, with the discrete topology. All
maps are continuous with respect to the discrete topology, so in this case
we work with solutions without assuming any regularity. The advantage of
keeping the topology is that Theorem 2.2 and Corollary 2.3 have the same
wording irrespective of the topologies involved. The discrete topology is
just a special case that one can refer to if one is interested in solutions
without prescribed regularity conditions like continuity.
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