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Constraint coefficient problems
for a subclass of starlike functions

By N. SAMARIS (Patras) and P. KOULORIZOS (Patras)

Abstract. Let ST be the class of univalent starlike functions with real coefficients
defined in the unit disk U. Using the Carathéodory—Toeplitz conditions, we are able to
solve the constraint problems of the third and fourth coefficients of S% for any fixed
second coefficient in [—2, 2].

1. Introduction

Let H(U) be the topological linear space of analytic functions in the
unit disk U = {z : |2|] < 1} and Hg be the subclass of H(U) of functions
with real coefficients. We consider the class Pr of all functions p € Hgr
with:

p(0)=1 and Re[p(z)] >0, =zeU.

By S& we denote the subclass of Hr of normalized univalent starlike
functions. A function

9(2) =2+ gn"
n=2

is in Sg, iff there exists a function

o0
q(z) =1+ Z qn2"
n=1
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in Pgr such that

(1) G _ ).

By Cgr we denote the subclass of Hgr of normalized univalent close-
to-convex functions. A function

f(z)=2z+ Z fn2"
n=2
is in Cg iff there exists a function g(z) in Sj and a
oo
p(z) =1+ anzn
n=1
in Pgr such that

(@) 2@ _ .

~—

If t1 € [0,1], by Sk(t1), (Cr(t1)) we denote the class of functions
9(2) = 2+ 922 + g32° + - - € Sk. (CR)

for which
g2 = -2 + 4t1

H. S. AL-AMIRI and D. BSHOUTY in [1] considered the problem of

calculating the values max ¢,, max g¢,. They solved this problem
geSH(t1) g€CRr(t1)

in the following cases:

. 5)

(i) n=3Vt; €[0,1] and n=4Vt € [6,1]
for the class Sg(t1) and

.. 11
(ii) n=3Vt; €[0,1] and n=4Vt € [12,1}

for the class Cr(t1).
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In this paper we solve the problem for the class Sk(t1) for n = 4,5
Vi, € [0,1]. We will also solve the corresponding problem concerning

min g, for n = 3,4,5 Vt; € [0,1]. All the above results are presented
gESK(t1)

in Theorems 1, 2, 3, 4, 5.

We face a problem involving the estimation of quantities which depend
on the Taylor coefficients of functions belonging to the class Pr. In [1],
H. S. AL-AMIRI and D. BSHOUTY used a Theorem of Dubins concerning
the extreme points of crossections of convex sets.

Our first idea is to use the Carathéodory—Toeplitz conditions as they
consist the strongest relations between the Taylor coefficients of the class
Pr. A second idea is to express these relations in such a way that each
Taylor coefficient can be converted separately to a polynomial of several
variables.

Combining these two ideas, we transform the initial problem into find-
ing the max (or min) of a polynomial of several variables, defined in a
closed interval [0,1]%, k < 4. All the above are contained in Step 1 of the
proof of Theorem 4. In Step 2 of the proof we calculate in a usual way,
the maximum or the minimum of these polynomials making use of their
particular properties.

A serious problem in this paper is the size of the polynomials which
are involved in the elementary calculations. Using the computer algebra
system Mathematica 2.2, we obtained all necessary results.

2. Main theorems

Theorem 1. If min g3 = ms(t1), then:
gESEK(t1)

m3(t1) = (1 — 4t1)(3 — 4751)7 for t, € [0, 1]

Theorem 2. If max g4 = My(t1), then:
gESEL(t1)

M4(t1) = 4(—1 + 2t1>(1 — 8t1 + St%), for t; € |:0, 1’(11:|

1 5 5
My(ty) = g(13 — 45t) + 4812 — 413),  fort; € (14, 6)
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4 5
My(th) = §(—1 +2t1)(3 — 4ty +4t3), fort; € [6,1} :

Theorem 3. If min g4 = my(ty), then:
gESEK(t1)

—_

4
m4(t1) = g(—l + 2t1)(3 — 4t —|—4t%>, for t; € [0, 6:|

1 19
my(ty) = g(_12 + 39t; — 36t2 — 4t3), fort; € (6, 14)

9
m4(t1) = 4(—1 + 2t1)(1 — 8t1 + 8t%), for t; € |:14, 1:| .

Theorem 4. If max g5 = M5(t1), then:
gESEK(t1)

1
Ms(t1) = (15 — 56t; + 8817 — 64t7 + 32t1), for t1 € [0,1].

Theorem 5. If min g5 = ms5(ty), then:
gESK(t1)

ms(t1) = (5 — 20t + 16t7)(1 — 12t; + 16t3),

2 — 244/ 2 4 24/
for ty € |0, 35 66 U 352 + 6671
704 704
1
ms(ty) = =6 (—1291 + 4064¢; — 3552t — 1024t} + 512t7) ,
352 — 244/66 352 4 244/66
for ti € , .
704 704
In order to prove the previous theorems we will need the following
lemmas.
Lemma 1. Let K,,(Pgr) be the set of v = (x1,x2,... ,x,) € R™ for

which there exists a q(z) = 1+ q12 + q22°> + -+ € Pgr having q1 = z1,
G2 = Ta,..., qn = T,. Let also A,, be the set of v = (x1,x2,... ,2,) € R"
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such that Dy(x1,22,... ,2,) >0, k=1,2,... ,n where:
2 T To T
T 2 1 PN Tk—1
Dy(z1,z9,...,x)=|T2 T1 2 s T2,
T Xp—1 Tk—2 ... 2

If A, is the closure of A,, then A, = K, (Pg).
The above lemma is a part of the Carathéodory—Toeplitz Theorem

(see [2], [3]).

Lemma 2. If x = (21,22,... ,2,) € R" (n < 4) the following propo-
sitions are equivalent.

(i) z € K,,(Pr)
(ii) there exists a (t1,t2,...,t,) € [0,1]™ such that: x1 = pi(t1),
Tro = pg(tl,tz), ey, T = pn(tl,tg, e ,tn) where:
pi(ty) = =2+ 4t
pg(tl,tg) =24 16t1(—1 +t1+ 1t — tltg)
p3(ty,ta,t3) = —2 + t1(36 — 96t + 64t7) — 32t1to(1 — 5ty + 413)
— 64713 (1 +t1) + 64(—1 + t1)t1(1 — to)tats
p4(t1,t2,t3,t4) = 2(1 + 32t1(—1 + 5t1) + 128#?(—2 + tl) + 32t1t2(1 — 94
+ 2012 — 1263) + 1286212 (1 — 4ty + 3t3) + 128833 (1 — 1)
+ 128t totg(1 — 3t +2t7 — to)+128t212%3(5 — 4ty — 2ty
-tz + 21ty — tots) + 12811512 (—1 + t3)
+ 128t 1tatsts(— 1+t + ta—tits + ts—tits—tatz+titats)).

PROOF. The quantity Dy(x1,x2,...,2x) can be written as polyno-
mial of second degree in xj, of the form:

—Dy_o(x1,20,... ,Tp_2)T2+..., (D =1fork<0).

If pr, = pr(z1,22,... ,25-1) and pj = pj(x1,22,... ,2Tx_1) are the roots of
the above polynomial it is easy to see that the relation x € A,, is equivalent
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to min(pg, py) < xp < max(p, pj) or

(3) = pr+te(pr — pr), te€(0,1) k=1,2,... n.
e For k£ =1 we get p1 = —2 and p] = 2. Therefore

(4) x1 =pi(t1), t1€(0,1).

o For k = 2 by the equation Do(z1,22) = 0 we obtain ps = —2 + 2?7 and
p5 = 2. Thus combining (3) with (4) we get

(5) zo = pa(t1,ta), (t1,t2) € (0,1)%
e For k = 3 through equation Ds(x1,x2,23) = 0 we obtain

423 - (r1 — 22)? 442z, — (x1 + 22)2

= d j—

Pa 2t anc s 2+ 2
Consequently, combining (3) with (4) and (5) we obtain after the calcula-
tions
(6) x3 :pg(tl,tg,tg,), (tl,tg,tg) S (0,1)3.

In the same manner we can see that x4 = p4(t1,ts,ts,t4). Summarizing,
we have that the transform

(t1,to, ... tp) — (P1(t1)7p2(t1,t2)7~- Pn(ty,ta, ... 7tn))

is one-to-one from (0,1)" onto A,. After the above observation the rest
of the proof is straightforward. O

3. Proof of Theorem 4

For the proof of the theorem we need the following two steps.
Step 1. Let (ag,as3,...,ax) € R¥"1 with & < 5. The following

properties are equivalent.

(i) There exists a function g(z) =z + > g,2" € Sg such that:

n=2

g2 = Qz, ..., gk = Q.
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(ii) There exists a (t1, 12, ..

with

Sg(tl) = —-2+4t

., ti_1) €[0,1)*=1 k < 5 such that:

ap = sa(t1)

az = s3(t1,12)

ay = s4(ty,t2,13)
as = s5(t1,t2,t3,14)

Sg(tl,tz) =3+ 16t1(—1 + tl) + 8t1t2(1 — tl)

4
sa(ty,ta,ts) = 3 (=3 +t1(30 — 72t1 + 48t3) + t1t2(—20 + 76t; — 56¢7)

+16t35(—1 + t1) + 16t1tots(—1 + ty + to — t1t2))

1
ss(t1,to, ts, tg) = g(15 + t1(—240 + 1008t; — 1536t + 768t3) + t1t2(184

— 1336t + 262415 — 1472t3)+515(416 — 1344¢,+928t3)
4+ 192633(1 — ty) + 320t tot3(1 — 3ty + 2t7 — to)

+ t3t3t5(1344 — 1024t, — 384ty + 384t11s)

+ 192t1t35(—1 + t1 + to — t1t2)

+192t totsta(—1+t1+ts — tita+ts — tits—tats+titats)).

PROOF of Step 1. Since g(z) € Sg it follows that

(7)

where

o0
q(z) =1+ Z qn2" € Pr.

From (3) we obtain
(8)
(9)

92 = q1

n=1

1
gs = i(fﬁ + q2)

69
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1
(10) g4 = g(q:f + 3q1q2 + 2q3)
]‘ 4 2 2
(11) g5 = ﬁ(ql + 6472 + 3¢5 + 8q1q3 + 6q4).

Conversely if q(z) = 1+ q12+q22%+- - € Pg then there exists exactly one
g(z) € Sg such that %S) = q(z). Replacing qx by px(t1,t2,... ,tr) ac-
cording to Lemma 2 after the calculations we attain the desired conclusion.

g

Step 2. Calculation of M;5(t1).

We remark that:

1. According to Step 1, our problem is to find the maximum (or min-
imum) of the functions sy (t1,t2,...,tk—1) (K =3,...,5), for fixed ¢; and
(tg, .. ,tkfl) S [0, 1]k_2.

2. If we set in any function s; (k = 3,...,5),t; = 0ort; =1
(i = 1,2,3), then the value of the function does not depend on the variables
t; when j > .

3. The polynomial sy is linear in ¢4 with corresponding coefficient
64(—1 +t1)t1(—1 + t2)ta(—1 + t3)ts which is non-positive.

Using the above remarks we can continue as follows: Fixing ¢; we con-
sider the extremum of the function s5 on (te, t3,t4) = (t2,t3,0), (ta,t3,t4) =
(t2,1,0), (t2,t3,t1) = (t2,0,0), (t2,t3,t4) = (1,0,0), (t2,t3,%1) = (0,0,0).
We then find the critical points in the cube [0,1]3. The maximum of all
the above values is the needed result.

The Case t4 = 0.

From:

885(t17t2,t370):0 and 0s5(t1,t2,t3,0)

12
(12) Oty Ots

=0,

after elementary calculations, we get

194 112(—1 4 1)t
2T (-1 )

t1(—41 + 68t; — 8t3)

d ty= .
M BT T 121+ )t
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We then find the set of t; € (0,1) for which

1—-t3 >0
i3 >0
1—-%2 >0
to >0

(13)

are all true. The above relations are polynomial quotients in t;. Con-
verting them to factor products, we find in a simple way that for ¢; €

[_52“'1%2\/ﬁ, 68_%@], all inequalities in (13) are satisfied. Substituting

to and t3 in s5(ty, to, t3,0) we have

1
(14) L (t) = —= (449 — 15048, + 1632t — 25613 + 128t7).

162
The Case t3 = 1.
From:
0s5(t1,t2,1,0)
15 —— = 2 =0
(15) ot
we get hq(t1,t2) = 0 where
(16) hq (thtg) = Al (tl)tg + B; (tl)tg -+ Pl(tl)

with
32 2 3 4

8
Bi(t) = g(63t1 — 28712 + 40813 — 184t7)
Ty (ty) =5 — 80t; + 336t — 5125 + 256t1.

We then find all possible cases for which hj(t1,%2) has at least one root
with respect to t9, in (0,1). This is accomplished using the sign of the
quantities:

Bl(tl) *Bl(tl)
2A1 (tl) ’ 2A1 (tl) ’

(Bi(11))*=4A,(t)T1 (1), ha(t1,0),  ha(ts,1).

Ai(ty), 1+
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By a usual procedure we obtain that:

(i) for t; € (460;26\/8707 224+4v238| .9

368
Uy = (1 —t1)y/(—55 + 160t; + 26t7) the large root

32— 90t + 58tF + V20,

2 is in (0,1)
2 36(—1+2)
and
(ii) for t; € (7160;}“ 870 224-24238 | the small root
32 — 90t + 587 — /22U
by, = L 581 — V20, is in (0,1).

36(—1 + 12)

After substituting the roots to,, ta, in s5(t1,t2,1,0) we obtain respectively
the functions

_ @1+ V26,01 (—220 + 640t + 104¢7)

(17) La(t) 729(—1 + t1)

for 1 € (—160-;26\/870’ 224—§1é8\/238} and

d 2t1 W04 (220 — 640t — 1042
(18) La(ty) = 1 +V2t 1( 1 1)
729(—1 +t1)

for ¢y € ((SLO0LEVST0, 2098 | here @) = —3645-+ 18637t — 3190063+

165243 — 176t7 + 56023,
The Case t3 = 0.

Working as we did in previous Case we obtain that:

d 2Wo(—524 + 1372t — 952t2 + 104¢3
(1) Lafey) = T2 VRl IST0 90001 £ 104
1

and

368 )

144—4+/238 212—6+/870
for t; € [ =5 )

Dy + /2, (524 — 1372t1 + 95212 — 10443)

(200 Ls(t) = o
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Figure 1.

for ¢ € |144£4V208 212*56;870), where @, = 6505, — 2221613+ 2142013 —

2624t1 + 560t; and Wy = /t3(131 — 212¢; + 26¢7).
The Cases ta = 1 and ty = 0.

1
(21) Lo(t1) = 5(15 = 56t + 8817 — 6413 + 32t1)
for t; € [0,1] and
(22) L7(ty) = (5 — 20t + 16t2)(1 — 12t; + 16t3)

for t; € [0, 1] are derived by setting in s5, to = 1 and to = 0, respectively.

A hint about the form of M;5(¢;) is obtained by the graphs of the
functions L; (1 < ¢ < 7) (see Figure 1). In order to give a strict proof
of Theorem 4 we consider the functions Lg(t1) — L;(t1) (i # 6) in the
subdomains of their definition and we examine their signs. More specificly:

e Since Lg(t1)—L1(t1) = % it is obvious that Lg(t1) > L1 (t1)
in [—52+12\/23 68—12\/23]
16 16 .

)

e Also L6(t1) — L7(t1) = 184(17t1)t§(71+2t1)2. Therefore Lﬁ(tl) > L7(t1)
in [0,1].
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* Solving the equations Lg(t1) — Li(t1) = 0 for i = 2,3,4,5 in all the
cases we find the simple roots t; = 0 and ¢t; = 1. Checking the sign of
the functions Lg(t1) — L;(t1) in the interior of the subdomains of their
definition we obtain that Lg(t1) > L;(t1), (i = 2,3,4,5).

4. Proof of the other theorems

PROOF of Theorem 5. As in the procedure of the Proof of Theorem 4

in order to find mir(l : gs we consider the restriction of function ss for
gES;‘% t1

(ta,t3,t4) = (t2,t3,1). The procedure of seeking local extreme points gives

352—2466 352424166
that for t; € [ eyt Coq

} the corresponding value for sj is

1
(23) Ri(t) = @(—1291 + 4064t; — 3552t2 — 10243 4 512t71)
From Remark 2 of Step 2, it follows that in order to find the form of ms(t1)
it is sufficient to compare the values of the functions L;(t1) (1 =2,...,7),
to that of Ry (t1). For the comparison we folow the procedure of the Proof
of Theorem 4. O

PROOF of Theorem 2. We observe that the polynomial s4 is linear
in t3 having the non-positive %(—1 + t1)t1(1 — to)ty coefficient. We will

achieve maic : g4 by considering the restriction of function sy for (¢2,t3) =
gES;‘{ t1

(t2,0). Since

684 (tl s tQ s 0)

(24) Oty

=0,

it follows that for
—5 + 14t4

8ty

we obtain a local extreme point of s4. The constraint 2 € (0, 1) is satisfied

for t; € (15—4, %) Replacing the above value of t5 in s4(t1,t2,0) we get

2 =

1
(25) Ni(t) = 5(13 — 45t; + 4813 — 4t3)
for t; € (%, %) For t; = 0 and t3 = 1 we obtain respectively

(26) Na(t)) = 4(—1 4 2t1)(1 — 8t; + 8t2)
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Figure 2.
for t; € [0,1] and
4 2
(27) N3(t1) = g(—1+2t1)(3—4t1 + 4t7)

for t; € [0,1]. Comparing the values of the functions N;(¢1) as in the Proof
of Theorem 4 we get that max{N;(¢1), ¢ = 1,2, 3}, coincides with the form
of Theorem 2 (see Figure 2). O

PROOF of Theorem 3. According to the Proof of Theorem 2, min g4
gESE(t1)

will be achieved by the restriction of the function sy for (t2,t3) = (t2,1).

Since
854(t1, tg, 1)

28 — 22 =
(28) i,
it is obvious that for

—9 + 14t
ty = —————
8(—1+1t)

we get a local extreme point of s4. The constraint t5 € (0, 1) is satisfied for

t, € (%, %). In this interval replacing the above value of t5 in s4(t1,t2,1)
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we get,

1
(29) Ki(t) = §(—12 + 39t — 3617 — 4t}).

From Remark 2 of Step 2 the result follows again by comparing the val-
ues of functions N;(t1) (1 = 2,3), to that of K;(¢1) as in the Proof of
Theorem 4. O

PROOF of Theorem 1. Follow the same procedure as in the Proof of
Theorem 5, 3. U
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