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Connections and regularity on the cotangent bundle

By GABRIEL MITRIC (Iasi)

Abstract. Considering some diffeomorphisms between the tangent and the cotan-
gent bundles of a smooth manifold M obtained from regular geometric objets on T'M
and T* M we establish some relations between mechanical structures on T'M and T* M.
We construct a mechanical structure on T*M and we also study the condition under
wich a regular vector field defining a mechanical structure on T* M is a semi-Hamilton
or Hamilton vector field.

Introduction

There are some essential differences between the differential geome-
tries of the tangent and cotangent bundles of a differentiable manifold M,
although the bundles are isomorphic, as vector bundles.

The tangent bundle has a naturally defined integrable almost tan-
gent structure J and one can define the notion of a semispray (second
order differential equation vector field) on it. From a semispray one can
derive easily a (nonlinear) connection on the tangent bundle. The cotan-
gent bundle T*M has a naturally defined symplectic structure w but one
cannot define naturally something similar to the notion of almost tangent
structure or semispray.

In [1] it was introduced the notion of regularity and that of adapted
almost tangent structure on the cotangent bundle T* M, used for the study
of some geometric properties of the tangent and cotangent bundles, con-
sidering some diffeomorphism between them. A regular vector field K on
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T*M defines an integrable adapted almost tangent structure and a con-
nection I'gr on T*M. On the other hand, this regular vector field defines
naturally an M-bundle diffeomorphism ® from 7*M to T'M which trans-
fers some results from the differential geometry of the cotangent bundle
to that of the tangent bundle, and conversely. Using a regular vector field
(which always exists) one defines the notion of mechanical structure on
T* M, which generalizes the notion of Hamiltonian system on T*M and is
correlated with the notion of mechanical system on TM. A regular vector
field K on T*M defining a mechanical structure is used to define another
two symmetric connections I and I', on T*M. In this paper we study
the conditions for the existence of regular vector fields K’ and K" on T* M,
with the same associated M-vector field (see [11]) like K, such that the
associated connections to K’ and K", I'g and 'k are just Iy and I'..

In [2], based on a similar idea, considering a regular 1-form on T'M
we have constructed a semispray which defines a connection on T'M. The
above regular 1-form defines naturally an M-bundle diffeomorphism W
from T'M to T* M, of the Legendre transformation type (see [4], [6]), which
transfers some results from the differential geometry of the tangent bundle
to that of the cotangent bundle, and conversely.

In [3] we established some relations between regular 1-forms and me-
chanical systems on T'M. Considering the diffeomorphism ¥ from T'M to
T*M determined by a regular 1-form defining a mechanical systems on
T M, we construct in this paper a mechanical structure on T M, and also,
we study the conditions under which the regular vector field defining a
mechanical structure on 7* M is a semi-Hamilton or Hamilton vector field.

The author would like to express his gratitude to Prof. Dr. VASILE
OPRoOIU for several useful advices during the preparation of this paper.

1. Preliminaries

We begin by describing the geometric structures of the tangent and
cotangent bundles TM and T*M of a smooth n-dimensional manifold M.
First, we shall present, in short, some result included in [1], [2] and [3].
Denote by 7 : TM — M, m : T*M — M the natural projections and
let (U,2%), i = 1,...,n; be a local chart on M. Then the local chart
(77 YU); 2%, 9*) is induced on TM where x* = 2 o7 (by abuse of notation)
and 1’ are the vector space coordinates with respect to the natural local
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frame (52r,..., 52 ) in TM defined by (U,z?). Similarly the local chart
(7=2(U); ¢, p;) is induced on T*M where ¢* = z° o and p; are the vector
space coordinates with respect to the natural local frame (dz?,...,dz™) in
T*M defined by (U, z?).

Due to the special form of the change rules of the induced local charts
on TM (on T*M), it is possible to define the notion of an M-tensor field
on these bundles (see [11]).

Definition. An M-tensor field of type (k,l) on TM (on T*M) is de-
fined by sets of local coordinate components T;il.‘_'_';f, assigned to every
induced local chart on T'M (on T*M) such that the change rule, when a
change of induced local charts on TM (on T*M) is performed, is the same
with the change rule of the local coordinate components of a tensor field

of type (k,l) on M.

Remark that any M-tensor field on T'M may be thought of as an
ordinary tensor field T' with the expression

T= T]zlljzlk 65“ ®... ®8§ik @dr®...@dr'".
However, there are many other possibilities to interpret an M-tensor field
as an ordinary tensor field on T'M. Remark also that any ordinary tensor
field on the base manifold may be thought of as an M-tensor field on
T M, having the same type and with the components in the induced local
chart on T'M, equal to the local coordinate components of the given tensor
field in the chosen local chart on the base manifold. The M-tensor field
associated to a covariant tensor field on the base manifold M may be
thought of as the pull back of this tensor field by the smooth submersion
T: TM—M.
Consider the natural integrable almost tangent structure on TM, de-
fined by the tensor field J of type (1,1) on T M having the local coordinate
exTPression

6‘ ® dx’.

J =
oyt

In the case of the cotangent bundle the notion of adapted almost tangent
structure is defined ([1]) by a tensor field J on T*M of type (1,1) such that
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KerJ =ImJ = VT*M, where VI*M = Kerw, is the integrable vertical
distribution. The local coordinate expression of J must be

o .
1 J = gij— @d¢’,

where the components g¢;;(¢,p) define a nondegenerate M-tensor field of
type (0,2) on T*M. The integrability condition for the adapted almost
tangent structure consists in the existence of a regular M-vector field
€' (q,p) (an M-tensor field of type (1,0)) on T*M such that g = %7
where g% (q,p) are the entries of the inverse of the matrix (g;;(g,p)), i.e.
9ij9"* = gjig" = 5;»“, and the matrix (g;;(q,p)) is nondegenerate.

The components £%(q, p) of an M-vector field on T* M may be thought
of as the last n components of an M-bundle (local) diffeomorphism & :

T*M — TM. So, the local coordinate expression of & is
(2) @ =q5 Yy =)
The inverse ®~! of ® has the local coordinate expression

(3) q' =’ pi = Gi(z,y).

The components (;(z,y) define an M — 1-form on T'M.
Let K be a vector field on T* M, with the local coordinate expression

» 0 0

(4) K(a.p) =£(ap) 55 +x:(a:P)5 -

The components £ define an M -vector field on T* M, called the asso-
ciated M -vector field of K.

The vector field K is called regular if its associated M -vector field is
regular, i.e. the matriz (g—i_) is nondegenerate.
From a regular vector field K (from its associated M-vector field) one
can derive an integrable adapted almost tangent structure Jg, with the
local coordinate expression (1), and a nonlinear connection I', (thought
of as an almost product structure on 7" M such that the eigendistribution
corresponding to the eigenvalue —1 is the vertical distribution) given by

(5) FK = —;CKJg
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Consider the canonical 1-form (the Liouville form) = p;dg* on T*M
and let w = df be the canonical symplectic structure on T*M.

Recall that a vector field H = &° a?f + Xiaipi on T*M 1is called a
Hamilton wvector field if it is reqular and Lpw = 0. This condition is

expressed locally by the relations

dp;  Opi’ op; g’ a

© 0 = o

Definition. A vector field K on T*M defines a mechanical structure
on T*M if it is regular and the matrix (¢g%) = (g—i) defined by its associ-
ated M-tensor field is symmetric (see [1], [4]).

In this case only the condition (6) (4) is fulfilled. There exists a smooth
real function h : T*M — R such that &' = % but, generally, y; # — 88 ;
Consider the form n = igxw — (—dh). So igxw = —dh + n. Therefore

Xi = —59;2- + ;.

Then 1 = n;dq® is a semibasic 1-form on T*M. (n(V) = 0 whenever
V' is a vertical vector field on T*M.)

Definition. The vector field K on T* M is a semi-Hamilton vector field
if it is regular and Lxw is a semibasic 2-form on T*M, i.e. iy (Lgw) = 0,
whenever V is a vertical vector field on T*M.

This condition may be expressed locally by (6) (i) and (6) (7). In the
case of a vector field K defining a mechanical structure on 7 M one defines
in [1] another two connections on T* M. First, one defines the symmetric
tensor field g of type (0,2) on T*M, by

g(Zl, ZQ) = —W(Zl, J&ZQ), 1,49 € X(T*M)

Its local coordinate expression is g = g¢;;dq" ® dg’. Then the nonlinear
connection I on T*M is defined by the condition

w(Zl,F/KZ2) = (,CKQ)(Zl, Zg); Zl,Zz S X(TM)

Another connection I', on T*M defined by a vector field K defining a
mechanical structure is obtained in a similar way from the tensor field
g= gija%u ® %. Both connections I} and I'}; are symmetric.

Recall that a semispray (a second order differential vector field) on
the tangent bundle TM (see [4], [6], [7], [10]) is a vector field S on T M
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such that JS = C, where C is the Liouville vector field on TM (the local

coordinate expression is C' = y* 8(}, .

The local coordinate expression of a semispray is S = aii +

ai(x,y)%. There is a connection I' (thought of as an almost product
structure) on T'M (see [4], [6], [7], [10]) derived from the semispray S by

(7) I =—Lsl.

The connection I is called the canonical connection associated to the semis-
pray S.

In [1] it is proved the following result: Let be K a regular vector field
on T*M and assume that its associated M -vector field defines a global
M-bundle diffeomorphism ® : T*M — T M. Then the vector field &, K
is a semispray on T M whose derived connection I' is just the image by ®
of the connection Iy defined by (5).

In [2] it is considered a regular 1-form on T'M from which one derives,
by using the integrable almost tangent structure and the Liouville vector
field on T'M, a semispray on T'M. This semispray has its associated con-
nection. Then, the above regular 1-form defines naturally an M-bundle
(local) diffeomorphism ¥ from T'M to T*M by which we can establish
some correspondences between the differential geometry of these bundles.

Let a be a 1-form on T'M with local coordinate expression

(8) a = aj(z,y)dy’ + 8;(z,y)dr?.

The components «; define an M — 1-form on T'M, called the associated
M —1-form of . The form « is called regular if the matrix with the entries
(95 = g;}) is nondegenerate. Assuming that the 1-form « is regular, we

consider the 1-form 6 on T'M defined by

(9) 0=aolJ=1ija,

where 7 is the vertical derivation on T'M. The 1-form 8 corresponds to
the Cartan 1-form defined by a regular Lagrangian on TM (see [7]) and
has the local coordinate expression

0 = a;(x,y)dx".
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The 2-form df = dij« is a symplectic form. Consider the 1-form 3 on TM
defined by

(10) B8 =dica — a,
and define the vector field S on TM by
(11) isdd = —p.

We find that S is a semispray on T'M. Its associated connection is given
by (7). Just like in the case of a regular M-vector field, the components
a;(z,y) of @ may be thought as the last n components of an M-bundle
map ¥ : TM — T*M. This is the (local) diffeomorphism mentioned
above. The local coordinate expression of ¥ is

(12) qi in; Di Zai(ﬂ%y%

where (771(U); ¢*, p;) is the induced local chart on T*M. The inverse ¥ 1
of ¥ has the local coordinate expression

(13) o' =q Y =u(ep)
The central result of [2] is the following:

If « is a regular 1-form on T M, there is a semispray S on T M derived
from it by (9), (10), (11). Assuming that its associated M — 1-form defines
a global M -bundle diffeomorphism W : TM — T*M, the vector field V,.S
is a regular vector field on T* M whose derived connection I'i is the image
by W of the connection I' associated to the semispray S.

2. Regular 1-forms and mechanical structures

on T'M and T*M

In [3], some relations between regular 1-forms and regular mechanical
systems on T'M were studied. In this section, considering the diffeomor-
phism ¥ : TM — T* M defined by a regular 1- form «, defining a mechan-
ical system on T'M, we shall construct a mechanical structure on 7% M.
Then, we shall study the condition under which the regular vector field
defining a mechanical structure on T*M is a semi-Hamilton vector field.
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Recall that a mechanical system on TM (see [4], [9]) is a triple m =
(M, F,p), where F : TM — R is a smooth real valued function and p is
a semibasic 1-form on TM (i.e. p(V') =0, for any vertical vector field V
on TM).

The wvertical differentiation dy on TM (see [4], [7]) is a derivation of
A(M) of degree one, defined by

dy = lij,d] =isd—di;.

Consider the form wp = dd;F. If wp is a symplectic form (an equivalent

condition is for the Hessian (%) of F' to be nondegenerate) the me-
y Oy

chanical system m is said to be regular. In this case, the vector field S

defined by
(14) iswp = —dEF + P,

where Er = CF — F is the energy function associated to F, is a semispray
(see [4], [7], [8], [9]).

m is said to be conservative if p is a closed form. In this case the
mechanical system is Lagrangian. In [3] it is considered a regular 1-form
a = a;(z,y)dy’ + Bi(x,y)dz? such that its associated M — 1-form defined
by «; satisfies the conditions

(15)

Dy = ayi; i,j=1,...,n. (ie. gij = gi5)-

Then (15) may be expressed by

oF

T oy

where I’ is a smooth real valued function on T'M.

Considering p; = 6; — gg- , the form p = p;dxz’ is a semibasic 1-
form and o = dF + p. The triple m = (M, F, p) is proved to be a regular
mechanical system and conversely, if m = (M, F, p) is a regular mechanical
system, then a = dF + p is a regular 1-form and its associated M — 1-form
satisfies (15).
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Theorem 1. If the differential form « on T'M is regular and g;} =

5.+ 1 =1,...,n, then the (local) diffeomorphism ¥ : TM — T*M given
y

by (12) defines a mechanical structure K = ¥,.S on T*M.

day

PROOF. By a straightforward computation we get
. 0 0

K=V.5=u"(q,p)=— 4, D)

u'(q p)ng + xi(q p)api

From the condition for U~! to be the inverse of ¥, we get g—;f oW = g¥.

It follows

Ou? oq/:gij:gji:%olll;
Opi

Therefore K defines a mechanical structure on T*M. O

ol T
oyl

i,7=1,...,n, then ¥, S is a semi-Hamilton vector field on T* M

Proposition 2. If the differential form « on T'M is regular and
8a]‘
Byt
if and only if the form p is a basic 1-form on TM.

In other words, n is a basic 1-form on T* M if and only if p is a basic
1-form on T M.

ProOOF. From the condition for ¥~! to be the inverse of ¥, we also
get
ou’ 00y
2 oY = gL,
g~ ° I o
VU, S is a semi-Hamiltonian vector field if and only if the condition (6) (ii)
is fulfilled. In this case £' = u® and x; = 3; o W~1. Then the condition (6)

(ii) becomes

oul 9B; ouk k0o | OB 4
o T 0 T e Top” 0
o [ O 0p; o 0p; o OF
gk k — = k = —_— = — 2 ) =
g <3:Ei 8yk> 0 = oxrt  Oyk < 6yk(81:i Bi) =0
Ipi
& 5i=0

The last conditions means that the form p is a basic 1-form on TM.
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Proposition 3. Under the hypothese of Proposition 1, the mechanical
system defined by o on T'M is conservative (Lagrangian) if and only if the
mechanical system defined by K = WV, S is conservative (Hamiltonian).

In other words, p is a closed form on T'M if and only if n is a closed
form on T* M.

PROOF. The mechanical system defined by K = ¥, S is conservative
if and only if dn = 0, so Lxw = 0. Taking into account the previous result,
we have that (6) (iii) is equivalent with % = gg{. But 3; = gi: + pi-

Therefore gfj- = ggg if and only if g;’j- = g’; 2 and, since p is already a
basic form this means that p is a closed form on T'M. O

3. Conditions for existence of regular
geometric objects on 1% M

Consider now another problem related to the above correspondences
between the tangent and the cotangent bundles. Assume that K is a
regular vector field on T*M and let 5;(z,y); i = 1, 3, n; be n-smooth real
valued function on the domain 77!(U) of an induced local chart on TM.
We ask for the local existence of a regular 1-form o = a;dy? + B;da? (of
a regular M — 1-form «;) such that ®,.K is just the semispray derived

from a.

Theorem 4. Consider a regular vector field K on T*M with the local
coordinate expression (4) and let (;(x,y); i = 1,...,n be n-smooth real
valued functions on the domain 7=1(U) of an induced local chart on T M.
If the ordinary differential system on 7=(U)

det o da”
y! oy
16) S (2, G, y) )y + G5 (. C2, )X, G y)
_ dy™ _
5 (@ )y + ()X, C (2, )
_dag _day,

= T
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has n first integrals C*, ... C™(z,y, a) such that

D(Olv"'acn)
D(y',...,y")

D(Cla"'vcn)

0:
7é ’ D(ala"'van)

(17) # 0;

then there exists a regular 1-form o = a;dy? + B;dx’ (so, with the last n
components (3;) such that the semispray ®,K derives from «.

PROOF. Consider the (local) diffeomorphism & : T*M — TM and
its inverse ®~! : TM —— T*M having the local coordinate expression
(2) and (3), respectively. The semispray S derived from « has the local
coordinate expression

0
ozt

: Ja 0
+ gkl(ﬁk - T;yl)ayi'

S:yi

The relations ¢, K = S are equivalent with

ji doyj s -1 ji —1
g](ﬂj—wy)zyj(aqjo@ )+ (9" ) 0 @
From these relations transvected by gp; = %Z? we get the quasilinear

partial differential system

aOéZ‘ j Oozi k 6{3

18 - : —
(18) 0¥ 9y |V agh (z,¢(z,y))
¢l
Pk
whose characteristic system is just (16). The first integrals C1,...,C,, as-

sure, using the implicit function theorem, the obtaining of the components
Q; (l’, y) . O

Remark. Under the hypothesis of the existence of this regular M — 1-
form «; (of a regular form «) let us consider the (local) diffeomorphism
U: TM — T*M, defined by the M — 1-form «;. Then ¥ = &~ if and
only if

az($)y):€1(x7y)7 Z:]-uvn

Using the relations (18) we obtain the following result:
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Proposition 5. Let K(q,p) = fi(q,p)a%i + Xi(q’p)a%i be a regular
vector field on T*M and let 3;(x,y); i = 1,...,n; be n smooth real valued
functions on the domain 7=1(U) of an induced local chart on TM. Con-
sider the (local) diffeomorphism ® : T*M — TM defined by K. There
exists a regular 1-form o = a;dy’ + +B;dz? (so, with the last n compo-
nents (3;) such that the semispray ®.K is derived from « and W is just
&1 (in this case ¥, S = K ) if and only if the components (;(x,y) satisfy
the conditions:

¢ 5 OG [ 08

(19) + (x,((x,y))xk(x,g“(a:,y)) = fi-

oyJ
&I
Opr.

Let us consider a regular vector field K (g, p) = £'(q,p) a%i +Xi(q?p)a%i
defining a mechanical structure on T*M . From K one can derive the
connection I'k (its associated connection) and, also, the connections Iy
and I'’, as above. We ask for the existence of a regular vector field K’ on
T*M, with the same associated M-vector field (£%) such that 'y, = T'p,
that is I is just the connection associated to K’. Then, we shall consider
the same problem for I'}.. For the study of these problems we shall use
the following result of [1]:

If the components £*(q,p); i = 1,...,n define a regular vector field on
T*M andI'* is a connection on I M then there exists a regular vector field
K on T*M with its associated M-vector field £ and such that I'* = I' if
and only if the following integrability conditions are fulfilled

Ogrj  Ogki Ol Ol

20 g _ Sk . ,
(20 5g  og M op, T ap,

b _ 0 _ 1.9 ., _ .
where 5 = Bg Fﬂapj’ 1 =1,...,n are local vector field defining a

local frame in the horizontal distribution HT* M, defined by I'*.

Theorem 6. Let K(q,p) = §i(q,p)8%i +xi(q,p) 6%1- be a regular vector
field defining a mechanical structure on T M. There exists a regular vector
field K' with the same associated M-vector field (£') such that Ty, = T/
if and only if the following integrability condition are fulfilled:

Ogri Ogi; > <3§l 6Xh)
21 = i) 5+ =) =0.
) ( Opn i Opn g dgh  Op
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PROOF. The coefficients I'}; of the connection I', are given by

1 ok ok
IV == Kgii + git. —— RN O
ij 2{ gj+gk6q9+gk’6ql
The result is then proved by a straightforward computation by using the
relations (20). O

Remark. If K is a semi-Hamilton vector field, the expression in the
second parenthesis vanishes. Therefore, the relations (21) are fulfilled in
this case.

Theorem 7. Let K(q,p) = £'(q, p) 8?1" +Xi(q7p>a%i be a regular vector
field defining a mechanical structure on T M. There exists a regular vector
field K" with the same associated M-vector field (£), such that T}, = Tk
if and only if the following integrability condition are fulfilled:

(22) 09 _ Ogui _ (ghﬂ% _ gh.32><j>
o¢ O 7 Oprop * OprOp;

PROOF. One uses the relations (20) where the coefficients T, of the
connection I'}; are given by

1 0x; OXi
TV = 2 Kgii — gip—2 — gpi —— » .
ij 2{ Gij gkapk gkjapk}
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