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On homogeneous generalized functions

By Dusanka Kovacevi¢ (Novi Sad) and Stevan Pilipovié¢ (Novi Sad)

0. Introduction

Let V be an abstract locally convex function space whose elements
are defined on R = (—o00, 00) or (0,00) and for which

60-6(). v

is a continuous mapping from V to V. If an element g from V', where V'’
is the dual space of the space V), satisfies the equation

(1) 9(y) =vy%g(), y>0, a€R,

in the sense that (g(yz), ¢(z)) = y*(g(z), ¢(z)) for all ¢ € V, then g is
called a homogeneous generalized function from V' of order . If

(x) ”"D(I) is dense in V and the inclusion i : D(I) — V is continuous”,

where D(I) is the well-known Schwartz space, then the structure of homo-
geneous generalized functions in V' (and thus, of measurable and continu-
ous homogeneous functions) is very well known. The aim of this paper is
to give the solutions of (1) in V' when (%) does not hold.

Homogeneous generalized functions appear naturally in investigation
of the asymptotic behavior of generalized functions (see [3] and [6]). Note,
in papers of G. TROGER ([4], [5]) and M. CHARMICHAEL and R. S. PATHAK
([1]) homogeneous generalized functions have been used without checking
if they exist and of which form they are (see Examples at the end of the
paper). The purpose of our paper is the investigation of such elements
on more general function spaces. We shall give a necessary and sufficient
condition for a generalized function from )’ to be homogeneous of order
a € R, and sufficient conditions for the space V' such that all generalized
functions from V'’ which are homogeneous of order a € R are of the form
Ajx§ + Asx®, v € R, or A1zg, v € (0,00) (A1,A2 € R). Thus, we
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deal with the problem of finding the domain and solving equation (1) in
this domain with solutions which are expected. The simply formulated
problem does not have so simple answer and this is the main interest of
the paper.

Note that the standard method used for finding homogeneous geral-
ized functions of order « in which the equation zf’ = «f is transformed
to v’/ = 0 by putting f = z%u is not legitimate in the general case because
the mapping ¢ — %y is not defined in V), in general.

1. Let I be one of the intervals (—oo, c0), (0,00). A space Wg(I) is
defined as a subspace of C*°(I \ {0}) for which all the seminorms

@) Pos(®) = / lel26™ (x) |z, n € N,
I

where N is the set of natural numbers and Ny = N U {0}, are finite. We
identify functions which are different only at x = 0, so pg g is a norm.

One can simply prove that for a given ¢ € Wg(I) the sequence
(¢kn)nen, where K, is an even positive function such that k,(x) = 0
for x € [0,1/2n] U [n 4+ 1,00) and ky,(z) = 1 for € [1/n,n], n € N,
converges to ¢ in Ws(I) as n — oo. This implies that the space D([) is
dense in Wg(I). Thus, all homogeneous generalized functions of order o
in Ws(I) are of the form

(3) Ajxd 4 Agz?® resp. Ajz§  if I =R resp. I = (0,00),

where 2§ = z*H(+z), x € R and H is the characteristic function of
(0, 00).

Let Ug(I), B € R, be a subspace of Ws(I) with a locally convex topol-
ogy, such that the inclusion mapping ¢ : Ug(I) — Wg(I) is continuous, as
well as the following one

(4) Us(I) — Us(I) : ¢(-) = o(-/y), y € (0,00).

If f € Wi5(I) and it is homogeneous of order a then f‘uﬂ(l) , the

restriction of f on Ug(I), is of the form (3). Our aim is the characterization
of Us(I), which implies that all the homogeneous generalized functions
from Uj(I) are of the form (3). At first sight this characterization may
appear to be artificial but it is naturally connected with the problem which
we are studying.

Note that D(I) need not be dense in Us(I). This is in fact the only
interesting case. Ug(I) can contain D(I) but not as a dense subspace
(Examples II, IIT). Also, Ug(I) cannot contain D(I) at all (Examples I,
IV). If Us(I) contains D(I) then clearly Ug(l) is dense in Wz(I). Even in
that case we could not use this fact for the proof that any homogeneous
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element g on Us(I) can be extended on Wg([) i.e. g € Wi(I) and thus it
is of the form (3).
For Up(I) we shall assume: if ¢ € Us(I) and y € (0,00), then

- o(/y) —o(/y) _ d
(5) B —— = 252019 lv=vo

in the sence of convergence in Ug([).
This condition implies the continuity of the mapping

d
(6) (0,00) = Us(I):y+— dfy¢>(1‘/y) = —z¢'(z/y)/y*,
€ I\{0}, ¢eUs(l).
Moreover, for every | > 2, [ € N, the mapping

dl
(M) (0,00) = Up(]) -y — @¢($/y), z € I\{0},¢ € Us(I),
is continuous. If [ = 2 this follows from (6) and the fact that

- S0/ (af) = S0lafy), where b(a) = —ad'(2) € Us(D)
e 1\{0}, y>0.

For [ > 2 this can be proved by induction.

Let us note, beside the fact that the mapping ¢ — z is not defined
in Up(I), that the mapping ¢ — ¢’ too fails to be defined in Us(I) in the
general case.

Proposition 1. A generalized function f € Ugy(I) is homogeneous of
order a € R if and only if for each ¢ € Uz(I)

(8) (f(2), (xd(x)) + ad(z)) = 0;
i.e. if and only if f fulfils the equation z f' = oof in U'g(I).

PrOOF. The assumption (5) implies x¢’ € Us(I) when ¢ € Ug(I) and
x € I'\{0}. Since (z¢) + ap = z¢' + (1 + )¢, (8) makes sense when
feu's(I) and z € I\ {0}.

Let f be a homogeneous generalized function of order o and ¢ € Up(I).
We have

<f(ya?), ¢($>> - ya<f(x)a ¢($)> = <f(.%'), ¢($/y)/y>, y>0.

Because of (6) we can differentiate this equality with respect to y. In this
way we get

ay* "N f(2), ¢(x)) = (f(x), —y?(a/y) —y *z¢(z/y)), y>0,
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ay®(f(x),¢(x)) = (f(x), —y~ (d(z/y) + ¢ (x/y) /y)) =
= (f(yx), =(¢(z) + 2¢(2))) = y*(f(2), = (d(2) + 2¢(x))) =
=y*(f(x), —(x¢(2)))  y>0.

This implies

ay®(f(z), ¢(z)) = y*(f(x), —(z¢(z))"), y >0,
and in particular for y = 1, (f(x), (z¢(x)) + ap(z)) = 0.

Conversely, suppose that (f(x), (z¢(x)) + a¢(z)) = 0 holds for all ¢ €
Us(I). Let ¢(-/y), y > 0, be substituted for ¢(-). We get

(o + 1) f(x), d(x/y)) = =(f(2),2¢'(x/y)/y),  y>0.
Since —x¢'(z/y)/y =y 3 ¢(m/y x € I\ {0}, y > 0, from (6) we obtain

(a+1)(f(z), o(2/y)) = y(f(2), dd o(x/y),  y>0.

Let us consider the function y — F(y) = (f(z),é(z/y)),y > 0. It has
a derivative at each y € (0,00) (moreover it belongs to C*°(0,00)), and
satisfies

yF'(y) = (a+1)F(y), y>0
F(1) = (f(x), ¢(x)).

Therefore, F(y) = (f(x), ¢(z))y>™t, y > 0. Thus,
(flyz), d(x)) = (f(x), ¢(x/y)) /1y = F(y)/y = y*{f(z), p(x))

which means that f is homogeneous of order a. O

(9)

2. In this section we assume I = (—o0, 00).

Let Us(I) have a dense subspace Z5(I), # € R, with the following
property:

If ¢ € Z5(I) then for some e, 0 < e < 1,0 >0, A> 0and ¢ > 0,
which depend on ¢,

(10)

[p(x)] < c/|z["TF7e, Ju| <8, z#0
lp(x)] < cf|z|*HPTe, |z > A
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Furthermore, let Z3(I) contain functions ¢ and ¢ such that

oo 0
/ 1% bo(t)dt = 1, / %o (t)dt = 0,

/ 060 (t)dt = 1, / 1 (t)dt = 0.

0

Remark. If for any element of Usz(I) (10) holds, then we can take for
Z3(I) any proper and dense subset of Ug(I) as well as the whole space
Us(I). In this paper we are not interested in finding the smallest dense
subspace of Ug(I) for whose elements (10) holds because this needs more
specific assumptions.

Proposition 2. (a) If ¢ € Z3(I) then there is € Ws(I) such that

o0

0

(1) ota) = | [ ot | o)+ | [ 107600t | 61000+
0 — OO

(z6(z)) + B0(x), =xe€I\{0}.

(b) If (11) holds for any ¢ € Z5(I) with 6 € Ug(I), then a generalized
function f € U'g(I) is homogeneous of order (3 if and only if it is of the
form

(12) f(ﬂT):Awﬁ—FAQa?é, rxel, A, A eR.

(c) If elements of Z3(I) are real analytic on I \ {0} then 0 in (11) is
real analytic on I \ {0}, too.

PRrROOF. (a) Let ¢ € Z3(I). Because of (10) we have that co(¢) =
00 0
[tPp(t)dt and c1(p) = [ [t|Pp(t)dt are finite. By direct computation
0 —o0
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one can prove that the function
— = (J st - o) [ on(oar-

—er(d) Tt%l(t)dt) 20,

ST (_f L7 p(t)dt — co(9) _f |t|P o (t)dt—

—c1(9) f t%l(t)dt) x <0,

—00

satisfies (11).

For x < — A, we have

x

1 i c c
A tPp(t dt</1 t) At = ———
ol s [ IWPowla< S [ et

— 00

and for x > A,
oo
c

1
¢ B
pCrs) /t p(t)|dt < cxplte

x

From above it follows that [ ||z|?0(z)|dz < oc.
|z|>A

Let us prove that for n € N, [ [|z|?2"0) (z)| dz < co. Since 6
|z]>A
fulfils (11), we have

20’ (z) = ¢(x) — co() do(x) — c1(8) d1(z) — (B +1)0(z), =z €I\{0},
By induction one can prove that, for n € N,

ay 0@ = a0 @) —eo(@)lal e oy ) -

—e1(9)[2l’a" 7 1" (@) = (B+n)[al’a" 10 (2), @ e T\{0)

Since ¢, ¢o, p1 € W, from the definition of the space Wg(I), (13) and
the inductive assumption that ||z[z"~*0("~| is integrable on |z > A,
it follows that Ha:\ﬁxne(")‘ is integrable on |z| > A.
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To show that # € Wg(I), we have to prove that for n € Ny, z —
Hx|f8:r"«9(”) (z)| is integrable in a neighborhood of zero. Let n = 0. For
x > 0 we have

0(x) = —ﬁ ( - /t%(t)dt + co(@) — co(0) < — /t%(t)dt + 1) -
0 0

x

—a(¢) < - /t%l(t)dt))
0

xT x x

i.e.

00) = s [ 0ttt = o) [ Pontonte - o) [ ©ontoar)

0 0 0

By (10) there exist € € (0,1), § > 0, and ¢ > 0, which depend on ¢, ¢g, ¢1,

such that
c(1 —co(¢) —c1(9))

ez e , O0<z<é.

||21°0(2)] <

One can analogously prove the similar inequality for —§ < z < 0. Hence
|||°6(z)| is integrable in a neighborhood of zero. Let n € N. Since
&, do, o1 € W, from the definition of the space Ws(I), (13) and the induc-
tive assumption that Hx!ﬂxn_lﬂ(”_l)(az)‘ is integrable in a neighborhood

of zero, it follows that Ha:\ﬁx”G(”) (:c)| is integrable in a neighborhood of
Z€ero.
Note, that from the proof it follows that 0 satisfies (11), as well.

(b) Assume that ¢ € Z3(I) has representation (11) with 6 € Up(I).
We have
(f,0) = (fcodo) + {f,cr1) + (f, (x0)" + B).

Since f is a homogeneous generalized function of order 3, by Proposition
1, it follows

(f,8) = colf, do) + er(fy 1) = Ar (2], ¢) + Aa (2, ).

(c) One has to show that for any x # 0 there are C,, > 0 and k, > 0
such that |0 (z)| < Cok,™n!, n € Ny. This can proved by induction by
using the representation of 6 from the first part of the proof. O

3. In this section we assume that I = (0,00) and that Z3([) is a
dense subspace of Ug(I) for which (10) holds on (0,00). Clearly, Z5(I)

[e.e]
contains a function ¢o = ¢g g such that [ |¢|%¢o(t)dt = 1.
0

By the same arguments as in Section 2. we have the following
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Proposition 3. (a) If ¢ € Z3(I), then there is § € Wg(I) such that
(14)  o(z) = / [t1°¢(t)dt go(z) + (20(2))" + B0(z), =« € I\ {0}
0

(b) Let (14) hold for any ¢ € Z5(I) with 0 € Ug(I). A generalized
function f € Ug(I) is homogeneous of order (3 if and only if it is of the
form

(15) u(z) = Ala:g, xel, A eR.

(c) If elements of Z3(I) are real analytic on I then 6 in (14) is real
analytic on I, too.

4. Examples In the first there examples we take Zg(I) = Us(I),
while in the last one we have Z3(I) C Ug(I) and it is not possible to take

Zp(I) = Us(I).

Ezample I. The well-known space Z(a), a > 0, (see [3]) is defined as
the space of entire functions ¢ on C for which all the norms

uwup:sup{<1+|z|>kw<z>e—““m', k<, zec}, p € N,

are finite. Denote by Zg (a) the space of restrictions of functions from Z(a)
on the real line supplied with the corresponding convergence structure
from Z(a). Note that the mapping ¢(-) — ¢(-/k), £ > 0 is not defined

in this space. Let Z = |J Z(a) and Zgr be the space of corresponding
a>0

restrictions supplied with the convergence structure from Z. Clearly, Zr
does not contain smooth functions with compact supports. Zgr fulfils all
the conditions assumed for Uy(R) and Zy(R). Let us prove that for any
¢ € Zr = Uy(R) = Zy(R) the corresponding function € in (11) is also from
Zgr. (11) implies that z6 is a restriction of an entire function because for
ze€C

z [e%e) z 0 z
(7)) 26() = 0/ H(€)de - 0/ o(t)dt 0/ %(5)%—4 o(t)dt 0/ p(€)d
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and on the real line we have

26(z) = ]¢(§)d£—7¢(t)dtj¢o(€)d§— /0 ¢(t)dt]¢1(£)d§=

- (T¢(t>dt - :fod)(t)dt Toowydt— [ o)t o (t)dt) 250
= 0 , z=0
J ottt J oty [ on(e)de - J ot [ o, <o

From (17) it follows that 6 € Z and thus 0|z € Zr.
From Proposition 2 we have that all the homogeneous generalized
functions of order 0 from Z§ are of the form

A1H(z) + A2H(—z), A1, A2 €R.
Note that the isomorphism of Z" and Zg, f — f , is given by
<fv¢>:<fa¢|R>7 ¢EZ.

Ezample II. In [4], [5], the author investigated Zemanian’s space
M, 4([7]). Recall, that for infinitely differentiable complex-valued functions
¢ on (0,00) and a,b € R the set of seminorms is defined by

popal®) = sup (8714060 )]), pENo
te (0,00

and the test function space by
Map ={¢p € C((0,00)) : frapp(P) < oo, forall pe Npy} ,

which is equipped with the corresponding topology. The space M, ; fulfils
all the conditions assumed for the spaces Us((0, 00)) and Z3((0, 00)), where
—b > 8 > —a. Dg((0,00)) is not dense in M,; (see [7]). By using
Proposition 3 we get that all homogeneous distributions of order 3, —b >
B > —a are of the form (15).

Example III. The space H.(0,00), ¢ € R, 6 > 0, investigated in [1]
is defined as the space of smooth functions ¢ on (0,00) for which all the
seminorms

(@) = sup [tTeFRO B ()| ke Ny,
te(0,00)

are finite.
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If > 0 then the mapping (2) is not defined for arbitrary & > 0. So,
instead of H, ¢(0,00), € > 0, one has to consider the space |J H,,(0,00)
6>0
equipped with the inductive topology. D(0, o) is not dense in this space.
In the corresponding dual space homogeneous generalized functions of or-
der > —(c+ 1) are of the form (14).

Ezample IV. Let A, s be the space of real analytic functions ¢ on
R\ {0}, for which all the seminorms

(16) gl = sup (1+ |z|)*|z|?
z€R\{0}

xp¢(p) (.’L’)’ ) p S NU7

are finite, supplied with the corresponding topology. A g does not contain
smooth functions with compact support and this space is not complete.
A5 is a subspace of the space B, g which we define to be the space
of all smooth functions ¢ on R\ {0} for which all the seminorms (16) are
finite.
Any functions ¢ from B, g is of the form ¢ = 1 + 2, where

?l(0,00) > € (0,00) 0 ,x € (—00,0)
1 = ’ and o = 0
0 ,x € (—00,0) @l(—oo,0) % € (0,00).

We have ¢1, 2 € My, (d(z) = ¢p(—x)), where 1 —a = a, a — b = S.
Using the fact that M, ; is a complete space ([7,p. 103]) we get that B, g
is complete. Note, that D(R\ {0}) is not dense in B, g. Let us prove that
Aq,p is not complete. Let ¢ € D((0,00)) and

6)(2) = =i [ e g0yt jeN.
One can prove that this is a sequence from A, g which converges to ¢ in
B . Since ¢ does not belong to A, 3 we get that A, 3 is not complete.

The space A, s fulfils all the conditions assumed for the spaces Ug(R)
and Zg(R), where b—1 < 3 <b+a—1. (Us(R) = Z3(R)).

Let us consider the closure A, of A, in Byp. Take Us(R) such
that A, p C Uz C Aup and A, # Us # Aayp, and take Z3(R) = Ay,
b—1< pB <b+a—1. In this way we have constructed an example of
spaces Ug(R) and Z3(R) such that Zg(R) is a proper and dense subset
of Ug(R); moreover, we could not take for Zg(R) the space Ug(I).
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