Publ. Math. Debrecen
41 /1-2 (1992), 289-294

On number systems in algebraic number fields

By I. KATAI (Budapest) and I. KORNYEI (Budapest)

1. Let 6 be an algebraic integer with minimal polynomial p(z) =
(x —61)---(x —0,), 0§ = 6 over Q. Assume that |6;] > 1 holds for
every i = 1,... ,n; let K = max1/|6;|. Let p; = 9]-_1 (j=1,...,n). Let
A ={ay =0, ai,...,a,—1} be a full residue system mod 0, A C Z[0].
Let AU) be the conjugate sets, AU) = {ag(8;) = 0,a1(0;),... ,a;_1(0,)}
Assume that 60y,...,02, € C\ R; 0741,... ,02,45s € R, n = 2r + s, so
ordered that 6,.; = 6, (I = 1,...,r). Let K, = Ky(f’s) be the set of
those vectorials z, the ¢ th coordinate of which is denoted by z; such that
Z1y.eey2or € C)ozpyy = 2 (L= 1,...,7), 22p41,--- ,22r4s € R. Tt is
a linear normed space with [/z|| = max|z;|. A will denote the Lebesque
measure in K,, defined as dx; dy; - - - dx, dy, dzor11 -+ - dopys.
For an arbitrary a € Z[f] let o € K,, the vectorial, the j th coordinate
of which is a(6;).

For every a € Z[f] there exists a unique by € A and oy € Z[f] such
that

(1.1) a = a0+ by.
(1.1) implies the fulfilment of
(1.2) a(f;) = a1(6;)0; +bo(0;) (j=1,...,n).
Let J : Z[#] — Z[A] be the function defined by J(o) = ;. Let

T(a) =max |a(f;)], K =max max [b(#;)|. From (1.2) we have
J beA j=1,...,n

(1.3) T(o1) < KT (o) + KK.
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Since T'(a) < C' can be satisfied only for finitely many elements a €
Z[6], and k < 1, therefore the sequence a, ay, g, . .. is ultimately periodic,
where in general, a1 is defined as

ap = ak+19 + b, br € A.

An element 8 € Z[f] is called to be (purely) periodic with respect to
(6, A) if the sequence J*(3) (k = 0,1,...) is periodic, i.e. for some [ > 0,
j1(B) = B. Let S be the set of all periodic elements.

One can see easily that S is a finite set, moreover that

K

(1.4) (E:=)max T(B) <

BES 1—k

K.

Indeed, if 8 € S is such an element for which E = T(3), and J'(3) = 8,
by using (1.3) with a; = 3; = 3, a = 1, we have

E=T(3) <kT(Bi-1) + kK < kE + kK,

which implies (1.4) immediately.

We define the directed graph G(S) as follows: the nodes of it are the
elements of S; for every a € S an edge is directed from « to J(a) and it
is labelled by b, if « = @10 +b, b€ A, a = J(a).

It is clear that G(S) is a union of disjoint directed circles. Further-
more, o € S if there exists some k£ > 0 and by, ... ,bx_1 € A such that

a=by+b0+...4+b_10""+ 6*a.

For some 1 € Z[0)] let I(n) be the smallest integer k for which J*(n) € S.
Let a € Z[0], oj = aj410+ b5, b, € A(j=0,... ,k—1), ap = o, and

[(ar) = k. Then the sequence by, ... ,bi_1, and oy € S allow to compute «,
(1.5) a=by+b0+... +b_ 1051+ 6%y,
We say that this is the regular expansion of a. Given cg,...,cs_1 € A,

v € S, and consider the expansion
(1.6) o1+ ...+ 10°71+ 0%y (=n).

It is the regular expansion of 7, if and only if cs_1 + 6 & S.
For the regular expansion of (1.6) we shall use the notation n =
[coy ... cs—1|7]. If n € S, we shall write n = [0|n].
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Lemma 1. There is a constant ¢ depending only on 6 and A such that

(1.7) I(a) — log o (6, "

P log |0;]
if a # 0.
PROOF. By using (1.1), (1.2) and their iterates, we have

ar(0;) = a(0;)p;" - kz_:l bi(0;)p;* !

Since the sum on the right hand side is bounded by , we get

Kk

(1.8) ok (05) — a(0;)p;"] < 1= r

Let C be such a large constant for which

ey T

holds true. Then [(«) is at least so large as the least k for which J*(a) < C
is satisfied, consequently the lower estimate for [(«) given in (1.7) is true.

Let k(«) be the least integer k for which

Kk
max |a(8;) - p;*| <
j=1,...,n 1-—
Thus log [a(60,)|
og |a(U;
k(o) < max—————=~ +¢
(@) < i loglo;] !

is true, with a suitable positive constant ¢;. Furthermore T'(«,,) < C

holds for every m > k. Let N(C) = card {§ € Z[¢], T(3) < C}. Then

l(a) < k(o) + N(C), and the upper estimate for {(«) in (1.7) is true.
Ifyes,

N =cCs4 Cop10 4+ F Copp10F7L+ 0%
and
(1.9) n=co+ c10+ -+ c_10° " 4+0° (cs + cox10+ -+ + Corp—10° 1)+
+ 057 (e + cop10 + -+ Copp10") + 0Ty =

:fu"_nu»
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u—1
where &, = > ¢s0° and n, is divisible by 6“.
s=0
2. If S = {0}, then (0, A) is said to be a number system (NS). If
A=Ay = {0,1,...,|[N(0)| — 1} in additionally then (6, Ag) is said to
be a canonical nomber system (CNS). All the possible CNS were given
for Gaussian integers by I. KATAI and J. SzZABO 2], for quadratic exten-
sion field by I. KATAl and B. KovAcs [3], [4], and independently by W.
GILBERT [1], for Q(+/2) by S. KORMENDI [5].

W. GILBERT observed some nice geometric properties of the sets
oo
H={Z|Z=>) b077; bjec A}
j=1

in imaginary quadratic extensions.

3. Theorem 1. Assume that the conditions stated for (6, A) in section
1 are satisfied. Let H C K,, be the set of those z, for which there exists

an infinite sequence of elements by(0),b2(0),... € A, such that

(3:2) 2= bu@)p;™ (G=1,...,n)
m=1
hold.
Then
(i) H is a compact set,
ii U {H+oa} =K,,
(11) aEZ[G}{ Q[}

furthermore, if (0, A) is a number system, then

(iii) MN(H + ’11) N(H + "N}/Q)) =0
for every v1,72 € Z[0], 1 # 72, and if A denotes the linear mapping
K, — K, acting as z; — 0;z; (j =1,...,n), then
(iv) A'H = U(H +7)
’y ~

-1
where ~y runs over those elements of Z[0] which have the form~vy= " b,,0™,

m=0
b, € A.

PROOF. Assertion (i) is clear. A detailed proof is given in [2] in the
case of Gaussian integers.
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Let e = 1. Then Qj = Ale (j = 0,1,...,n —1). These vectori-

als are independent in K, since the matrix composed from them is of a
Vandermonde type with distinct generating elements, 61,... ,6,.

Since every integer o € Z[f] can be uniquely written as o = do+d160+
oo+ dn10"t d, € Z, therefore M = {a | o € Z[f]} form a lattice with

the basis vectors 67 (j =0,... ,n—1) in K,.

Let z € Ky, 2 # 0. We let T' to run over the set of positive integers.
Consider ATg. Then it can be approximated with a suitable ar € M such
that |[ATz — ar| < ¢, ie.

(3.3) \szj —ar(@;)|<c (G=1,...,n)

Then az(6) has a regular expansion,

(3.4) ap(f) = c(()T) + C(IT)Q +...+ cg)lﬁs_l + 0%y,

where cg-T) € A, vr € S and s depends on T. From Lemma 1 we have that

l(a) < T+ R, where R is a suitable integer which does not depend on T
It may depend on z. Applying the algorithm (1.1) (&« — a1) T+ R — s
times,

yr = ch) + cgﬂe 4+ ...+ cgﬂTﬁRé’T‘FR_S_l + QT HR=s 1,

where yp* € S, c,(,T) cAw=s,...,T+R).

Consequently
T+R
ar(0;) = > cD(0,)07 + 07 (0,)0,7 T (j=1,... ,n).

m=0
Thus, from (3.3) we have
(3.5) z=plor(®)+wl” (j=1,....,n),
where w§T) — 0 as T'— oo, furthermore from (1.9)

—1
T * —
(3.6) prom(8) = D7 erln(0:)0) + (0,05
h=—T

Since
(3.7) nr(95)p] € Z(0;)

may take only on finitely many values, therefore there exists an a(6;)
which occurs as the value of (3.7) for infinitely many values of T'.



294 I. Katai and I. Kérnyei : On number systems. ..

Let us keep only those T for which
-1

(38) Zy= % & 0,)0) +a(0))
h=-T

holds. Then there is an infinite subsequence of these T' values for which

some d_1 € A occurs as cgﬂT_)l infinitely often. Continuing this process ad

infinitum, we obtain that
zi=a(;)+ Y di6;)-p5 (G=1,...,n)
1=1

holds with some a € Z[#], d_; € A (I =1,2,...). This proves (ii).
Assume now that (0, A) is a NS. The fulfilment of (iv) is clear. From
(ii) we have A(H) = A(H+a) > 0. We have card (A) = |01 ...0,| = |[N(0)],

furthermore that \(A'H) = |N(0)|'A(H). There exist exactly |N(0)|" dis-
tinct v occuring on the right hand side of (iv). Thus

(39)  IN(O)I'A(H) = MA'H) = MU(H +7)) < Y MH +7)

and equality holds if and only if
(3.10) M(H +71) N (H +72)) =0

is satisfied for all pairs of 77 # 72 occuring in (iv). Since the right most
side of (3.9) equals [N (6)['A\(H), and 1 can be chosen to be arbitrarily large,
therefore (3.10) is true for all 1,72 € Z[A] | 71 # 72. This completes the
proof of our theorem.
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