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On Hilbert’s 16" problem

By MARIAN MURESAN (Cluj-Napoca)

Abstract. The aim of this paper is to study D. Hilbert’s 16*" problem for a
Liénard type system of differential equations, in connection with some earlier results
obtained by T. R. BLows and N. G. LLoyD. The method is based on the properties
of the successive function.

1. Introduction

In 1900 at the Congress of Mathematicians held in Paris David Hilbert
introduced his famous list of 23 problems. The 16" problem is still un-
solved. This is the following: let .S be the set of autonomous systems of
differential equations of second order

{ &= P(z,y)
y=Q(z,y),
where P and @ are polynomials such that P(0,0) = Q(0,0) = 0. When
n > 2 take S, C S having the property deg(P) < n, deg(Q) < n. Define

the map 7 : S — {0,1,2,...,400} as follows: for s € S, let 7(s) be the
number of the limit cycles of the system s. Then we take

(1)

H,, = sup{n(s) | s € S}

The 16" problem requires to provide an estimation for H,, depending
on n and to provide the pictures of all possible limit cycles. Both parts of
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this problem (the estimation and the pictures) turn out to be very difficult.
Short introductions to the estimation aspect may be found in [7] and [4].

Here we are interested in giving an estimation of the number of limit
cycles of small amplitude for a particular system of differential equations,
from where an answer is obtained to the 16*" problem for this system. The
results of this paper have been proved using the method of BLows and
LroyD from [4] and introduced in [12]. In this paper we use the method
of successive function to get the desired results.

A quadratic dynamical system is a system of the form (1) such that
deg(P) < 2 and deg(Q) < 2, and at least one of them has degree equal
to 2. A critical point [14, p. 19], [9, VII.1] is a fine focus of (1) if it is a
center for the corresponding linearized system. The order of a fine focus is
defined as follows: Suppose that the origin is a fine focus. It is known ([14,
pp. 119-120]) that there exists a function V' defined on a neighborhood of
O such that V, its derivative with respect to the system (1), is of the form
V= nor? +n4r* 4 - . The coefficients 7oy, are called focal values and they
depend on the coefficients of the polynomials P and (). Then the origin is
a fine focus of order k if

Ny=mna=--=m =0 and 2 #0.

N. BAUTIN was the first who got a result in this field, [3]. He used
the properties of successive function to prove that the origin is a fine focus
of order 3 (or that it has a cyclicity of order 3). More precisely we have

Theorem 1.1. There exist quadratic dynamical systems such that
around a focus or a center there are 3 limit cycles. There is no quadratic
dynamical system such that around a focus or a center there are 4 limit
cycles.

It follows immediately that

Theorem 1.2. Hy > 3.

The above theorem has been improved by SHI SONGLING [19].
Theorem 1.3. Ho > 4.

This result has been discussed in several papers, e.g. [20], [5], [1], [23].
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The first step towards solving Hilbert’s 16'" problem in the case of
cubic systems was performed by SIBIRSKII [18]. He proved that any system
of the form

(2) { B=2a =y 3o 0’y

J=a+ Ay + D s bty

has around the origin at most 5 limit cycles and there exist such systems
with 5 limit cycles around the origin. Thus Hs > 5. In [1] there were
studied cubic systems. Since the computations for such a system rapidly
become very difficult to handle (ns has more than 600 terms), a particular
cubic system was studied, namely

3) {ab:)\x+y—|—cy2—|—h1:y2—l—k‘y3

= —x+ My +d(x? —y?) + 123 — ha?y + nzy?.

One of the results proved in [11], Theorem 2.5, says that Hs > 6. This
conclusion has been proved more recently, [16], for the following system:

=z, §=—x+y+Az?+Cy®+ Ka® + 3La’y + Maxy® + Ny>.

Recent results on cubic systems may be found in [10], [6], [17], [15],
[21]. To the author’s knowledge, the newest result for this case, is contained
in [22] and it says that Hz > 11.

The method used in [3] by BAUTIN (which is one of bifurcation) was
used by several authors, among other things, to determine the number of
small amplitude limit cycles of the Liénard equation [4], [13].

In what follows, by the method described in [3], [8], [18], we study the
number of small amplitude limit cycles of the system

(4) {¢=H@%uww
Y= FZ(fE) + F4(y)
We suppose that
(L) Fi(x) = vazl a;x', where a; = \;
(Io) Fa(z) =Y 2, bz, an odd series converging in a neighborhood of the
origin;

(I3) F3(y) = > i, iy, a convergent series in a neighborhood of the origin;



302 Marian Muresan

(la) Fu(y) = Zij\il d;y®, an odd polynomial;
(I5) agi—1d2i—1 > 0,4 € N.

Moreover, we suppose that in a neighborhood of the origin (4) has the
canonical form [2, p. 141], that is

(Ig) dy =X and by = —cy # 0

(I7) there exists a neighborhood of the origin such that the origin is the
only singular point in it for any small perturbations of the coefficients
of the polynomials F} and Fj.

We note that hypothesis (I7) will be used only in the proof of Theo-
rem 2.5.

The method consists in starting with a system such that the origin
is a center for the linearized system; then, by successive perturbations of
the coefficients of the functions involved, to bifurcate out limit cycles. The
limit cycles are said to be of small amplitude since they can be arranged
to lie in a prescribed neighborhood of the origin.

We may suppose that b; = 1.

At least two definitions of the first return map (Poincaré map) are
known. The first one was given by Poincaré [14, pp. 119-120]. Hereafter
we will use the definition of the first return map given in [8].

Let us consider the following system of differential equations

- {:’c: azx + by + Py(x,y) + P3(z,y) + -+,

y: —bJ:—|—ay—{—Q2(1:,y)—l—Q3(x,y)+ )

defined in a neighborhood of the origin, where P,, and @,, are homogeneous
polynomials in & and y, n > 2. We suppose that b # 0 and in this way the
origin is a center or a focus of the system (5) (Theorem 3.2, [9, p. 215]).
Then there exists a neighborhood U of the origin on which we may define
the first return map, [14, pp. 119-120]. If we perform a transformation to
polar coordinates by x = rcosf, y = rsinf ([2, p. 168]) then the system
(5) becomes

¥ Py, (cos 0, sin ) cos @ + Qx (cos 6, sin 0) sin 6],

(6) .
6

ar+
k=2

b + > r*[Py(cos 8, sin ) sin § — Qy(cos b, sin 9) cos 0].
k=2
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Consider the Liapunov function in polar coordinates

2
V= % +1r3(Vapcos® 4 -+ Vogsin® @) +r(... )+,
with its derivative with respect to the system (6) having the form
V=nor? et + -0

Let p = v/2V. For r small enough but strictly positive, V' > 0 uni-
formly in respect to 6, thus p is well-defined. Moreover, for small but
positive values of r, p behaves similarly to r, that is p/r — 1 if r — 0.
Now the first return map is defined as follows:

3(ru) = p(r1,0) = plra.0) = [ plr(e). o)

where T' is the time necessary for a solution of (6) which starts at the
point (rg,0) = (ro,6(0)) to meet again the positive horizontal semiaxis in
(r1,0) = (r1,6(T)). Then

T dp 27 dp 27 dp 1 27 . 1 1
(ro) o \dt o \df o dtdf o V2V

Taking r = ryp and expanding it in a series with respect to r we have

(5(7’)2/0W(T}27’2+n4r4+...)1[1+r(...)+...]ll)[1+r(...)+...]d9.

Denote gy = 1 and ¢, = ¢,,(6) for n > 1. For r small enough we may write

1 2m oo
5(7“)26/ (7727’+7747“3+---)<an7’"> do
n=0

0

n+1

[e ] [ 2 ] 21
Zrn Z 772k/ Gn—(2k—1)(0) db.
n=1 k=1 0

S| =

We have
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If 6/(0) = 0 then 7y = 0 and
27
5%ﬂ=ﬂm/‘qﬂ®&Hr(”)zﬁéﬂmzo
0
1 27 27
6"(r) = 3! [772/ Q2(9)d9+774/ qode]—i—r(...)
0 0
2
— §"(0) = 7 3na.

Generally we have

o { 5(0) = 0'(0) = -+ = 52" (0) = 0,

5(211-‘,—1)(0) _ 2%(271_’_ Dnonye, n=1,2,....

2. Results
We seek a Liapunov function V' = V(z,y) having the form
V(e,y)=Va+ Vs + Vit Vst -,

where the Vj are homogeneous polynomials in x and y, that is

1 .
(8) Vo = 5(1'2 +4?) and V= ZVk_i ab iyl k>3,

such that V, the derivative of V with respect to the system (4), has the

form

V=2 +9) +na(z> +y*)> + -

Hence the unknowns are the coefficients V; ; and 725. The coefficients V; ;

whose first subscript is an odd number are said to be odd coefficients. The

coefficients 72, 74, . .. are integer functions depending on a;, b;, cx, d,, and

they are said to be focal values. Another definition may be found in [§].

Denote
B oVy oV

V T — o > V - 5 =
k, ox Foy y
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Then the derivative of V' with respect to the system (4) is

V= %Z(Fl(x) + F3(y)) + %‘;Wz(w) +Fi(y)

9] N 0 9] 0 M
= (Z Vk,m) (Z @zt + ) Ci?f) + (Z Vk,y) (Z bir' + diyi>
k=2 i=1 i=1 k=2 i=1 i=1
= Z Dk‘7
k=2

where Dy, is the degree k term

k
(9) Dy = Z[aiitivkﬂ—i,m + b8 Vi 1—iy + iy Vir1—ix + diy Vir1—i ]
i—1

Let us take p,7,7 € N, i < j <pand XA € R. Consider the following square
matrix

(10) M (p,i, j; \)
PA i 0 0 0 0 0
—(p+1—14) pr i1 0 ... 0 0 0
0 —(p—1) DA i4+2... 0 0 0
0 0 —(p—i-1) pxr ... 0 0 0
0 0 0 0 ... A j—1 0
0 0 0 0 ...—(p+2-17) A j
0 0 0 0 ... 0 —(p+1—3) pA

of order j — i+ 2, that is amm = pA\, mmy1 =i +m —1and apmy1,m =
—(p+2—i—m) forme {1,...,5 —i+ 2}, all the other elements being
equal to zero, and let A(p,i,j; A) be the determinant of M (p,1i,j; A).

Proposition 2.1. Under the above-mentioned conditions we have that

(i) all coefficients of A in the expansion of the determinant A(p,i,j; \)
are non-negative;
(i) A(p,4,4;A) = (=1)7"Ap,p—j+ 1,p—i+1;-N);
(iii) for fixed k € N, the map R 5 A\ — A(2k +1,1,2k + 1;\) is an even
polynomial;
(iv)
(=]

A(p,i, j;0) = (j —i+1-2 [‘H;lD 1 p+1-i—2m)(i+2m),

m=0
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where | | means the integer part;
(v) Alp, 1,2k +1;0) = (2k + DTS _y(p — 2m);
(vi) A(p,1,2k+1;0) > (2k + DUTTE _,(p — 2m).
ProOOF. (i) This property is obvious if we expand the determinant

(10) in terms of the first column, then in terms of the second column, etc.
In other words, we compute

Ap,i,i; \) = p? A2 +ilp+1—1),
A(p,i,i+1;0) = p> A% + p(2pi — 262 + p) A,

and then we take into account the following recurrence relation valid for
any j > 1+ 2:

A(p,i,5; ) = pAA(p i + 1,55 ) 4+ (p — i + 1)iA(p, i + 2, 5; ).

(ii) Interchange the first row with the (j — i + 2)"¢, the second row
with the (j—i+1)t, ..., interchange the first column with the (j —i+42)"9,
the second column with the (5 — 7+ 1), ..., and at the end we see that
each row admits (—1) as factor.

(iii) To prove that R 5 A — A(2k+1,1,2k+1; \) is an even polynomial
it is sufficient to show that

ARE+1,1,2k+ ;) = A2k +1,1,2k + 1;—)), forall A e R.

But the last equality results from (ii) by p =2k +1,i =1, j = 2k + 1.
(iv) According to the computations there results from (i) that

A(p,i,i;0) =i(p+1—1), Alp,i,i+1;0) =0,
and for j > i + 2 we have the recurrence relation
A(p,i,j;0) = (p — i+ 1)iA(p,i + 2, j;0),

from where the desired equality follows.
(v) Can be obtained from (iv).
(vi) Follows from (i), (iii) and (v). O

Let k € N, A € R. Denote by Mj 4,(\) the square matrix
(@p,q)1<p,q<ak+1 of order 4k + 1 built up so that
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— the first column contains the following elements: ag;1 = 0, j €
{1,2,...,2k}, ag;10 = (), G €{1,2,..., 2k + 1};

— the columns 2,3,...,2k + 1 contain from the rows 1,2,...,2k the
elements of M (4k, 1,2k — 1;\);

— the columns 2k + 2,...,4k 4+ 1 contain from the rows 1,...,2k the
0 only;

— the row (2k + 1) contains 0 only, but asgt1.2t+1 = —(2k + 1),
a2k+1,2k+2 = 2k + 1;

— the columns 2,...,2k + 1 contain from the rows 2k + 2,...,4k + 1
the 0 only;

—the columns 2k+2, ..., 4k+1 contain from the rows 2k+2,...,4k+1
the elements of M (4k, 2k + 2,4k; \).

Let A1 45 () be the determinant of M 4 ().

Proposition 2.2. Let Aj 4;(\) be defined under the above-mentioned
conditions. Then
(i) the function R 5 X\ — Ay 4(\) is an even polynomial whose coeffi-
cients are all non-negative;

(i)

2 2k
Ay 4(0) = [Egg::] ;O <2@'k> (4k — 1 — 21 (2i — 1)1 > 0,

with (=1)I! = 1;

(iii) A1,4k()\) > A1’4k(0) > 0, for any A eR.

PRrOOF. (i) If we expand the determinant Aj 44()) in terms of the
first column we get

k
Arar(N) =) <2f>A(4k, 1,2i — 1; \)[—(4k — 20)] ... [~ (2k + 1)]
=0
X A(4k, 2k + 2, 4k; \)

2k
2k _ ,
+ > ( Z, >A(4k, 1,2k — 1; A)(2k + 1) ... (20) A(4k, 2i + 2,4k; A)
i=k+1

ko ok , (4k — 2i)!
= A(4k, 1,2k — 1; \) [z; ( . )A(4k:, 1,2i — 1;A)W

2k .
+ ) <2ik>A(4k,1,4k—2i—l;>\)((22]?)!!] ,

i=k+1
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where, by definition, A(4k,1, —1; \) = A(4k,4k + 2,4k; \) = 1. The con-
clusion results immediately if we take into account (i) and (iii) from Propo-
sition 2.1.

(ii) We expand the determinant Aj 4,(\) in terms of the columns
2,4,...,2k, then in terms of the rows 2k + 2, 2k +4, ..., 4k, and finally in
terms of the first column.

(iii) Results from (i) and (ii). O

Let k € N, XA € R. Denote by Ms 4542(\) the square matrix
(ap,q)1<p,g<a(e+1) of order 4(k + 1) defined by

— the first column contains as;; =0, j € {1,2,...,k+ 1}, agj_11 =
), G e{1,2, . k+1}, a9 10 =0, 5 € {k+2,...,2k + 1}, agj1 =
(2’““) je{k+2,...,2k+1},

— the columns 2 3, ...,2k 4+ 2 contain from the rows 1,2,...,2k +1
the elements of M (4k + 2,1, 2k; \);

— the column (2k + 3)*¢ contains from the rows 1,...,2k + 1 the 0,
except azgy1,2k4+3 = 2k + 1;

—the row (2k+2)"4 has 0 only, but agk 12,2t 12=—(2k+2), a2k+2 2k+3=
2k + 1)\

— the row (2k+3)nd has 0 only, but A2k+3,2k+4 = 2k +2, A2k+3,2k+3 =
(2k + 1));

— the columns 2, ..., 2k + 3 contain from the rows 2k +4,...,4(k+1)
the 0 only, but agt42k+3 = —(2k + 1);

— the columns 2k + 4,...,4(k + 1) contain from the rows
2k +4,...,4(k + 1) the elements in M (4k + 2,2k + 3,4k + 2; \).

Denote by Ag 442(A) the determinant of the square matrix
Ms s142(N).

Proposition 2.3. Let Ag 4;42(A\) be defined under the above-men-
tioned conditions. Then
(i) the function R 3 X\ +— A 4512(\) is an even polynomial whose coeffi-
cients are all non-negative;

(i)

4k + 2! 22’““ 2% + 1
A 4p42(0) = — [((2;:)”)} < + > (4k+1—2)1(2i — D) <0,

with ( nHit=1;
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(iii) A2,4k+2()\) < A2’4k+2(0) <0, for all A € R.

PrOOF. (i) First let us show that Ag 4py2(X) = Agapta(—A). We
start with Ag 4x+2(—\) and we effect the following transformations

— interchange the column 4" with the column (4k + 6 —4)™", i ¢
{2,3,...,2k + 2}. This being an odd number of changes of columns the
determinant A 454+2(—\) changes its sign;

— interchange the row i with the row (4k +5 — )" i € {1,2,...,
2k + 1}. This being an even number of changes of rows the determinant
Ag ap42(—A) keeps its sign;

—in the columns 2,3, ...,4k + 4 we have (—1) as factor. Thus we get
Ao gry2(N).

Expanding the determinant Ag 4542(A) in terms of the elements of
the first column we obtain

k
Moar(N) =3 (2]“; 1>A(4k 2,10 )= (dk — 2+ 2)]...
=0
[ (2k +2))(2k + 1)

< [ANA(4k + 2,2k + 3,4k + 2 X) + (2k + 2)A(dk + 2,2k + 3,4k + 2; \)]

2k+1

2k +1

- < .+>(2k+1)[)\A(4k+2,1,2k;)\)
1

i=k+1

+ (2K + 2)A(dk +2,1,2k — 1;)\)} (2k+2)...

L (20)A(4k + 2,20 + 2,4k + 2; \).

Taking into account (ii) from Proposition 2.1 we obtain that all the
coefficients of A\ at even powers are negative.

(i) We expand Ag 45+2(0), first in terms of the elements of the columns
4k + 4,4k + 2,...,2k + 4, then in terms of the elements of the rows
2k + 2,2k, ...,2, and finally in terms of the elements of the first column.

(iii) Follows from (i) and (ii). O

Let k €N, a,d, A € R. M{Ak(a7 d; ) is the square matrix
(@p,q)1<p,q<akt1 of order 4k + 1 such that

—a11=a, aspp1,1 =d, a;1 =0, i €{2,3,...,4k};
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— the i* column of this matrix coincides with the i*® column of the
matrix Mi 4k, i € {2,3,...,4k + 1};

Let Al 4;.(a,d; \) be the determinant of the matrix M ;. (a,d; ).

Proposition 2.4. Under the above-mentioned conditions there holds
the equality

2k—1
Lak(a,diN) = (a+ d)AME, 1,2k — 1;A) [T (4k —m).

m=0

ProOOF. Expanding this determinant in terms of the elements of the
first column we find that

2k—1

Lar(a,diN) =a [ -4k — m)]A(4k, 4k + 2,4k; N)
m=0
2k—1
+dA(4k, 1,2k — 1;2) [ 4k —m),
m=0
and then we apply (ii) from Proposition 2.1. O

Let k € N, a,d, A € R. Denote by M; 4., 5(a,d; \) the square matrix
(ap,q)1<p,q<a(e+1) of order 4(k + 1) defined by

—a11 = a, Gyp1)1 = d, a;1 = 0,1 € {2,3,...,4k + 3};

— the i column of this matrix coincides with the i*" column of the
matrix My 4k, i € {2,3,...,4(k+1)}.

Denote by A} 4 ,5(a,d; A) the determinant of the square matrix

Mj 4p0(a, d; N).

Proposition 2.5. Under the above-mentioned conditions there holds
the equality

2k
bar(a,ds ) = —(a+d)(2k+ 1) J] (4k +2—m)

m=0

X [AA(4k +2,1,2k; \) + (2k + 2)A(4k + 2,1,2k — 13 \)].
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PRrROOF. Expand Aj 4 15(a,d; A) in terms of the elements of the first
column and then use (ii) from Proposition 2.1

2k
A la,diN) = a [ -4k +2 = m)][(2k + 1)A(4k + 2,2k + 3,4k + 2; \)
m=0

+ (2k 4 1)(2k + 2)A(4k + 2,2k + 4,4k + 2; \)]

2k

—d [ (4k +2 — m)[(2k + 1)A(4k + 2,2k + 3,4k + 2; )
m=0

+ (2k 4 1)(2k + 2)A(4k + 2,2k + 4, 4k + 2; \)]. O

Let k € N and A, g1, g2, ... be real numbers. We denote by M7, the
square matrix (ap q)1<p,q<ar+1 of order 4k + 1 defined by

— the first column contains a,, ;1 =0, m € {1,3,5,...,4k+1}, apm1 =
Gm, m € {2,4,...,4k};

— the m'" column coincides with the m
M gk (N), m€{2,3,...,4k + 1}.

We denote by AY ;; the determinant of the square matrix My’ ;.

th column of the matrix

Proposition 2.6. Under the above-mentioned conditions AY 4 (\)
may be written as a product of A by a polynomial in \.

ProoF. It is sufficient to show that A}, (0) = 0. We expand the
determinant AY ,;(0) in terms of the first row, the third row, ..., the

(4k — 1)*™ row. In this way we get a determinant whose last row is zero,
hence AY ;,(0) = 0. O

Let i € {3,5,...,2k+1,2k+2,2k+4,...,4k} be arbitrary, but fixed.
We denote by A", (\) the determinant of the square matrix
(@p,q)1<p,g<ak+1 of order 4k +1 obtained so that the i*™ column is the first

column of the matrix My, (A), all the others coincide with the columns
of the matrix M 45(\).

Proposition 2.7. AY’;; () may be written as a product of A by a
polynomial in .

ProoF. It is sufficient to show that A7";, (0) = 0. We expand the
determinant A'”;, (0) in terms of the 2nd - the 4% ..., the (2k)', the



312 Marian Muresan

(2k+3)*8, the (2k+5)', ..., the (4k+1)** column and then we get a zero
column (the i*® column). O

Let k € Nand A, g1, ga, . .. be real numbers. Let Ay, »()\) be the de-
terminant of the square matrix (a,, q)1<p,g<a(k+1) of order 4(k+1) denoted
by My 45, 5()) and obtained so that

— the first column contains as; 1 = ¢, agj—1,1 = 0,7 € {1,2,..., k+1},
A2m—1,1 = Qm, A2m,1 = 0, me {k+2,k+3,...,2k+ 1};

— the m*™ column coincides with the m™ column of the matrix
M2,4k+2()\), m € {2, 3,...,4k + 4}.

Proposition 2.8. Under the above conditions, Ay ;. ,(\) may be
written as a product of A by a polynomial in \.

Proor. It is sufficient to show that Aj ;; ,(0) = 0. We expand the
determinant A5, ,(0) in terms of the first, the 3t ..., the (2k + 1)
lines, then in terms of the (2k + 4)™, the (2k + 6)*",..., the (4k + 2)*B

lines. We get a determinant whose last line is zero, hence A3 ;; ,,(0) = 0.
U

Let be i € {3,5,...,4k + 3} arbitrary but fixed. We denote by
AY'4x12(A) the determinant of the square matrix of order 4k + 4 which
has in its i*" column the first column of M3 4345 (A), all the other columns
being equal to the corresponding columns of M 4542(A).

Proposition 2.9. Let Ay'y; . ,(A) be defined by the above-mentioned
conditions. Then AY'y; \,(A\) may be written as a product of A by a poly-
nomial in .

Proor. It is sufficient to show that AY’;; . ,(0) = 0. We expand

AY 11.12(0) in terms of the second, the 4™, ..., the (2k+2)"™, the (4k+4)'™,
the (4k+2)'", ... the (2k+4)" lines and we obtain a zero column (the i*?).
O

Let be i,j € N, i < j and j — i an even number. Let m € {1,3,...,
j — i+ 1} be arbitrary but fixed. Consider, also a sequence (gx)r>1 of
real numbers. Denote by M’(p, i, j; A) the square matrix of order j —i + 2
obtained so that

— the m'" column contains a2k—1,m = Gk, G2k,m = 0,
ke{l,2,..., =2}

— all the other columns being equal to the corresponding columns of

M(p,i,j; ).
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Proposition 2.10. Denote by A’(p,i,j;\) the determinant of

M'(p,i,j;\). Then A’(p,i,j;\) may be written as a product of A by a
polynomial in \.

PROOF. It is enough to show that A’(p,i,7;0) = 0. We expand suc-

cessively A’(p,i,4;0) in terms of the elements of the (j — i + 2)"¢, the

(—i
mth

)t ..., the second column and we get a zero column, namely the

column. O

Lemma 2.1 (The general form of the focal values). Under the (I;)-

(Is) hypotheses the following statements are valid:

(i)
(i)

(iii)

N2 = A;
the odd coefficients in V3 admit \ as a factor, more precisely
Vao = —3A[(7T+ 92\ az + 2¢2]/Az(N),
Vo = —9[(1 + 32\ az — 2)%ca]/Az(N),
Via = —9A[2as + (1 + 3)X*)ca] /Az(N),
Vo = —3[2as + (1 + 3)\*)ca]/Az(N),

where Az(\) = A(3,1,3; A);

na = [A] 4(az,d3; A) + APa]/Ag(N)
Va1 =lasPs1,a5 +d3P31,d, + AP31.2]/A4(N)
Vi = lagP1 3,05 + d3Pi 3,4, + AP13.2]/As(N),

where Ag(X) = A1 4(N), P31y, P31,dy> P1,3,05, P1,3,4, are polyno-
mials in A\, and Py, P3;  and P 3 are polynomials in A, a2, ca, b3
and cs;

Vs,0 = [asPs,0,a5 + d3Ps5.0,d5 + AP5,0,2]/As(N),
V0 = [a3Ps 2,45 + d3P32.4, + APs32.1]/As(N),
Via =[asPia,a5 +dsPiad, + AP1ar]/As(N),

where As(A) = A(5,1,5A), and Pso.as, P50,dss P32,a55 P32,ds
P1,47a3, P174’d3, P5’07)\, P3727)\ and P1747)\ are polynonua]s m )\, a2, a4,
C2, c4, bz and c3;
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[A’2’6(a5, ds; N) + a3 P s + d3Ps a, + APs|/As(N),

lasPs,1,a5 + ds Ps 1,45 + a3P5 1,05 + d3Ps 1,4, + AP5.1.3]/A6(\)
= [a5P3,2,05 + d5P32,45 + a3P32,4; + d3P32,4, + AP3.2 3]/ A6(\)
Vis = lasPi 5,05 + dsP1 5,45 + a3Pi 505 + d3Pi 5.4, + AP15.0]/As(N),

Vsi=

where AG(A) = AZ,G()‘); P, P5,1,>\; P3,2,>\, P1,5,A, P6,a37 P6,d3; P5,1,a37
Ps 1.4y, P32.a5, P3.2,dy5 P1,5,a5, P1,5,45 are polynomials in A, az, as, ca,
cs4, b3 and c3, and P51 45, Ps5 1,45, P3,2,a5, 3,2,d55 P1,5,a5, P1,5,d5, are
polynomials in X;

Suppose that for ann € N, n > 6,

— all odd coefficients in V,,, 3 < m < n, may be written as fractions;
each denominator is equal to —A,,()\), where

A(m,1,m;\), for odd m
Ap(N) = ¢ Arm(N), for m =0 (mod 4)
Ao (N), otherwise;

each numerator is a sum of products, each product being that of an
a2y—1 ordg,—1,1 < 2v—1 < m and of a polynomial in A\, az, ca ..., a,,
bu, cu, dy, p < m;

—ifm =0 (mod4), 4 < m < n, then n,, is a fraction whose de-
nominator is —Aq ,,(\) and the numerator is a sum of products, each
product being that of an as,_1 or doy—1, 1 < 2v —1 < m and of a
polynomial in A, ag, ca, ...,a,, by, ¢, dy, o < m;

—if m = 0 (mod 2) and m # 0 (mod 4), 4 < m < n, then 1y,
is a fraction whose denominator is —As ,,(\) and the numerator is
a sum of products, each product being that of an as, 1 or do,_1,
1 <2v —1 < m and of a polynomial in X, az, ca, ...,au, b,, ¢, d,,
H<m;

then

— all odd coefficients in V,,,, 3 < m < n+ 1, may be written as frac-
tions; each denominator is equal to —A,,(\), where

A(m,1,m;\), for odd m
Ap(A) =19 A (N, for m =0 (mod 4)
Ao (A), otherwise;
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each numerator is a sum of products, each product being that of an
a2y—1 or doy_1, 1 < 2v —1 < m and of a polynomial in X\, as, ca,
ces Ay by, e dy, e <mg

—ifm =0 (mod4), 4 <m < n+ 1, then n,, is a fraction whose
denominator is —Aj ,,(\) and the numerator is a sum of products,
each product being that of an as,_1 or doy,_1, 1 < 2v—1 < m and of
a polynomial in A, as, c2, ...,a,, b,, ¢, d,, p < m;

—if m =0 (mod 2), and m # 0 (mod 4), 4 < m < n+ 1, then n,,
is a fraction whose denominator is —Agz ,,(\) and the numerator is
a sum of products, each product being that of an as,_1 or do,_1,
1 <2v —1<m and of a polynomial in A, az, c2, ..., a,, by, c,, d,,
< m.

PROOF. (i) From (9) we have Dy = a12? + cizy + b1y + diy?. By
(I1) and (Ig) Dy = A(2? + y2), hence 172 = .

(ii) We consider D3 from the derivative of the Liapunov function V/
with respect to the system (4). Taking into account that by = ds = 0,
from (I) and (I4) there results the following system of linear equations for
the coefficients of the terms in V3

V2,1 = —az
—3V3.0 +2Vio =0
—2Vo +3Vo3 = —c2
—Via =0.

The determinant of this system is equal to A(3,1,3;\) which, based on
(vi) from Proposition 2.1, is strictly positive. Hence the system has a
unique solution.

(iii) We consider D, from the derivative of the Liapunov function V'

with respect to the system (4) and we identify it with n4(2? + y?)?. There
follows a linear system having 5 equations in 6 unknowns:

—na+4AVa 0+ V31 = —2a3V2,0 — 3a2V3,0 — b2V21
—4Vao +4AV31+2Va o = —2a2Va2,1 — 2b2V1,2 —2b3V2 0
—2n4 —3V31 +4A\Va2 +3Vi3 = —a2V1,2 —3b2Vp 3 —3c2V30
—daVa 1
—2Vo o +4AVi3+4Vo 4 = —2c2Vo 1 — 2c3V2,0 — 2d2V1 2

—14 — Vi3 +4X\Vp4 = —c2V1 2 —3d2Vp,3 — 2d3V2 0.
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Since we look for a solution of this system, we may take V5o = 0. Then
the remaining system has 5 equations in 5 unknowns and it has a unique
solution, its determinant being equal to Ay(X) = —A; 4(A)<—A; 4(0) < 0,
cf. (iii) in Proposition 2.2.

Taking into account the hypotheses (Iz) and (I4) and the fact that (by
(ii)) V3,0 and Vi 2 admit A as a factor, the right-hand side can be written

as 0

0 —bg - 2@2‘/271
~lo|=x|..|- 0 :

0 —C3 — 2(32‘/271

ds 0

hence the last matrix contains all the terms which do not have A as a
factor.
We apply Propositions 2.4, 2.6 and 2.7 with £k = 1 and we get that

na = [A] 4(az,dz; A) + APa] /A1 4(N)
V31 =lasPs 1,45 + d3Ps 1,4, + APs1]/A1,4(N)
Vis = lasPi 3,05 + d3Pi 3,4, + APy 3]/ A14(N),

where P31 44, P31.d5, P1,3,a; and Pj 34, are polynomials in A\. Py, P 3
and Ps; are polynomials in A, asg, c2, b3 and c3.

(iv) We consider the term Ds in the derivative of the Liapunov V/
function with respect to the system (4). Identifying this term with 0 and
using (Iz) and (I4) we get the following system of linear equations:

5AVso0 + Vi = —4a2Vy0 — 3a3V3,0 — a4
—b3Va1

—3a2V3,1 — 2a3V2,1—2b3V1 2
—2a2Va,2 —a3zVi,2 — 3b3Vo 3

—5V5,0+5AVa1 +2V3 2
—4Va1 +5AV32+3Va3

—4caVy o
—3V3,2 +5AVe3+4Vi4 = —a2V1,3 —3c2V31 —3c3Vs 0
—d3Va,1
—2Va 3 +5AV14+5Vo 5 = —2c2Vo 2 —2c3V21 —cy
—2d3Vi2

—Via +5X\Vy 5 = —caV1,3 —c3V1,2 — 3d3Vp,3.

The determinant of this system is equal to Aqs5(\) = A(5,1,5;\) >
A(5,1,5;0) > 0, hence it admits a unique solution. We remark that the
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right-hand sides of the second, the fourth, and the sixth equation can be
written as linear combinations of products of ag, ds, respectively A and as
entire functions in A, as, co, as, a4, b3, c3, ¢4 and d3. Consequently, from
the sixth equation we have that V; 4 can be written as a sum of two terms.
The first one admits A as factor, the second one admits as factor dz. From
the fourth equation it follows that V35 can be written as a sum of three
terms. The first term admits as a factor A, the second term admits as a
factor ag, while the third term d3. Analogously we infer that V5 is a sum
of three terms. The first term has A as a factor, the second as, while the
third d3. Thus the odd coefficients of Vi are fractions whose denomina-
tors are equal to Aj 5(A), and the numerators are sums of products. Each
product is that of A or az or ds and of a polynomial in A, as, co, as, aq,
bs, c3, c4 and d3. We may use Proposition 2.10 to get the same result.

(v) We take the term Dg from the derivative of the Liapunov function
V with respect to the system (4) and we identify it with ng(z? + y?)3.
Then we get a system of linear equations with left-hand sides

—ng +6AVs,0 +Vs1
Vo +6AVe: +2Vio

—3n6 —5V571 +6)\V4,2 +3V373
AVi, +6AVas +4Vay
—316 —3Va3 +6AVa 4 +5Vi5
=2V 4 +6AVi5 +6Vpe
—16 —Vis +6AVye,

and right-hand sides
5 4
=Y (7= PagVejo =1 Vs
= =
5
*Z CLJVG —5,1 — QijV5_j72
j=2
4 2
- 2(5—j)ajV5—j,2—3 Y obVigs =5 Vi =Y (3=i)d;Vas;
= = =

Jj=2

3 3
Z 4—j)ajVi_j3— 421) Va_ja —420]-1/4,3,]-—2(4—j)djv374—j
j=2 Jj=2

Jj= Jj=2
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2 2 4

Z —J)a;Vs—ja4 — 525 Vojs— BZC]V34 —j 2(5—]')(1]"/2,5—3'
Jj=2 j=2 j=2 j=2
5 4

—2 ¢;Vas 5= (6—)d;Vie
=2 =2

4 5
=Y eiVig—; = (1= §)d;iVor—;.
j=2 Jj=2

Since we have 8 unknowns and only 7 equations we decompose the fourth
equation into two equations preserving some symmetry properties. This
may be done so:

3
—4Vio +3A\V33 ==Y (4—jajVi_js - 425 Va_ja
j=2 j=2
3 3
3)\V373 —|—4V274 = 426 V43 —j 2(4 _j)djVYBA—j
Jj=2 j=2

Thus we get a new system of linear equations whose determinant is equal
to —Ag6(A) > 0 (by (iil) Proposition 2.3), hence it has a unique solution.
Its right-hand side can be written as

as 0
0
0 0
o 0 o8 e el
0 0

since

— the right-hand side of the first equation has two sums. In the case
of the first sum, if j is even, then the first subscript of V7_; ¢ is odd; if j is
odd, then the subscript of a; is odd, too. In the case of the second sum if
Jj is even, then b; = 0 (from (I3)), and if j is odd, then the first subscript
of Vs_;1 is odd.
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— the right-hand side of the third equation has 4 sums. The first and
the second sum can be discussed as we have already done earlier. The first
subscript of V5 o_; from the third sum is odd. The last sum is zero, since
dy = 0 from (I).

— the right-hand side of the sixth equation has 4 sums. The first three
sums can be discussed as already done earlier. At the last sum if j is even
then d; = 0, and for j = 3 it has d3 as a factor.

— the right-hand side of the 8" equation has two sums. The first sum
contains coefficients V' having the first subscript odd. In the second sum
if j is even, then d; = 0 by (I4), and if j is odd, then d3 and d5 are factors.

Applying Propositions 2.5, 2.8 and 2.9 we get the form of 7g and of

the odd coefficients of V5.

(vi) Suppose that n + 1 is odd. We consider the term D,,11 from the
derivative of the Liapunov function V' with respect to the system (4) and
we identify this term with 0. There results a system of linear equations.
Let us denote m = n 4+ 1. Then the left-hand side of this system is

nAVnt1,0 +Vao
—NVnpt1,0 AV 1 +2Vi_12
—nVp1 +NAVp_1,2

—3V3 n—2 +nAV2 n_1 +nVi,
—2Von—1 +nAVIn +1Vont1
—Vin +nAVont1,

and the right-hand side is

n n—1

= (n+2-5)a;Vatajo—1> bjVayijn
j=2 Jj=2
n—1 n

— Z(n +1—35)a;jVayi—j1 —2 Z bjVn—j,2
j=2 Jj=2

n—1 n—1 2 2
=Y (n=§)ajVaj2 =3 bjVao1—jz—nYy ¢jVa2j—> (3=)djVa-13-;
i=2 =2 =2 =2
n—2 n—2
- Z(n —1-j)ajVp_1-53—4 Z bjVn—2—j,4
Jj=2 j=2

3 3
—(n=1) ¢jVaria—j — Y (4= 5)djVa-2,4-;
j=2 j=2
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n—-3 n—3
- Z (n—2-3)a;Vh—2-j4—5 Z b;jVi_3—j5
j=2 j=2

4 4
—(n=2)Y ¢jVaza—j— > (5-5)d;jVa-z5-,

i=2 =2
n—k n—k
=Y (n—k+1=§)ajVaky1-jrr1— (E+2) D> bV kb jkio
=2 j=2
k+1 k+1
—(=k+1) Y iVarirwri—j = 3 (k+2=7)d;Va ki
=2 =2

2 2 n—1 n—1
=Y B=ajVa—jn-1 -1 biVa—jn =33 ¢Van-1-5— Y (n—j)d;jVa,n_j
=2 j=2 j=2 =2

n n—1
=23 Vo — »_(n+1—5)djVinsi;
j=2 i=2

n—1 n
=Y Vit — Y (n+2—=5)djVonia-j-
=2 i=2

The linear system has n+2 equations with n+2 unknowns and it has a
unique solution, since its determinant is equal to —A(n+1,1,n+1;\) # 0,
for all A € R ((vi), Proposition 2.1).

We see that the right-hand sides can be written as
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. e 0
e — Ap—1 _dn—l -
0
since the right-hand side of the (2p)'" equation is
n—2p+2 n—2p+2
— Z (n—2p+3—7)ajVa_opt3—j2p—1 — 2D Z bjVi—2p+2—j,2p
j=2 =2
2p—1 2p—1
—(n—2p+3) Z CjVin—2p+32p—1—j — Z (2p — 7)d;Vi—2p12.2p—j-
j=2 j=2

In the first sum if j is even, then V,,_o,43_; 2,1, by hypothesis, can be
written as a sum of products, and each product has as a factor as,_1
or dg,—1. In the second sum if j is odd then V;,_2,12_j 2, has the same
representation. In the third sum V,,_9,43 2,—1—; admits a representation of
the same type depending on as,—1 and do,_1. In the last sum we have, in
fact, only d; with odd subscript. Taking into account the Proposition 2.10
there results that all the odd coefficients in V,,4; can be written as sums

of products, each product having a factor as,_1 or do,_1, 2v — 1 < n+ 1.

We suppose that n +1 =0 (mod 4). Consider the term D,y in the
derivative of the Liapunov function V' with respect to the system (4) and
identify it with ng (22 +32)%*, where n+1 = 4k. There results a system of
4k 41 equations with 4k + 2 unknowns, namely 74, Vak0, - .., Vo,4x. Since
we seek a solution, we take Vap o, = 0. Then there remains a quadratic
system of linear equations, having determinant equal to —Aq 45 (\) # 0 for

each A € R ((iii), Proposition 2.2).
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Using the above-mentioned remarks the right-hand side can be written

as
Ak —1 0
0 .
0 0
- 0 |-=x —as —ds - -
d4k_1 0

By Propositions 2.4, 2.6 and 2.7 we get that nax, Vag—1,1, Var—33 ..., Vi,ap-1
admit the following representations:

2k—2

Al yplaap—1,dag—1;A)+ _21 <a2i+1P4k,a2i+1 +dojy1 P4k,d2i+1) +APyy
(11) nap= = ,
At,ak(N)
2k—1
Vik—pp = |: Z (a2i+1p4k—p,p,a2i+1 + d2i+1P4k—p,pyd2¢+1) + >‘P4k—p,p:| [ A1ar(N),
i=1

pe{1,3,... 4k —1}

where Pag—ppase 11 Pak—ppda_y, forall p e {1,3,...,4k —1} are polyno-
mials in A. P4k, P4k3,ll21'+17 P4k,d2i+1a 1€ {1, 2, 3, cey 2k — 2}, P4k:—p,p,a2j+17
Pig—ppdojirr J €11,2,...,2k =2}, pe {1,3,...,4k — 1} are polynomials
in a,, b,, ¢, and d, where v < 4k.

Finally, we suppose that n+1 =0 (mod 2) and n+1 # 0 (mod 4). We
consider the term D, 41 in the derivative of the Liapunov function V' with
respect to the system (4) and we identify it with 14 2(2 +y2)?**1, where
n+ 1 =4k + 2. There results a system of linear equations having 4k + 3
equations and 4k + 4 unknowns, namely nax+y2, Vak42,0,- .., Vo ap42. We
decompose the (2k +2)" equation into two equations. The decomposition
is done so that the left-hand sides of these equations have the form

—(2k + 2)Vary2,26+ (2K + 1)AVap g1 2611
(2k + 1)AVagy1 2641 + (2k + 2)Vagt2,2k,
while the right-hand side of the first equation contains only the terms in

which the coefficients of the sums are a; and b;; the second contains all
the other terms, namely those terms in which the coeflicients of the sums
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are ¢; and dj;). This new system of linear equations is quadratic and it
has a unique solution since its determinant is different from zero. ((iii)
Proposition 2.3).

Using Propositions 2.5, 2.8 and 2.9 it results that 14512 and the odd
coefficients in Vy;o have the following representations:

/!
Nak+2 = [A274k+2(&4k+1, dak+1; )

2k—1
(12) + Z (a2i41Pak42,a:01 + d2i41Pakt2,di 1)
i=1
+ >\P4k+2] /A2 ar12(N),
2k
Vikro—pp = | (a2i41 Pakta—ppazis + d2it1 Paict2—popdaiis)
i=1
+ APsgr2-pp /A274k+2(/\), JES {1, 3,...,4k + 1}. O

Remark. It is easy to see that the Liénard system in [4] is a particular
case of the system 4, among other things Fy(-) = 0. Specializing V31 on
the lines of BLOWS and LLOYD in [4] we see that their result (Va1 = S-as)
does not agree with ours.

m m—1

—1
Let m = max{N, M} and o = [2} , the integer part of

Theorem 2.4 (The canonical forms of the focal values). Consider the
system (4) and suppose that the assumptions (I;)—(Ig) are satisfied. Then,
for a convenient A, the focal values can be written as

N2 = T2 = A,
(13) R k—2

Nok=2k + 2 (a2j4+1Rokas, .1 +d2j41Rok,ds, i) +A(-.), k> 2,

j=1
where
~ (2k — )N

12k = k . . (a2k—1 + dgk_l)

(14) Sie (8)(2k —1—25)1(25 — 1)

with (—1)!! =1,
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and Ro a,,,, as well as Ray q4,,, , are polynomials depending on the coeffi-
cients of the system (4) such that if a,, or d,, appears in these polynomials,
then v > 25 + 1.

PROOF. Let

Aron(N), k
Nox(N) = { 1.2() Y and
A272k()\), k odd

A/1,2k(a7 d;\), k even

AL (a,d;N\) =
2 (4 A) {A’Mk(a,d;)\), k odd.

By Lemma 2.1, from (11) and (12) we infer

N2 = A
Nok = (A4 (a2k—1,dor—1;\) + 25;12 (a2j+1Pokas; 1 + d2j+1Poi,day )
AP/ Aok(N), 2 < .

. k—2 .
We rearrange the terms in ijl (a2j+1P2k,azj+1 + d2j+1P2k,d2j+1) in order
to get

k—2

(a2j4+1Q2k 5,1 + d2j+1Q2k,ds; 1)
1

<.
Il

with the property that if the polynomials Qo q,;,, and Q2 a,,,, contain
a, or d, with v odd, then v > 25 4+ 1. Taking into account the Proposi-

tions 2.2 and 2.3 we can write that Agi(\) = Agx(0) + A2(...) and for a
convenient A we have

k—2
Al (agk—1,d2r—1;0) + ‘21 (a‘2j+1Q2k,a2j+1 +d2j+1Q2k7d2j+1) + AQ2x
=

k= Agi(0) + A2(-..)
k—2
— AL, (agg—1,d2k—1;0) " j;l (a2J+1Q2k’a27+1 +d23+1Q2k’d21+1) A,
Ao (0) Az (0)
We denote

Ab(agk—1,dak—1;0)
Asi(0) ’

Mok =

a2j+1Q2k:,a2j+1 . d2j+1Q2k,d2]‘+1

R2k7a2j+1 = A2k(0) 9 RQk,d2j+1 — Agk(o)
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From the Propositions 2.2, 2.3, 2.4 and 2.5 we have (14), that is

i (2 — 1Y ( + dop_1) with (-1l =1
2k = - - a2k —1 2k—1) W1 —1) =1
i (5)(2k — 1 —25)1(25 — 1)!
We remark that for all &k > a4+ 1, 72, = 0. Il

Let B(O,r*) be an open disc centered in the origin and having radius
r* > 0 which satisfies the following two conditions:

(a) V(z,y) > 0, for all (z,y) € B(O,r*) and V(z,y) =0 <= x =
y=0;

(b) the origin is the unique critical point of the system (4) in the disc
B(O,r*).

Theorem 2.5. Consider a system of differential equations of the form

(4) and suppose that the assumptions (I1)—(I7) are satisfied. Then

(i) there exist at most o small amplitude limit cycles;

(ii) the coefficients ay,as,ds, as,ds, ..., a,, and d,, can be chosen so that
the corresponding system of the form (4) has precisely o small ampli-
tude limit cycles;

(iii) denoting by H(1.2.2) the supremum of the number of limit cycles of
systems of the form (4), we have

Hi2.2) 2 a.

PrOOF. (i) Let U be the neighborhood of the origin on which the
first return map ¢ corresponding to the system (4) can be defined. Let
B(O,7) C U be the open disc centered in the origin O and having radius
7 > 0, with the property that there exists an v > 0 such that V(r) =

Doy 1o T2+ o(r?v+2) for every 0 <r < 7. Thenny =1n4 = =12, =0,
Moyt = Nows2 and sgn'V(r) = sgnija,ro = sgn(asy,+1 + doy+1) # 0 for
every 0 < r < 7. Thus, from (7), §(0) = ¢'(0) = --- = §®*)(0) = 0 and

§r+1)(0) = 27m(2v + 1)z, 42 # 0 (b = by = 1). There exists an open disc
B(O,7) C B(O,7) such that §**1) keeps a constant sign on the open
interval (—7,7). Thus §*) has at most one root in the interval (—7,7);
§(2»=1) has at most two roots in the interval (—7,7). Going on in this way
we infer that 0 has at most 2v+-1 roots in the interval (=7, 7). But §(0) = 0,
so there remain at most 2v roots in this interval. Since to each periodic
solution there correspond two roots of the first return map (a positive and
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a negative one), it results that the disc B(O, ) contains at most v periodic
solutions. Since v < «a (if ¥ > a and §(0) = §'(0) = --- = §*)(0) = 0,
then 7o = - -+ = 19a42 = 0 and V= 0), it follows that at most « small
amplitude limit cycles can appear.

(ii) We show that by a convenient choice of the coefficients of the
polynomials F; and F; we can get precisely a small amplitude limit cycles.

Denote by IC(LP an interval closed and symmetric with respect to the
origin, which contains the coefficient a;. Similarly, let Ic(l:) be a closed and
symmetric interval which contains the coefficient d;. Fix (a2q41,d20+1) €
7

dzagr X Ic(liiﬂ with agq+41+d2q+1 < 0. From the representation (13) it fol-

lows that there exists a hyper-parallelepiped J; = [[i-, (LSQ_I X Ia(lifil>
such that

N 1
IN2a+2 — M2a+2| < 3 on Jp.

Choose 73441 such that the following inequalities hold:

0 < rog+1 < min{r*,r},

Noaror? T2 4 ... <0 for every r € (0,79441], on Ji.

We choose (a2q—1,d20-1) € L%‘)l_l X Iflil—l with asq—1 + dog—1 > 0
such that if we denote Jp = Hf:ll (L(Ii),_l X Igzil) with Ic(éf_l C L(l;?_l

and [ C(li)
then

, C Ic(liz_l’ i€{1,2,...,a— 1}, closed and symmetric intervals,

5 1
’772a _772a| < § on Ja,

1
20 ; 2042
max [naar3a41| < — Min|Noatarzgii + |-
J2 o Js

Choose 7341 such that the following inequalities hold:
0 <roa—1 <T2a+1
Sgn g, [77204743371 + 772a+27“§3f% +--]=1

We choose (a2q—3,d2a—3) € L(zzl_s X Ic(lzi,3 with agq—3 + dog—3 < 0
such that if we denote Js = []¢77 (L(Li);l X IC([:’S_I) with 1522,1 C L(lzzfl

i=1
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and Ié:;’zil C ffzzf,l, ie€{l,2,...,a— 2}, closed and symmetric intervals,
then

5 1
M20—2 — M2a—2| < 3 on J3,
1
200—2 : 2c0+2
max |77204—2r2a+1| < —min ‘772a+27“2a+1 + o,
Js o Js
1
2c0—2 : 2 242
max |77204—2T20¢—1| < ———min |narye_; + Mma+2T2q-1 """ |.
J3 a—1 J;

Choose 7543 such that the following inequalities hold:

0 <roq—3 <roa-1,
sgn g, [2a—2r50_5 + Maria_q +--] = —1.
We choose (a2q—5,d20—5) € 1521_5 X Ic(lz()ks with asq_5 + dag—5 > 0
such that if we denote J; = [0} (L(z;‘f_l X Ic(ézfl) with Ic(z;lg_l - ]gzz—l

i=1
and [ (S;l)
then

, C Igj?_l, i€{1,2,...,a— 3}, closed and symmetric intervals,

IN2a—4 — M2a—4a| < on Jy,

—_ | =

2c—4 . 2a+2
rr}]ax ‘772a—47“2a+1’ < o H}m |772f¥+2r2a+1 +---,
4 4

1

20—4 : 2« 2a+2

max [12a—4T2q_1| < min 1267301 + M2a+2726-1 " |,
Ja o — 1 Ja

max [1120-a7503| < ﬁ min M2a—275675 + M2aTia-5 |

We go on with the selections of the odd coeflicients a;, d; and of the
positive numbers r; till we select A and 1.

From the assumption (I7) for small variations of the coefficients of the
polynomials F; and Fj there exists a neighborhood of the origin such that
the origin is the only critical point of (4) contained in it. Suppose that
this neighborhood contains the ball B(0, 7). If not, we choose a new 7 such
that this new ball be contained in the neighborhood.

Then we have the sequence of inequalities

V(’I“QcH_l) < 0, V(Tza_l) > 0, V(T’Qa_g) <0, ...,sgn V(Tl) = (_1)a+1‘
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Thus, invoking the Bendixson—Poincaré theorem there exist « limit
cycles in B(0,7). But from (i) there exist in B(0,7) at most a periodic
solutions, hence the maximum number of periodic solutions is obtained.

(iii) Follows from (ii). O

Remarks. (a) The method used in [4], [11], [12] and [13] is based on
the existence of certain inequalities of the form

N2k — Tok| < ¢

where c is an arbitrary positive constant, for a convenient selection of the
odd coefficients of F; and F; having subscript less than 2k. Then in the
inequalities from the above proof we may take 7o instead of 7.

(b) In our case 72, depends only on asg—1 + dok—1. Therefore the
reasoning on the existence of limit cycles may be carried out in terms of
agk—1 + dog—1. These sums are called Liapunov quantities, [4], and they
are denoted by L(0) = A, L(i) = agi4+1 + d2i11, ¢ > 1. Obviously, the
expressions of the Liapunov quantities depend on the studied problem.

Ezxample. We introduce below a system of differential equations hav-
ing the form (4) which has the following two properties:

(a) it satisfies the hypotheses (I;)—(Is) (hence these are non-contradic-
tory);

(b) it is not of the form considered by BLOWS and LLOYD in [4].

The system is the following one:

&=\t —y +ax®
U=z + Ay + ay®.
We immediately observe that the origin is a critical point. By easy
manipulations it is clear that for any (a, ) € R x [—1, 1] the origin is the
only critical point.

Remarks. (a) Theorem 2.5 generalizes two of the results in [4], namely
Theorem 2.3 and Theorem 3.1. Theorem 2.3 can be obtained by taking
Fs5(y) =y, Fa(z) = —z and F4(-) = 0. In this case the origin is the unique
critical point, and (I7) is superfluous. Theorem 3.1 can be obtained by
taking F3(y) =y and Fy(-) = 0. In this case, in general, there are several
critical points about whose behaviour there are no assumptions.
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(b) From the proof of the Theorem 2.5 it can be seen that a main
ingredient was that F5 is an odd function. In [13] the case is considered
in which F3 is a second degree polynomial as well as the case deg Fy > 2.

Let us comment briefly on the results of LyNCH in [13]. The most
important feature lies in the fact that F5 is no longer an odd function.
This modifies significantly the whole machinery of computations, and it
is no longer possible to get a simple formula for the Liapunov quantities.
One of the systems considered by LyNCH in [13] is

t=vy— (a1 + agx® + - - + a;
(15) { y— (a1 2 i)

y = —(x + byz?),

with by £ 0. We consider as a Liapunov function
V= Vaor® + Vigay + Vooy® + Vs + Vit -

where Vi, k > 3, are the homogeneous polynomials given in (8). The
search for the coeflicients of the function V' is done so that the derivative
of V with respect to the system (15) should have the form

V =ma(2® +y?) +maa® + 927+
Then we have the following result whose proof consists in linear algebra
manipulations, hence we omit it.
Theorem 2.6. There holds the equality
2n—2k+1

n
- % > (2n+3-2k—j)a;Vants—ok—j2k—2+b2Von ok 2k+1
k=1 i=1

men = n
2n—2k+1 n
1+ 3 =552 (0)
k=1
where 2n < j.
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