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Star-Menger and related spaces

By LJUBISA D. KOCINAC (Nis)

Abstract. In this paper we introduce and study some notions related to the
classical concepts of being a Menger space or a Rothberger space.

1. Introduction and definitions

Let A and B be collections of open covers of a topological space X.
Then the symbol S;(.A, B) denotes the selection hypothesis that for each
sequence (U, : n € N) of elements of A there exists a sequence (U, : n € N)
such that for each n, U, € U,, and {U,, : n € N} is an element of B. The
symbol Sgy, (A, B) denotes the selection hypothesis that for each sequence
(Uy, : n € N) of elements of A there is a sequence (V,, : n € N) such that
for each n € N, V,, is a finite subset of I/,, and UnEN V,, is an element of B
(see [7], [12]).

We are going now to introduce new selection hypotheses similar to
the previous ones. As usual, for a subset A of a space X and a collection
P of subsets of X, St(A,P) denotes the star of A with respect to P, that
is the set U{P € P: ANP # (}; for A = {z}, x € X, we write St(x,P)
instead of St({z},P). We assume that all spaces are Hausdorff.

1.1. Definition. Let A and B be collections of open covers of a spa-
ce X. Then:

(a) The symbol ST (A, B) denotes the selection hypothesis that for each
sequence (U, : n € N) of elements of A there exists a sequence (U,, : n € N)
such that for each n, U,, € U,, and {St(U,,U,) : n € N} is an element of 5;
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(b) The symbol S, (A, B) denotes the selection hypothesis: for each
sequence (U, : n € N) of elements of A there is a sequence (V,, : n € N)
such that for each n € N, V,, is a finite subset of U, and (J, . {St(V,Uy) :
Vev,}ebB;

(c) By Ui, (A, B) we denote the selection hypothesis: for every se-
quence (U, : n € N) of members of A there exists a sequence (V,, : n € N)
such that for every n, V), is a finite subset of U,, and {St(UV,,,U,,) : n €
N} € B or there is some n € N such that St(UV,,,U,,) = X.

1.2. Definition. Let A and B be collections of open covers of a space X
and let IC be a family of subsets of X. Then we say that X belongs to
the class SSi-(A, B) if X satisfies the following selection hypothesis: for
every sequence (U, : n € N) of elements of A there exists a sequence
(K, : n € N) of elements of K such that {St(K,,U,,):n € N} € B.

When K is the collection of all one-point [resp., finite, compact] sub-
spaces of X we write SS7(A, B) [resp., SS, (A, B), SSiomp (A, B)] instead
of SS¢(A,B).

1.3. Remark. The following games are naturally corresponded to the
selection hypotheses introduced above.

(1) For S (A, B) we have the game G (A, B) played (on a space X) as
follows: Two players, ONE and TWO, play an inning per positive integer.
In the n-th inning ONE chooses an U,, € A, to which TWO responds by
choosing a U, € U,,. The play U;,Us;...;U,,Uy;... is won by TWO if
{St(Un,U,,) : n € N} is an element of B; otherwise, ONE wins;

(2) The game Gg,, (A, B) is played similarly, except that in the n-th in-
ning TWO chooses a finite subset V,, of U,,. The play Uy, Vi;...;Up, Vaj ...
is won by TWO if J,,cn{St(V,Uy) : V € Vi } € B; otherwise, ONE wins;

(3) The game SG7 (A, B) is played in the following way: in the n-th
inning ONE chooses some U,, € A and TWO responds by choosing a point
xn € X. The play Uy, x1;...;Un, Ty; ... is won by TWO if {St(z,, A,) :
n € N} belongs to B; otherwise, ONE wins;

(4) The game SGy, (A, B) is played similarly, except that in the n-
th inning TWO chooses a finite subset F,, of X. The play Uy, Fy;...;Uy,,
F,;... iswon by TWO if {St(F,,U,) : n € N} is a member of B; otherwise,
ONE wins;
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(5) The game SGg,,,,(A, B) is played as the previous game, but in

the n-th inning TWO chooses a compact subset K,, of X. TWO wins if
{St(K,,Uy,) : n € N} € B; otherwise, the play is won by ONE. O

In this paper A and B will be collections of topologically significant
open covers of a space X:

O — the collection of all open covers of X;

Q — the collection of w-covers of X. An open cover U of X is an
w-cover [4] if X does not belong to U and every finite subset of X is
contained in a member of Uf;

I' — the collection of y-covers of X. An open cover U of X is a
v-cover [4] if it is infinite and for every x € X the set {U e U : x ¢ U} is
finite.

Recall that a space X is said to have the Menger property [9], [5], [6]
(resp. the Rothberger property [11]) if the selection hypothesis Sg, (O, O)
(resp. S1(0, 0)) is true for X (see also [10], [7], [12]).

Following this terminology we introduce the following definition.

1.4. Definition. A space X is said to have: (1) the star-Rothberger
property, (2) the star-Menger property, (3) the strongly star-Rothberger
property, (4) the strongly star-Menger property, (5) star-K-Menger prop-
erty if it satisfies the selection hypothesis: (1’) S7(O, O), (2’) S;, (O, O),
(3%) SS1(0,0), (4’) SS,(0,0), (57) SSfomp (O, 0).

comp

2. Relations between star covering properties

We give first the following diagram which illustrates relationships be-
tween here defined properties and some other star covering properties,
whose definitions can be found in [2]. Most of the implications follow al-
most directly from the definitions; we give a simple one in Proposition 2.1.
Recall that a space X is said to be strongly starcompact [strongly star-
Lindeldf , star-L-Lindeldf] if for every open cover U of X there is a finite
[countable, Lindel6f] subset A of X such that St(A,U) = X. X is star-
compact [star-Lindeldf] if for every open cover U of X there exists a finite
[countable] V C U such that St(UV,U) = X.

We will also give some examples and assertions in order to compare
the properties (and their combinations) from this diagram and to clarify it.
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Observe a simple fact that any property from the diagram is an invari-
ant of contunuous mappings and is inherited by closed-and-open subspaces.

| l

| star-Rothberger —- star-Menger —- star-Lindelof

| f f f

| T star-K-Menger = star-L-Lindel6f

| i f f

| strongly star-Roth. = strongly star-Men. —- strong.Iy <= separable
star-Lind.

| () / () i)

| Rothberger = Menger = Lindelof

1 / f

starcomp. <= strongly starcomp. < compact

Diagram 1

2.1. Proposition. Every (strongly)star-Menger space X is (strongly)
star-Lindeldf.

PrOOF. Consider only the case when X is a star-Menger space. Let U
be an open cover of X. Then, by definition, there is a sequence (V,, : n € N)

such that for every n, V, is a finite subset of ¢/ and (J,, ¢ St(UVy,U) = X.
Then V = (J,,cy Vn is a countable subfamily of U satisfying St(UV,U) = X,
i.e. X is a star-Lindeldf space. (|

2.2. (Matveev [8]) Ezample. Let A be an almost disjoint family of
infinite subsets of w (i.e. the intersection of every two distinct elements
of A is finite) and let X = w U A be the Mréwka-Isbell space constructed
from A [3], [2]. Then:

(i) X is strongly star-Menger <= |A| < d;
(ii) If |A| = c, then X is not star-Menger,

where d is the dominating number (see [2]).
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2.3. Example. There is a strongly star-Menger space X which is not
strongly starcompact.

Let X = [0,w;] X [0,w]\ {(w1,w)} be the Tychonoff plank. It is shown
in [2] that X is not strongly starcompact. We prove that X is strongly
star-Menger.

Let (U, : n € N) be a sequence of open covers of X and let N =
N{UNoU. .. be a partition of N into infinitely many finite pairwise disjoint
subsets. Fix n € N. For each k € N,, there is an o < w; such that the set
{(B,k) : a, < B < wy}is contained in some member U of U,,, which means
that for xy = (w1, k) one has St(zy,U,) D U. Let A, = {x : k € N,},
an = sup{ay : k € N} and o = sup{a, : n € N}. Then a < w; and
Unen St(An, Un) D (a,wi] X [0,w).

Further, the subspace T' = [0,w;) x {w} of X is homeomorphic to
[0,w;) and consequently T is strongly star-Menger. Thus there is a se-
quence (B,, : n € N) of finite subsets of 7" such that |J,, .y St(Bn,Un) D T.

Finally, the subspace K = [0,a] x [0,w] of X is compact and thus
strongly star-Menger. There exists a sequence (C,, : n € N) of finite
subsets of K so that J, oy St(Cr,Un) D K.

For each n € N put F,, = A,, U B,, UC,,. Then the sequence (F,, : n €
N) witnesses for (U, : n € N) that X is a strongly star-Menger space. O

Recall that a space X is said to be meta-compact [meta-Lindeldf] if
every open cover U of X has a point-finite [point-countable] open refine-
ment V (i.e., every point of X belongs to at most finitely many [countably
many| members of V).

2.4. Theorem. Every strongly star-Menger metacompact space is a
Menger space.

PRrROOF. Let (U, : n € N) be a sequence of open covers of a strongly
star-Menger metacompact space X. For every n € N let V,, be a point-
finite open refinement of U,,. As X is strongly star-Menger, there is a
sequence (F, : n € N) of finite subsets of X such that (J,,cn St(Fn, Vn) =
X. Elements of each F}, belong to finitely many members V, 1,...,V,, ()
of Vi let V), = {Va1,.-., Vgt Then St(F,,Vn) = UV}, so that we
have | J,,cy UV, = X. For every V' € V), choose a member Uy of U, such
that V' C Uy. Then, for every n, W,, = {Uy : V € V] } is a finite subfamily
of Uy, and | J, ey Wha = X, i.e. X is a Menger space. O
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2.5. Theorem. Every strongly star-Menger meta-Lindelof space X is
Lindeléf.

PROOF. Let U be an open cover of X and let ¥V be a point-countable
refinement of Y. Since X is strongly star-Menger there exists a sequence
{F, : n € N} of finite subsets of X such that J,cSt(F,,V) = X. For
every n € N denote by W, the collection of all members of V which
intersect F},. Since V is point-countable and Fj, is finite, W,, is countable.
So the collection W = (J,,cy Wh is a countable subfamily of V and is a
cover of X. For every W € W pick a member Uy, € U such that W C Uy .
Then {Uw : W € W} is a countable subcover of Y and X is a Lindelof
space. O

It is known that in the class of Hausdorff spaces strongly starcom-
pactness and countable compactness coincide, so that countable compact
Hausdorff spaces are strongly star-Menger. From the previous theorem we
obtain the next well known result [1]:

2.6. Corollary. A countably compact meta-Lindel6f space is compact.

2.7. Example. There is a strongly star-Menger space which is not
Menger.

Let X = [0,w1) be the set of all countable ordinals with the order
topology. Since X is a Hausdorff countably compact space, i.e. a strongly
starcompact space, it is strongly star-Menger. On the other hand, X
cannot have the Menger property because it is even not Lindelof.

The following theorem gives an information when star-Menger spaces
satisfy the Menger property.

2.8. Theorem. For a paracompact (Hausdorff) space X the following
are equivalent:
(a) X is a star-Menger space;
(b) X is a star-K-Menger space;
(c) X is a strongly star-Menger space;
(d) X is a Menger space.
PROOF. We have to prove only that (a) implies (d). Let {t4,, : n € N}

be a sequence of open covers of a paracompact star-Menger space X. By
the well known Stone characterization of paracompactness [3] for every
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n € N let V,, be an open star-refinement of U,,. Since X is star-Menger
there exists a sequence {W,, : n € N} such that for each n € N, W, is a
finite subfamily of V,, and |J,, ¢y St(UWp, V) = X. For every W € W,
let Uy be a member of U,, such that St(W,V,,) C Uy. Then U, = {Uy :
W € W,} is a finite subfamily of U, for each n € N and (J,, . U, = X
which means that X is a Menger space. (|

In a similar way we obtain

2.9. Theorem. A paracompact space X is Rothberger iff it is star-
Rothberger iff it is strongly star-Rothberger.

From Theorem 2.5, Theorem 2.8 and the fact that regular Lindel6f
spaces are paracompact we have

2.10. Corollary. A regular strongly star-Menger meta-Lindelof space
is a Menger space.

Let us observe that the following result is true without any separation
axiom.

2.11. Theorem. A paracompact space X is star-K-Menger if and only
if it is a Menger space.

PROOF. Let (U, : n € N) be a sequence of open covers of X and let
for each n € N, V,, be an open locally finite refinement of U,,. Since X is
star- K-Menger, there exists a sequence (K, : n € N) of compact subspaces
of X satisfying |,y St(Kn,Vn) = X. The set V), of all members of V,
which meet K, is finite because V,, is locally finite and |J V), = St(K,, V»,).
Therefore, |J,cyUV, = X. For every V € V, pick a Uy € U, with
V C Uy and let W,, = {Uy : V € V! }. Then the sequence (W,, : n € N)
guarantees that X is a Menger space. Il

It is easy to check that the star-Menger property is preserved by count-
able topological sums. However, the product of two star-Menger spaces
need not be star-Menger as simple examples show. The same holds for
strongly star-Menger spaces.

2.12. Example. The product of a strongly star-Menger space and a
strongly star-Lindel6f space which is not strongly star-Menger.

The ordinal space X = [0,w7) is strongly star-Menger. Let Y be the
set [0, w1 ] with the following topology: for every a < wy the set {a} is open;
a set containing w is open iff its complement in Y is countable. Then Y
is a Lindelof space, hence a strongly star-Lindelof space. The space X x Y
is not strongly star-Menger because it is not strongly star-Lindelof as it
was shown in [2; Ex. 3.3.3].
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However, we have the following result.

2.13. Theorem. If X is a star-Menger (star-Rothberger) space and Y
is a compact space, then X x Y is a star-Menger (star-Rothberger) space.

PROOF. We shall prove the star-Menger case. Let {W,, : n € N} be a
sequence of open covers of X xY’; without loss of generality one can suppose
that every W, is a basic open cover of the form U,, x V,,, U,, an open cover
of X and V,, an open cover of Y. For a fixed z € X, each W, is an open
cover for the compact subspace {x} x Y of X x Y. Therefore, there exists
a finite subfamily U, , x V,, » of W, such that U(U, o X Vy z) D {2} x Y.
Let Uy = NUpz. Then G, = {U,, : © € X} is an open cover of X
for every n € N. Since X has the star-Menger property there are finite
Ho = {Unzy-->Unyiy} C Gny n € N, such that |, oy St(UH,, Gn) =
X. Denote W, = (Un oy, X Viay ) U+ - UUn a0y X Vizyy ). We have that

for every n € N, W/ is a finite subfamily of W,, and

U stuw;,, Wa) o | St(UH,, Gn) x Y = X x Y. 0
neN neN

Matveev observed in [8] that there is a consistent example of a strongly
star-Menger space X whose product with a compact space Y is not strongly
star-Menger. By Theorem 2.13 X X Y is a star-Menger space, so that we
have a consistent example of a star-Menger space which is not strongly
star-Menger.

We close this section by the following three questions.

2.14. Question. Characterize hereditarily (strongly) star-Menger
[(strongly) star-Rothberger] spaces.

2.15. Question. Find out a space X such that all finite powers of X
are (strongly) star-Menger [resp. (strongly) star-Rothberger| spaces but
X% is not. Characterize spaces X such that X“ (resp. every finite power
of X) is (strongly) star-Menger [(strongly) star-Rothberger].

2.16. Question. Let M be the class of spaces X such that for every
(strongly) star-Menger [(strongly) star-Rothberger| space Y the product
X xY is (strongly) star-Menger [(strongly) star-Rothberger]. Describe the
class M.
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3. Other properties

In [7; Th. 1.1], it was shown that a Lindelof space X satisfies S1(I',T")
if and only if X satisfies Sa,(I',T"). Closely following the line of reasoning
from the proof of that result we have:

3.1. Theorem. For a Lindeléf space X we have S{(I',T") = Sg (I',T).

ProoF. Clearly, S7(I',I') implies S§ (I',I'). Let X satisfies S§ (I',T")
and let (U, : n € N) be a sequence of vy-covers of X. Suppose that
Up, = {Un,1,Up2,...}. We shall define a new sequence (V, : n € N) of
~v-covers of X as follows:

V, = {Vn,h Vi, }, where Voe=UipNUgpN---N Un,k-

We see that Vi = Uy, V; refines U; for i > 2 and V,, . C V), 1 whenever
n > m. Let us check that every V, is a y-cover for X. Let x € X. For
every i = 1,2,...,n there is some m; € N such that x € U; ;, for all k£ > m;.
If mg = max{mi,ma,...,my}, then x € V,, . for all k& > my.

Since X satisfies Sf (I',T") there exists a sequence (W, : n € N), each
W,, a finite subset of V,,, such that {St(W,V,,) : W € W,,, n € N} is a
v-cover of X. Now, we use tha fact that every {St(W,V,) : W € W, } is
finite while {St(W,V,,) : W € W,,, n € N} is infinite being a ~y-cover.

Pick a member Vi 5, € Wy. Then X \ St(Vix,, V1) # 0. Take now
some V3 i, € Wa such that St(Va k,, Vo) # St(V, V) for all V. € Wy ; we can
suppose this because of the fact mentioned above. Then X\ (St(V; &, , V1)U
St(Va iy, V2)) # 0. We continue this procedure and obtain a sequnce

(Vn,kn ine N)7 Vn,k‘n € Wn

such that, by construction, {St(V,, x,,Vn) : n € N} is a y-cover of X.
It is understood, {St(Un k,,Us) : n € N} is a y-cover of X witnessing
membership of X to the class S} (I',T"). O

We need now the following simple lemma taken from [7; L. 3.2].

3.2. Lemma. IfU is an w-cover of a space X, then {U? : U € U} is
an w-cover of X?.
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3.3. Theorem. If every finite power of a space X satisfies S7(2, O),
then X satisfies S7(2,€2).

PRrROOF. Let (U, : n € N) be a sequence of w-covers of X. Let N =
N1 UNyU---UN,U... be a partition of N into countably many pairwise
disjoint infinite subsets. For every i € N and every j € N; let V; =
{U" : U € U;}. According to Lemma 3.2, for every i € N, the sequence
(Vj 1 j € N;) is a sequence of w-covers of X*. By assumption, for every
i € N one can choose a sequence (U;" : j € N;) so that for each j, U; € U,
and {St(U;*,V;) : j € N;} is an open cover for X".

We shall prove that {St(U;,U;) : j € N} is an w-cover for X which
witnesses that X satisfies S7(£2, ). Indeed, let A = {a1,a2,...,a,} be a
finite subset of X. Then (a1, asg,...,a,) € X? so that there is some k € N,
such that (ai,as,...,ap) € St(Ug?, Vy); it is clear that A C St(Uy,Uy).

O

In a similar way one may prove:

3.4. Theorem. If every finite power of a space X is a star-Menger
space, then X satisfies Sf; (€2, 2).

Acknowledgements. 1 would like to thank the referee and M.V. MAT-
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