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On the stability of monomial functional equations

By ATTILA GILANYT (Debrecen)

Abstract. In the present paper a certain form of the Hyers—Ulam stability of
monomial functional equations is studied. This kind of stability was investigated in the
case of additive functions by TH. M. RAssiAs and Z. GAJDA.

1. Introduction

The first solution for S. Ulam’s stability problem concerning the func-
tional equation f(z+y) = f(x)+ f(y) was given by D. H. HYERS [6] in the
following form: if X and Y are real normed spaces, Y is complete and for a
function f : X — Y the expression f(x+y)— f(x) — f(y) is bounded by a
non-negative real number € then there exists a unique function ¢ : X — Y
satisfying a(x + y) — a(z) — a(y) = 0, such that the difference f — a is
bounded by . (Cf. also [8].) TH. M. RAssIAS [9] investigated Ulam’s
problem in a more general form and proved the following: if, for a func-
tion f : X — Y, there exist a real number ¢ > 0 and an o < 1 such
that

1z +y) = f@) = FWIl < el +[ly[|*) (2,9 € X),

then there exists a unique additive mapping a : X — Y for which

1/ () = a(x)|| < dljz|* (z € X),
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where § = 2/(2 — 2%). Concerning the remaining cases, Z. GAJDA [2]
showed that the statement above holds for a > 1 with § = 2/(2% — 2),
but it is not valid for v = 1 (see [10], [11], too). The stability of the so
called square-norm functional equation in a similar sense was studied by
ST. CZERWIK [1].

In the present work we consider the above stability problem for mono-
mial functional equations. Throughout the paper A denotes the difference
operator, which is defined, for a function f mapping from a linear space
X into Y and for a positive integer n, by

Ayf(@) = flz+y) - f(z) (z,y€X)
and
n+1 _ Al An
AT () = A AT f(x) (x,y € X).
We call f a monomial function of degree n if

Ay f(z) =nlf(y) =0 (z,y € X).

Using this termimology we prove that if n is a positive integer, @ # n
is a real number, the normed space Y is complete and, for a function
f: X — Y, there exists a non-negative real number ¢ such that

1A f (@) =nlf Wl < e (=l +[ly[|*)  (z,y € X),

then there exists a real constant ¢ and a unique monomial function g :
X — Y of degree n for which

1) = g(@)|| < cellzl|* (2 € X).

Additionally, we show that a weak regularity condition for f implies that
g is homogeneous of degree n, i.e. g(tx) = t"g(x) for all t € R and = € X.
Moreover, by giving some counterexamples, we verify that the statement
above does not hold in the case when o = n. Obviously, our results for
n = 1 yield TH. M RASSIAS’ and Z. GAJDA’s stability theorems, in the
case when n = 2 they imply the stability of the square-norm equation in
the sense investigated in this paper (cf. [1]), furthermore, for a = 0 they

give the known Hyers—Ulam stability of monomial functional equations
([12], [5]; cf. also [7]).
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2. Results and proofs

Lemma 1. For n, A € N, A > 2 write

ORI
A= : .. : )
(0) (An)
110 W PG 5 W

where fori =0,... ,(A—=1)n and j = —i,... ,An — i

o {0 0S5
! 0, otherwise.

Let a; denote the i row in A, (i = 0,...,(\ — 1)n). Furthermore, let
b= (B0 ...30"), where

g J COTE) AL,
0. it

for j = 0,...,An. Then there exist positive integers Ko, ... , K(x_1), such
that

Koap + ...+ K —1yna(a—1)n = b
and
KO + PPN + K()\—l)n — )\n

Proor. Cf. [3] and [4]. O

Lemma 2. Let X and Y be linear normed spaces, f : X — Y be a
function, n be a positive integer, and « be a real number. If there exists
a non-negative real number ¢ such that

(1) [Ay () =nlf )l < ezl + lyll*) (2,9 € X),

then, for any positive integer [, there exists a real number ¢; = c(l,n, «)
for which

(2) [f(lz) =" f(@)|| < ciellz||™ (z € X).

(Here 0% = 0 for a # 0 and 0° = 1.)
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PRrROOF. Let o # 0 and n,l € N be given and let f : X — Y satisfy
(1). Our statement is trivial for [ = 1, so we suppose that [ > 2. We
define, for : = 0,..., (I — 1)n, the functions F; : X — Y by

Fi(z) = AZf(iz) = nlf(2) (2 € X)
and the function G : X — Y by

G(z) = ALf(0) = nlf(lz) (2 € X).
If we replace (z,y) by (0,2), (2,2),... , (I — 1)nz,z) in (1) we get
(3) IF: ()] < (6 + Dellzl|* @=0,...,(—1)n, z € X).
Writing z = 0 and y = Iz in (1) yields
(4) 1G] < eellzl® (= € X).

With the notation of Lemma 1 for A = [ we have

In
Fi(z) =Y aP f(j2) —=nlf(z) (i=0,...,(1—1)n, z € X)

§=0
and
In
G(z) =Y BV f(jz) —nlf(l2) (2 €X).
§=0
By Lemma 1 there exist positive integers Ko, ..., Kj_1), such that
Ko+ + Kg1yn=1"
and

G(2) = KoFo(2) + -+ + Kg-n)nFu-1yn(2) + I"nlf(2) = nlf(lz) (2 € X).
Therefore, using (3) and (4) we get

o+ I R (e 4 1)
n!

G) ") = fU2)l <

ellzl|* (2 € X)

which implies our statement in the case when « # 0.
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If &« = 0 we get the following in a similar way

200"+ 1)
n!

(6) 11" f(2) = fI2)] < ellzll* (2 € X). m

Theorem 1. Let X be a linear normed space, Y be a Banach space,
n be a positive integer and o # n be a real number. If, for a function
f X — Y, there exists a non-negative real number ¢ with the property

(7) [Ay () =nlf )l < e lzl* + lyll*) (2,9 € X),

then there exists a real number ¢ = c¢(n,a) and a monomial function
g: X — Y of degree n such that

(8) 1f(2) = g(2)|| < cellz]|* (z € X).

Moreover, there is only one monomial function of degree n, for which there
exists a ¢ € R with this property. If, for each fixed x € X, there exists
a measurable, bounded set M, C R with positive Lebesgue measure such
that the function h : R — Y, h(t) = f(tx) is bounded over M,, then the
mapping g is homogeneous of degree n.

PROOF. 1. At first we prove the existence part of the theorem in the
case when o < n. Let n € N, @ € R, a < n be given and let f satisfy (7).
By Lemma 2, for a fixed integer | > 2, there exists a ¢; € R such that

1) = J@)| < paclel® (@ e X).

It can be verified by induction on m and using the triangle inequality that

lm m—1 '
© |5 - @) < ae [ X oo | el @ex, mem,
=0

Let us consider the functions ¢,, : X — Y

gm(z) = f(ll:nx) (x € X, meN).

Because of o« < n we have
oo
l

le(a_n) = n — o’

J=0
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thus,

lgr(z) = g (@)]| < 1™ epe [ (z € X)),

ln _ Za
for k,m € N, k > m. Therefore, (gi(z)) is a Cauchy sequence for each
fixed x € X. Since Y is complete, the definition g : X — Y

gx) = lim_gn(z) (z€X)

m

is correct. Assumption (7) gives
[Amy f (") = nlf (" y) || <1*e (2] + [lyl*) (2,5 € X, m €N).
Dividing this inequality by ["" and taking m — oo we obtain
Ajg(x) —nlg(y) =0 (z,y € X),

thus, g is a monomial function of degree n. From (9) we get

m 1
H f(lmf) - f(x)H <aept el (e X, meN),
therefore,
(10) lg(z) = fF@)Il < ae—pllzll® (=€ X),

that is, (8) holds.

II. Let now n € N, @ > n and we choose an arbitrary integer [ > 2.
By Lemma 2, for a function f: X — Y satisfying (7), we have

ls@) ~ 17 (3)] < merclell® (@ X).

It can be shown by induction on m that
x _ TN
ay  [er () —f@)| < "clé‘(z i a>> lzll® (z€X, meN).
j=1

Since o > n we have

[in—a) —
jZ:; lo — ln’
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therefore, for the functions g, : X — Y
mn x
gm(z) =1""f T (x € X, meN),

we get,

g () = gm (@)l < 1" Vege =)™ (= € X),

la_ln

for all k,m € N, k > m. Thus, (g (x)) is a Cauchy-sequence for each
x € X, so we define the function g: X — Y by

g(x) = lim gp(z) (z€X).

m—00

By (7)

|a%.7 () = n17 ()] < e (el + W) @y € X, m e ).

Multiplying this relation by ™" and with m — oo we get that g is a
monomial function of degree n. Property (11) yields

[im=s (2) ~ £@)]| < eprplell® e X, meN),

thus,

(12) lg(z) — f(@)l] < cie

la_lonHa ('IGX)?

that is, (8) holds in this case, too.

III. To prove uniqueness we suppose that g,g : X — Y are different
monomial functions of degree n such that

[f(z) = g(@)|| < cellzl|* (z € X)
and

[f(x) = g(@)|| < eellzl|* (2 € X)

where ¢, ¢ € R are fixed. Using the triangle inequality we get

(13) lg(z) = g(x)|| < (e + ceflz]|* (z € X).
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The functions g and g are different, so there exists a y € X for which
9(y) # g(y). Furthermore, there exists a positive rational number r such

that - N
e (et )]y

lg(y) — g’

Since g and g are monomial functions of degree n, this inequality implies

lg(ry) — g(ry)|| > (¢ + c)ellry||*

which is a contradiction to (13).

IV. Finally we prove the last statement of the theorem. Let z € X
be fixed and let M, C R denote the bounded set with positive Lebesgue
measure over which the mapping h: R — Y, h(t) = f(tx) is bounded. Let
us consider a ¢ € Y* (where Y™ is the dual space of Y') and we define a
function ¢ : R — R by ¥(t) = ¢(g(tx)). Since ¢ is linear, v is a monomial
function of degree n, i.e.

AT(t) —nlp(s) =0 (t,s € R).
Moreover,

(14) @] < llell (lg(tz) — f(Ex) | + 1 E2)]) (¢ € My).
By (8) we have

lg(tz) — ftz)]| < ceK*[lzf|* (T € M)

where K denotes a bound for M. Furthermore, the function A is bounded
over M,, so inequality (14) gives that v is bounded over M,. Thus, ¢
is a real monomial function of degree n bounded over a set with posi-
tive Lebesgue measure, therefore it has the form i (t) = ¥ (1)t" (t € R)
(cf. [13]), which implies that g is homogeneous of degree n. O

Theorem 2. Let n be a positive integer, € be a positive real number
and let

. €
="\
27 (27 + nl)nn
We consider the mapping ¢ : R — R
n"e*, ifx >n,
o(z) =4 e*a™, if —n<x<n,

(=D)"nre*, ifzx < —n,
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and, for a fixed integer | > 2, we define a function f : R — R by

(15) OEDS P™z) e R).

For this function we have

(16) Ay f(z) =nlf(y)l <e(lz* +1y[") (2,5 €R)

but there does not exist a real number ¢ = ¢(n, ) for which there exists a
monomial function g : R — R of degree n such that

(17) [f(z) = g(z)| < cefa]"  (z €R).

PrOOF. Letn,l e N,I>2,¢>0and wedefinec* € Randp : R — R

as above. We have
lp(z)| <n"e* (z €R),

therefore, the definition of the function f : R — R in (15) is correct,
furthermore

f@) < 7;mi <on"c* (z €R).
m=0

Since ¢ is continuous and the convergence in (15) is uniform, f is contin-
uous, too.

We show that f satisfies inequality (16). In the case when z =y =0,
property (16) holds trivially. If z,y € R are fixed and 0 < |z| + |y| < 1
then there exists a positive integer mg such that

< 1
e = || + [yl < Jmo—1°

Therefore, |I™°~1y| < 1 and |[I™ "1 (z + ky)| <n for k=0,...,n. Since ¢
is a monomial function of degree n on the interval (—n,n), we have

Imy (") = nlp(™y) =0

for m =0,...,mg — 1. Thus, using the well-known identity

Alp(t) = Z(—l)"_k (Z) o(t+ks) (t,s €R)

k=0



210 Attila Gilanyi

and the property that ™o (|z|4|y|) > 1 implies |I"™0x|"+|Imoy|? > 2= (=1,
we get

|Ayf(x) —nlf(y Z | Al (™) — nlp(™y)]
" +Jyl» T (el + lyl™)

Z " +nhn B i (2™ + nl)n"e*
e \$I"+|y\ ) e (i [imoy ™)

(2" +nl)n"e
- [mn9—(n—-1) — €

If |z| + |y| > 1 then |z|* + |y|* > 2~ (=1 therefore,

Ay f(x) —nlf(y)]
[ + [y|"

<2mL(2M ppl)2n"et = ¢

which proves (16).

Finally, we suppose that there exists a ¢ € R and a monomial function
g : R — R of degree n satisfying (17). Since the function f is continuous,
(17) implies that g is bounded over an interval of positive length, so it has
the form

g(x) =~z"  (z €R),

where 7 is a real constant. Furthermore, (17) gives

|f(z) = yz"| < celz|® (2 €R),

therefore,
x
(18) )] _ 7| <ce (x €R).
l-n
However, there exists a positive integer mg such that moe* > ce + |y| and
for an arbitrary x € (0, “%) we have [z € (0,n) for m =0,...,mo—1,
thus,
7?’L()—1 mo—l
fa)| S ) RS e
xn xrn o lmnajn ot lmnxn

which contradicts (18). O
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Remark 1. The positive integer [ > 2 in the proofs of Theorem 1 and
Theorem 2 can be chosen arbitrarily. Thus, it would be enough to verify
Lemma 1 and Lemma 2 for A = 2 and [ = 2 and to take [ = 2 in the proofs
of Theorem 1 and 2, to get our main results. However, the proofs are not
more complicated this way, so we give them in this more general form.

Remark 2. Tt is easy to see that with the help of formulas (5), (6),
(10), and (12) the constants ¢ = ¢(n,«) € R mentioned in Theorem 1 can
be given exactly. E.g., for an arbitrary n € N, taking [ = 2 and using
n

") (i =0,...,n) in Lemma 1

the simple property that, for A = 2, K; = (
(cf. [4]) we get

S22y, (DG +1) 1
- n! o 2o

Cc

for « < m, a # 0 and

RSy Y6 (GRS VN
B n! 20— 9n

for @ > n. In the cases of some special integers n these constants can be
reduced. (E.g. in the case when n = 1, taking only z = y = z in (3) we
get the constants ¢ = 2(2 — 2%)~! and ¢ = 2(2% — 2)~71.) This fact leaves
the problem of the “best constant” concerning the stability studied in the
present paper open.
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