Publ. Math. Debrecen
56 / 3-4 (2000), 481-505

Pethd’s cubics

By MAURICE MIGNOTTE (Strasbourg)

This paper is dedicated to Kdlman Gydry,
for the occasion of his 60th birthday

Abstract. We compute all the solutions of the family of cubic Thue equations
O (z,y) =2 —na’y — (n+ Day® —y® =1

for all rational integers n.

1. Introduction

We continue the study of a non-Galois family of cubic Thue equations
®,,(z,y) = 1 which was initiated in a joint paper with N. TzaNAKIS [MT].
The associated fields Q(6,,), where ®,,(6,,1) = 0, are totally real.

The family of cubics we consider is
(1) ®,(z,y) = 2° — na’y — (n + Day?® — .

Notice that the transformation (z,y) — (—y, —z) defines a one-to-one
correspondence between the solutions of the equations ®,,(X,Y) = 1 and
®_,_1(X,Y) =1, thus we consider only the case n > 0.

Note also that each equation ®,,(z,y) = 1 has the solutions (z,y) =
(1,0), (0,-1), (1,-1), (—m — 1,—1), (1, —n). This gives five “trivial so-
lutions” for n # 0, 1 and four ones otherwise. To simplify we solve the
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equations for 0 < n < 19 using Kant, this shows that in this range the
equation has only trivial solutions except for n = 0 where there is the extra
solution (z,y) = (4, 3), for n = 3 (then the discriminant is 49) where there
are the four non-trivial solutions (—5,14), (—2,3), (—1,2) and (9, —13)
and for n = 4 (then the discriminant is 257) where there is the non-trivial
solution (7, —9). From now on we always suppose n > 20, without refering
explicitly to this assumption.

According to a conjecture of A. PETHO [P] based on extensive com-
putations, for any irreducible cubic form @, (z,y) € Z[x,y] with positive
discriminant # 49, 81, 148, 257, 361, the equation ®,,(z,y) = 1 has at most
five solutions. In [MT], it is proved that, indeed, the above mentioned five
solutions are the only solutions of the equation

(2) 2® —nay — (n+ Day® -y = 1,

if n > 3.67 x 1032, in accordance to Pethd’s conjecture. (We chose the title
of this paper because this family gives the maximum number of solutions
known for a family of cubics.) Here we prove this result for all n > 5:

Theorem. If n > 5, then the only solutions of the diophantine equa-
tion

23 —na’y — (n+ Day® —y> =1

(x,y) = (1,0), (0,-1), (1,-1), (—n —1,-1), (1,—n).

We give a sketch of the method, which contains several steps. We
work in number fields K attached to the Thue equation, depending on
the parameter n. We know explicitly a fundamental system {£, 1+ ¢}, for
the units of K; and we notice that a solution (z,y) of the Thue equation
satisfies z + y& = £2(1 + &)°.

It is understood that all estimates and bounds refered to below are
explicit and contain the parameter n, except if they are explicitly charac-
terized as “numerical”. The plan is the following.

1. Estimate the regulator R of K
2. Find an upper bound for A := max{|al, |b|}, in terms of R and log |y|.

3. Obtain an upper bound for the linear form |A| in three logarithms
obtained by Siegel’s formula, of the form |A| = O(|y|~3).
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Combine the results of steps 1, 2, 3 to find an upper bound for |A| in
terms of A.

5. Find a lower bound for A: this is a fundamental step, and there is no
systematic way to get it.

6. Combine the results of steps 4 and 5 to obtain a negative upper bound
for log |Al.

7. Transform A into a homogeneous linear form in two logarithms in
order that the sharp result of Laurent—Mignotte—Nesterenko can be
applied to give a good negative lower bound for log |A].

8. Combine the results of steps 6, 7 to obtain a numerical upper bound
for n, say n < N.

9. View A, again, as a homogeneous linear form in three logarithms and
apply Waldschmidt’s result in order to obtain a negative lower bound
for log |A|, containing A.

10. Combine the results of steps 4, 9 to obtain a numerical upper bound
for A.

11. Apply a lemma ¢ la Baker-Davenport, in which the bound for A,
obtained in step 10, is necessary, to treat the values of n < N, the
bound found in step 8.

2. Preliminaries

We work in the field K = Q(¢), where £ —né? — (n+ 1) =1 =0
(clearly ¢ = &, and K = K,, depend on n). The equation x® — na?y —
(n+ 1)xy? — y® = 1 implies that x — y¢ is a unit of K.

The discriminant of £ is n* +2n3 —5n? —6n—23 = (n?+n—3)2 - 32,
hence it is positive for n > 3 and it is a square only if n = 3, hence K is
not Galois for n > 3. For n > 4 we know two fundamental units in K:
Put ¢ =A7! —1. Then K = Q(\) and A\*> — (n +2)A2 + (n +3)A—1 =0,
therefore, by E. THOMAS’ paper [T1], a pair of fundamental units is A,
A—1ie 1/(14¢&) and (—=¢)/(1+&). From this it follows that &, £+ 1 is
a pair of fundamental units of K. Then, z — y& = ££%(1 + £)® for some a,
b € Z. Since the norms of £ and 1 + £ are 41, the minus sign is excluded

and

z—y=¢"(1+¢)"
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Put
F(X)=F,(X)=X?>-nX? - (n+1)X — 1.

We can have good estimates of the roots of F' by appropriate substitutions.
Since F(n+1) = —l and also F(n+14+n"2) =3n"'+2n"2 +2n73 +
3n~* +n~% > 0, the polynomial F has a root, say &;, with

(3)1 n—|—1<§1<n+1—|—n72.

Similarly, sign changes of the polynomial F' show that

(3) 1+ ! <& < -1+ ! + !
2 n+1 2 n+1 (n+1)>2
and

1 1 1
3 —— - = <G <.
(3)s e €3 -

We shall often use the simpler following estimates: the roots of &1, &o,
&3 of F satisty:

1
(3) ntl<&<n+ld—g,

n— 1 1
<& < — y <3< ——,
n n—1 n

But, more precise estimates will also be necessary. We use the Lagrange’s
method to compute the beginning of the continued fraction expansion of
the £’s.

R1) Approzimate value of &

By the change of variable X = n + 1 + Y !, the polynomial F is
transformed into g(Y) = —=Y3 + (n? + 3n +2)Y? + (2n + 3)Y + 1. Since
g(n?+3n+2)=2n>+9n?+13n+7 > 0, and g(n® + 3n +3) = —n* —
4n3 — 6n% —3n +1 < 0, we have

1
ntld ——— <& <ntl4

n?4+3n+3 n2+3n+2’

thus the beginning of the continued fraction expansion of &; is

=+ 1n24+3n+2,...]
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R2) Approzimate value of &;

By the successive changes of variables X = -1 4+Y 1Y =n+ 27!
and Z =1+ T~! we get the continued fraction expansion

& =[-Lin,1,|(n-2)/2],...].

Which shows that

1
el —
n+1- -2 &2 n+1-2

n—3

R3) Approzimate value of &3

By a similar study we see that
&3=—[0;n—1,1,n*  —n—-2,...],

hence
1 1

1 <S8 <—

n_

n —

n2—n—1 nZ—n

Notice also the formulae

®,(z,n—1) =23~ (n? = n)x®— (n®—n*—n+1)z — (n®—3n?+3n -1),
®,(z,n) =3 —n?z? - (n>+nHz —nd,
P, (z,n+1)=2"— (N*+n)x*— (n*+ 3n*+ 3n+1)x — (n®+ 3n°+ 3n +1).

We make a very elementary study of the solutions of equation (2):

« If y =0 then, clearly, x = 0.

« If |y| = 1, consider first the case y = 1, then ®,(z,y) = 2® —
nz? — (n+ Dz — 1 = g(z), say. It is easy to verify that g(z) = —1
iff x € {—1,0,n + 1} and that |g(z)] > 1 for all other z € Z, hence
®,,(x,1) # 1 for any z € Z. If y = —1 then since @, (z, —y) = —P(—=z,y),
we have @, (z,—y) = 1 iff z € {1,0,—(n + 1)}, showing that in this case
solutions (x,y) are the “trivial ones” (0,—1), (1,—1) and (—n —1,—1).

« If |y| = 2, consider first the case y = 2, then ®,(z,y) = 2® —
2nz? — 4(n+ 1)z — 8 = h(z), say. And it is easy to verify that |h(z)| > 8
for x # —1, whereas h(—1) = 2n — 5. Thus ®,(z,2) = 1 only when n =3
and x = —1. Moreover, using again the formula ®,(x, —y) = —®(—=z,y),
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we see that the diophantine equation ®,(z,—2) = 1 has no solution for
n > 3. Thus we may now suppose that |y| > 3.

From formula (2), we have

(x = &y)(x — &y) (v — &3y) = 1.

Let 7 be the index such that

lr — &yl = min, |z — &yl

then |z—&;y| < 1 and, by the estimate (3) for the roots of F', §{; —&; > n+1
for k # 1, thus

(G #1) & 1 edij})
= [z =&yl 2 1§ = &Gllyl =1z = &yl = (n+ Dyl =1 > (n+2/3)[yl.

Hence, |z — &y|? (n+2/3)|y| < 1, in other words

—1/2
2= &l < ((n+2/3)lyl) """ < 1/V62,
in particular 7 is indeed unique.
For n > 20, by (3),

1 1 2n

G >1 - — -1
€2 = &l n+l n-—1 n?—1

and by a previous computation |z — &y| < 1/v/62, thus

40 1
r—&yl>n(l1—-— — —— ) y?>0.836ny> > 16¢>
gl &yl ( 390 2ﬁ62>y y y

and
1 1

< < .
0.836n|y|> ~ 16|y|?

X

=&

This short study proves that the rational number x/y is a principal
convergent of &. Now, we have to consider the three cases i = 1,2, 3.

1=1
Then & = [n+ 1;n% +3n+2,...] thus |y| > n? +3n + 2.
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Then & = [-1;n,1, [(n —2)/2],...] thus |y =n,n+ 1 or
lyl > (n? = 3)/2.

Then &3 = —[0;n — 1,1,n%2 —n—2,...] thus |y| =n — 1,
n or |y| > n?.

If y=4(n—1) then x = +1 and it is easy to verify that no solution
(z,y) with |y| =n — 1 exists.

If y = £n then z = £(n — 1) or x = F1. In the second case we have
®,,(1,—n) = 1, finding the last “trivial solution” (z,y) = (1, —n). While,
in the first case a direct computation shows that there is no solution (x,y)
with |y| = n.

If y=+(n+1) then z = +n and by direct computation we see that
there is no solution (x,y) with |y| =n + 1.

This elementary study shows that a non trivial solution (x,y) must
satisfy |y| > (n? — 3)/2.

Put g, = 1+&, for h =1, 2, 3. From the formula x — &y = £%(1+€)?,
we get
x_gjy: ;'IE?’ 1§]§37

which implies

(4) y(§j+1 - fg) = 5}15? - 5?4-15?-5-17

where §511 = £(j+1) mod 3, With some abuse of notation.

Now we want to estimate the exponents a and b in terms of y. Put
I, =log &, I} =log|en| and pp, =log |z — &yl for h =1, 2, 3. Then the
relations z — &,y = €268 can be written as lpa + )b = up, from which we

get, for j # k,

5) _ g — po s =L
A Ll — 1l

Put R = l4l3 — l5le; using the obvious relations 1 + I3 + I3 = 0 and
Iy + 15415 =01t is easy to verify that R = 51y — l}ls = I}l — 51; and we
shall see that R is positive.
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From the estimates (3) one easily deduces that

1 1
log(n+1) <l; <log(n+2), - <ly < T

—logn < I3 < —log(n — 1),

log(n +2) < I} < log(n+ 3), —log(n+1) <1y < —logn,
1
- < -
n—2< 3 < n

To estimate the puj, we can write, for h # 1,

1

<o =&yl = (& —&n)y+x =&yl < (& —&n)yl+ 5

1
16y2

since |& — &n| > 0.8 we get

0.08 0.08
(& = &)yl (1 R ) <o = &l <1(& &yl (1 - 3> .
Yl vl
This implies
(6) log’&—fh\—wguh—log\y\ Slog]&—&\‘*‘w-
From the estimates of the roots of F' it is easy to check the following
inequalities
2n 2
1- — 1—- ——
n2—1<£3 b2 < n+1’

1
n+2_ﬁ<fl_£2<n+27

1 1
n+l+—-—<H-&GE<n+14+——.
n n—2
It will be very useful to have estimates for R. From the above esti-
mates of the I, and [}, we get

1

log(n — 1) x logn —
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Indeed, we have the simpler estimate
(7) log?(n —1) < R < logn x log(n + 1).

Now we want to get estimates of a and b in terms of y. To simplify
the notations, put

n=01y|™® and z=loglyl.
We have to distinguish the three cases ¢ = 1, 2 and 3.
i1=1
By (5),
_ s =l lape — s
R ’ R ’
Here,
log(n+2—1/n) —n < py — z <log(n + 2) + 7,
log(n+1) —n < pg — z <log(n+2) +n.
Hence, a and b are negative and we have
lypia — lops < |ly|pus <logn x (2 +log(n +2) + 1),
lapz — lapiz < |l3]p2 < logmn x (2 +log(n +2) + 1),

thus

A< logn

(z+1log(n+2)+n) < logn

S m(z+10g(n+2) ‘|‘77),

where we have put
A = max{]al, |b]}.
This implies

logn

(8)1 A<z + 3.




490 Maurice Mignotte

_ lypr — Ups b lipg — l3pn
R ’ R '

log(n+2—1/n) —n < —z <log(n+2) +n,

2n
log (1—-— —n<pz—2z<n.
n®—1
In this case a < 0 < b and we have

0 < lps — g <log(n+3)-(z+n)+

n_2(z+log(n+2)+n),

llsp1 — lips| < logm - (2 +log(n + 2) +n) +log(n +2) - (z + ),

thus
21 +2
(8)s AgOg(g)(z+§log(n—l—2)+n).
,L. p—
Here,
_ e =l b lopy — lypo
R ’ R '
And,

log(n+2—1/n)—n < p —z<log(n+2)+mn,

2n
10g<1— 5 >—n§u2—2§n-
ns—1
In this case b < 0 < a and we have
|lpa — L pa| <log(n+1) - (z+log(n+2) +n) +log(n +3) - (z +n),

1
lop1 — lipz| <log(n+2) - (z+n) + 1 (2 +log(n +2) + 1),
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2log(n + 3
(8)3 Aﬁg(]%)(z+élog(n+2)+77).
Comparing the inequalities (8); we get the following conclusion:
21 3 1
(8) Ag(”g(l:{fﬂ<z+210g(n+2)+n>.

3. A study of a linear form in three variables

In our case Siegel’s identity is

(& — &)Eher + (& — &)&ler + (& — &)E5eh =0
which leads to the relation

(& —&)8kek | _ (& —&)Erel

(& — &i)&5eh (& — &n)Egel

We choose j = 1+1 and k = i+2, where these values are counted modulo 3,
and consider the linear form of three logarithms

A = log |;| 4 alog |€x/&;] + blog |ex /€5l

where
5, = §iv1 — fi.
Siva — &
Then elementary computation using estimates of Section 2 show that
& — &1 1 102 5

X X < .
& =&kl 0.709n[y & =& nlyl®

Using (8) and (7) this implies

(9) Al <

34 R
2 log(n+2)

3Alog*(n—1) 3
Bt S| 2.
2 log(n+3) +2 og(n +3) +

3
(10) log |[A| < — t3 log(n +3) + 2
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Now, we have to find upper bounds for the heights of the algebraic
numbers which appear in A.

M1) Measure of &

We have § = gi:gz, this number is reciprocal. The conjugates of

modulus > 1 correspond to a numerator which contains the largest of the
conjugates of &, this shows that the measure of ¢ is given by the formula

=& |G| |G —& _ B _ 2
M) = §2—& | |&—&1| |§3—& (61— &)(& ~ &) (& — &)
= |& — &Y - &
Thus

M(8) < (n +2)°.

M2) Measure of &1 /&

This number is a unit and it is also reciprocal. Its conjugates of
modulus > 1 correspond to a numerator which contains the largest of the
conjugates of £, or to the denominator equal to the smallest conjugate.
Thus

M(&1 /&) = [(£1/&2) - (§1/€3) - (£2/63)]

~ (/&) < <W> <+t

M3) Measure of e1/eo

The same arguments than for the study of § apply and show that the
measure of £1 /g5 satisfies

€1 €1 €3
== 22 (e160e3)? = )€l
€2

M(e1/e2) =

€2 €3

This easily leads to the estimate
M(61/€2) < (n + 2)4.

We quote the result of [LMN] that we shall use three times.
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Proposition 1. Let o, as be nonzeroalgebraic numbers, and let
loga; and logas be any determinations of their logarithms. Consider
the linear form

A =bylogas — by log ag,

where by and by are positive integers. We suppose that |a1| and |as| are
> 1. Put

D= [Q(al,ag) . Q]/[R(al,ag) : R]

Let a1, ao, h, p be positive real numbers, with p > 1. Put A = log p and
suppose that

D by b
(1) thaX{,5)\,D<log <1+2>—|—log)\+2.1>},
2 a9 a1
(i) a; > max{2, 2\, p|log a;| — log || + 2Dh(ai)}, (i=1,2).

When a; and as are multiplicatively independent, we have

Xajas (4h 4 1\% 2) 4h 4 1
log |A] > — ==
og|A| > ()\2+/\+h>

9 ‘3<“1+“2><A2U+h>

. NoT 3/2 2
(itif) _16v2aia, §a1a2 <1 + i) —2(A+h) —log (amz <1 + i) )

A
+§ +log A — 0.15.

Now we consider the three cases for .
i=1

We have seen above that in this case a < 0, b < 0 and a = b, for this
reason we put ¢ = a — b and rewrite the linear form A as

&’ﬁ = by logas — by log g,

Ay = A =log 01| — clog £22s

€3
€2

+ alog

with

§3€3

=1, ba=1, ap = |51(52/€3)C‘U where o € {—1,+1}.
§ag2

by = |CL\, ay =
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Put ¢; =logay, ¢} =logasy then
A = |a|t; — 1].
1. Estimating ¢4
One can verify that the minimal polynomial for e = & 4 €2 is
GX)=X>-(n*+3n+2)X> - (2n+3)X — 1

and that

Since the function z — z(1 — z) is increasing for 0 < z < 0.5, we have

1\ 1 1 1
1—— ) —<|&es| < |1 = —— .
nj/n n—1/n-1

For similar reasons,

-2 ) L ge < (1-2) 2
— € —— ) —.
n+1)n+1 252 nj/n

Which implies |{3e35]/[&2e2| > 1.
These remarks show that

1 1 1 1 1
n o Slesl<T =St
1 2 4 1 2 5
nm T S lesl<nm et
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thus
14 1 < n%—n &3e3 n>—n-+1 <1+l
n+5 " n2—-2n+5 Eaen n2—2n+4 n
and
! <l < !
n+6 e
2. Estimating 0}
We have
1— 2 &3 — &2 1
1+ —"2L <=1+ <14 —,
n+2 ! & — & n+1
thus 0 < logdy < %_H, and moreover
1 - — 1
n—15<n—-1- = n_1<€j< n__=n——.
n—1 1/n €9 1/(n+1) n

So that

1 1
1 —1.5) — —— 4 1 _
lc|log(n 5) n+1<£1<]c| ogn+n+1

As a consequence of the estimates of ¢1, ¢] and |A|, we have
n(|c[log(n —1.5) — 1/n) < |a| < (n +6)(|c|logn + 1/n).

3. Estimating measures
We have

M(&es/(&262)) = |Gie1|H|éea)® < (n+2)* (R +3)*'n ™2 < (n +4)°

and
M(és/6) < (n+2)',  M(61) < (n+2)°.

4. Application of Proposition 1
We have to take

1
h > max {5)\, Dlog (M + ) +log A + 1.56} ,
ag aj

495
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by the upper bound of |a| we choose

+6)(|¢|logn + 1 1
h:max{5)\, 6log ((” (leflogn +1/n) +> —|—log)\+1.56},

ag ai
and we can choose

a1 = max{2\, (p—1)/n+ 12log(n+4)},

2
as = max{Z/\, (p—1)(|c|logn + [,1/n) + 12 <1 + ‘;’) log(n—|—4)}.

Applying inequality (iii), we get,

log|Ay| > —Ly, (say).

5. Upper bound on n
In this case, using (8); and (7), we get
34 B
log(n + 3)
log*(n — 1)
- log(n + 3)

3
log |[A1] < +§log(n+3)+2

3
+ ilog(n—l—?)) +2,

where A > |al.
We have already seen that

la| > n(|c[log(n — 1.5) — 1/n).

When ¢ # 0, choosing p = 67.1 and combining the previous inequalities,
we get,
n < 150000.

6. The case c =0

In the special case ¢ = 0, we have

§3€3

Ay =log|d1| + alog
262
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§3es

By the estimates of d1, g2 and |A| we have

a] < 1/n :n—|—6<2.
1/(n+6) n

The case a = b = 1 gives v — {y = £ + &2 which is impossible. Whereas
the case a = b = —1 gives

(=3 ) + ()2

ly| = (&161) 7" — (€oe0) ! <
22— &1 n+1
n(nnj11) + ﬁ ~n+1
n+1 S on—1’

so that |y| < 1, and this has been studied above.

Here we choose j = 3, k = 1 and put b = —2a 4+ ¢ — 1 (recall that
a <0 and b > 0) and rewrite A as

2
Ay = A =log 65 + clog 2 alog 51753 = bylog g — by log ay,
€3 €3e1
with
o o 535% _ RV c|o
by = |a|, a1 = 62| by =1, as=|05(e1/e3)°|° where o € {—1,+1},
1e3
and where
5/ _ 63(51 _52)
2 = T I <
81(53 —&2)

Now we put £ = log g, ¢4 = log ag then

A2 = |CL|€2 - 6/2
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1. Estimating {2
Using the estimate R3 we get

2
(n+1) (1 - m)
m(n+2+n*2)2

(n+1+4+n"2) <1— mf

5163
B ey (M +2)°

535%

)

<O{1:

from which we can deduce
5 11
I+ =-<a <1l+-—+4 —.

n non

Thus
> <E—E<£ <§+E< >
n+3 n n? 20 T2 T n—3

2. Estimating 04

Here,

e3(§1 —&2) £2(§1 — &3)

0= _1+€1(53—§2)’

61(53 —52)

which implies

1 n+2
1+ —-<1+ <0 <1+ =
n (n+2) (1— n%l) (n+1) (1— ngnl)
1+2/n n—1 2 n+1
14— S T
+n—1—2/(n—1) (n—1)2-2 * (n—1)2-2 +n2—2n—1

so that 14+ 1 <65 <14 L for n > 4. Also

2 2 4 1/n?
nt3< MT2 | nr2rlet L,
1= les 1-2

So that
1

1
le|log(n + 3) — —3 < 05 < |c|log(n +4) + —3
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As a consequence of the estimates of /5, ¢4 and |A|, we have

n—3

5

(el tog(n+3) — 1/(n —4)) < la] < "= (|e|og(n +4) +1/(n —4)).

3. Estimating measures

Here
5/ _ 51(52 - 53)
27 36— &)’
and
2
h(d,) < 2log(n+2), h <€1> < Zlog(n + 2).

3 €3 3

Moreover

M(&ie5/(&se1)) < (n+2)°.
[Look at the conjugates of modulus > 1 of this number.]

4. Application of Proposition 1
We take

3)(|e|1 H+1) 1
h:max{S)\, 610g<(n+ (leflog(n +4) +1) +> +log)\+1.56}

50,2 ay

and we can choose

a; = max{2/\, ni_g(p— 1)+ 1210g(n+4)} ,

az = max {2/\, (p—1)(|c|log(n+4) + 1/(n—4))+12<§ + g]colog(n+4)} :

By Proposition 1,
log |Ag| > —Lo, (say).

5. Upper bound on n
By (8),

3A R

log Ay < — 22 M
og 2| < 2 log(n+3)

3
+ ilog(n—i-?)) +2.
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We have seen that
n—3

jal 2 2 (Jellog(n +3) — 1/(n — 4),

this implies
5
A= >|al(2— —F+— ) —
(n—3)logn

When ¢ # 0, choosing p = 81.2 we get

n < 810000.

6. The special case ¢ =0
If ¢ = 0 then the relations Ay = |a|ls — logdh, €2 > 5/(n — 3) and
log(1+41/n) <logd < 1/(n —3) imply

5 1 1 1
[A2] > min¢ —— — —— — — —
n+3 n—-3"n 2n?

in contradiction with (9).

Here j =1 and k =2, put a = —2b+ ¢+ 1 and rewrite A as

2
As = A = log &, + clog | 2| + blog %ﬁ — by log ag — by log auy,
&1 §5e1
with
_ _ 5%82 _ _ / c (o
by = |b|, ap = 52761 , bo =1, as = ‘(53(52/61) ‘ where o € {—1,+1},
2
and where

5 — £2(61 —&3)
PTG - &)

Put (3 = log aq, 05 = log aa then

A = |blts — 0.
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1. Estimating {3

One can prove that

1 1 3 1 4

—<log(l+—-+—5 ) <lbL<—+—.

n non non
2. Estimating 04

One can also prove that
1 5 1 5
|c|log(n +1) — o <ty < |C\10g(n+4)+ﬁ+ 3

As a consequence of the estimates of /3, ¢5 and |A|, we have

1 15
<’C\log(n+l)—n—nQ> < |b] <n(]c[10g(n+4)+n+n2>,

1+4/n

3. Estimating measures
One has

h(5s) < log(n+2), h(€/6) < = log(n +2), h@i@)glogn.

2€1

[SSIN )

4. Application of Proposition 1
We take

1 1 1 1
h = max {5)\, 6 log (n(|c| og(nt+1)+ )) + > + log A + 1.56}

ag aj

and we can choose
1
a; = max {2)\, —(p—1) 4+ 12log(n + 4)} ,
n
az = max {2X, (|| + 1) (p—1)log(n +4) + 12 (1 + Z|c|) log(n +4)} .
By Proposition 1,

log |As| > —Ls, (say).
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5. Upper bound on n
We have

3A R

log [Ag] < 22 *
og|As| < 2 log(n + 3)

3
+ 510g(n+ 3)+2.

We have seen that

n 1 5
S P - -2
= 1 (st + - 2 - 2,

this implies

1+4
A:|a|2|b|<2— i /")—2.

nlogn

When ¢ # 0, choosing p = 48.3 we get

n < 260000.

6. The special case ¢ =0

If c=0then b= —1 and a = 3, and

= [ | LU
in contradiction with the hypothesis |y| > (n? — 3)/2.
Application of a theorem of M. Waldschmidt
Let a;, 1 < i < n be non-zero algebraic numbers and by, bs, ..., b,

be positive rational integers and suppose that the number
A=blogay + -+ b,loga,

is not zero. We apply a theorem of M. WALDSCHMIDT [W], Corollaire 1.5.

Put D = [Q(ai,...,ap) : Q] and g = [R(log oy, ... ,log av,) = R]. For
1 <i<mn,let A; > 1 be real numbers such that log A; > h(«;). Then the
quoted result is the following:
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Proposition 2. Let E and f be positive real numbers, E > e such

that,
. D | log a;
E< AP AP 2 - :
_mln{ Lo Z|logA[
Put
D
Zp = max {7 + 3logn, % logE,log<logE> } ,
b b,
M= n J
1S5 { log A; + log A,, } ’
Gy = max{4nZy,log M },
Uy = maX{D2 log Ay,...,D?log A,, D""™2GyZylog A; - - -
-log A, (log E) "1},
Then

|A| > exp{—1500 ¢~ "> 2*" n®"T5(1 4+ g/ f)"Us}.

In the present case we have three logarithms, D = 6, ¢ = 1 and, for
n > 3 (here n is again the parameter of our cubic equations), we can take

2
log A; =log(n+2), logAs =logAs= 3 log(n + 2),
and
E=e f=3/e, Zy=T+3log3, Go=max{12Zy,logM}.

A short computation shows that Proposition 2 implies

—1.398 x 10" x log®(n + 2), if log M < 123.6,

log |[A] >
—1.132 x 10'7 x log M x log®(n +2), otherwise.

We can take

B 3 N A _ A+2
~ 2log(n+2)  log(n+2) log(n+2)
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Using the upper bound (10) on log|A| proved before (we get

34 B
2 log(n + 3)

A+2

S C' max {1236, log(ﬂ
ogln

)} x log®(n + 2)
+2log(n + 3) + 3,

where C' = 1.398 x 10'. Which gives the following upper bound for A in
terms of n:

2C! A+2 ;
<|— . e ———
A_( 3 max{123 6’log(log(n+2))} x log (n+2)—|—210g(n+3)+3>

" log(n + 3)
R

Using the upper bound on n, we find A < 1.1 x 1023,

4. Application of Diophantine approximation

We use the following lemma which is a variant of a result of Baker—
Davenport.

Lemma. Let A = ua + v@3 + 7, where «, § and ~y are nonzero real
numbers and where u and v are rational integers, with |u| < A. Let Q > 0
be a real number. Suppose that 01 and 0y satisfy

01— /] < oy, and |6y —v/8) < 5
—a ———, an — —.
1 100Q2 2 Y Q2
Let p/q be a rational number with 1 < ¢ < Q and |6, — p/q| < 1/¢* and
suppose that q||qfz|| > 1.01, A+ 2, [where || - || denotes the distance to the
nearest integer| then

A > '52‘.

PROOF. Put |A| =7, then

an

sl

[0
uq (ﬁ_01> +U(q91—p)+pU+vq+q<;—02> + q02

3=
qﬁ_
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Hence,
U
qllq02|| Sq(’m + |uq| ‘—91 +H+q’—92>
2 2 e
S Cn ., lulg °n
— +1.014+1,
< * To0gE I+ Gm < gy +LoMA+
which leads at once to the result. O

We applied the above lemma for n < 150000, n < 810000 and n <
260000 respectively in the three cases i = 1, 2 and 3. We found no non-

trivial solution for n > 10. The verification took less than six hours on a
DEC alpha Station 1000A.

Thus, we have proved the Theorem stated in the Introduction.
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