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Characterization of group homomorphisms
having values in an inner product space

By GY. MAKSA (Debrecen) and P. VOLKMANN (Karlsruhe)

Abstract. In this note we prove that for functions f : G — E from a group G to
an inner product space E, the inequality ||f(zy)| > ||f(z) + f(y)]| (z,y € G) implies
flzy) = f(x) + f(y) (z,y € G), and ask the open question: Is this statement true also
for strictly convex normed spaces E7?

1. The main result

In this note we prove the following

Theorem. For functions f : G — FE from a group G to a real or
complex inner product space E, the inequality

(1) If @)l = [1f @)+ fWl (29 €q)
implies

(2) flzy)=flx)+ fly)  (v,y €G).

PROOF. Let n denote the identity of the group G. With x =y =n
in (1) we get f(n) =0, and with y = x~! we then have f(z71) = —f(z)
for all x € G. Inequality (1) can be rewritten as

3) 1f @)II” +2Re(f (), f(y)) + IF W < [ f (zy)]*.
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Replacing z and y by xy and y~", respectively, we get

1 @y)1? +2Re(f(zy), fFly™)) + IF DI < If@IP, Le.,
£ @y))1? = 2Re(f(zy), f()) + IF W < |1f ()]
Adding this inequality to (3) and dividing by 2 we have
(4) Re(f(z) + f(y) = f(zy), f(y)) < 0.
Replacing in (3) z and y by z~* and zy, respectively, we obtain
1F@™ D+ 2Re(f(z71), fzy)) + [ fnl* < I f@)I7 e,
1£(@))1? = 2Re(f (), fzy)) + I F@y)]* < I W)l
Combining also this inequality with (3) yields

(5) Re(f(z) + f(y) — f(zy), f(z)) <0.
Replacing here z and y by y and y~
(6) Re(f(zy) — f(y) — f(), f(zy)) < 0.
Finally, adding (4), (5), and (6), we obtain

1£ (@) + f(y) = fay)l® <0,

, respectively, we get

which implies (2).

2. Comments

1. The foregoing proof is essentially as in [5], where abelian groups
G had been treated. In that case, of course, (5) is the same as (4), when
interchanging = and y. In the non-abelian case it is clear that (5) can be
derived in the same manner as (4) by considering in G the group operation

(2,y) — yz.

2. In the talk mentioned in the title of [5] (this talk is called “paper”
in the title of [4]) only the particular case G = E = R of the theorem had

been treated (and the proof was more complicated).
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3. KUREPA [4] proved the theorem for functions f : G — F satisfying
the supplementary condition

flzyz) = f(azy) (29,2 € G).

From [4] it is also clear that the theorem does not hold for arbitrary semi-
groups G: Consider the interval [0, +00[ with operation 4. The function
f:[0,4+00[ — R given by

(7) fl@)=2®  (z20)

satisfies | f(x+y)| > |f(z)+ f(y)|, but we do not have f(z+y) = f(x)+f(y)
forallz >0,y > 0.

4. Open problems. Let us start with an open problem from the liter-
ature. In [2] FISCHER and MUSZELY conjectured the following.

Let E be a strictly convex normed space, G an arbitrary semi-group,
and f: G — FE such that

[f @yl = 1f @)+ fWl (zy€q).

Then (2) holds.

The conjecture is true for inner product spaces E (FISCHER and
MuszELy [2]), and it is true for groups G (GER [3]). Both papers also
contain other interesting results; already from [2] it follows that the con-
jecture is false for normed spaces E, which are not strictly convex (cf. [1]
for the special case E' = C[0,1]). These facts, together with counterexam-
ple (7) for the additive semi-group G = [0, +o0o[ lead to the open question
formulated in the abstract.
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