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On prime factors of integers of the form ab + 1

By A. SARKOZY (Budapest) and C. L. STEWART (Waterloo)

To Professor Kdlmdn Gydry
on the occasion of his sixtieth birthday

Abstract. Let N be a positive integer and let A and B be subsets of {1,..., N}.
In this article we discuss estimates for the least prime factor and the greatest prime
factor of integers of the form ab + 1 where a is taken from A and b is taken from B.

1. Introduction

If n is a positive integer, p is a prime number and £ is a non-negative
integer with p* | n, p**1 { n then we write p*||n. For n > 1 let p(n) and
P(n) denote the least and greatest prime factor of n, respectively.

In the last 15 years many papers have been written on the arithmetical
properties of elements of sum sets A+ B (defined as the set of the integers
of the form a + b with a € A, b € B) where A and B are two “dense” sets
of positive integers. In particular, it has been shown that

(i) (SARKOZY and STEWART [10]) If 6 > 0, N is a positive integer with
N > Ny(0), A,BC{1,2,...,N} and

(|A]1B)Y? > N>/6*0,
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then there are a € A, b € B with

cr(|A]|B])'?

P b
(a+0)> log R loglog R

where ¢; = ¢1(d) is a positive number and

3N
(1.1) R=—""
(141 |B[)!/?
(So that
(1.2) A,BcC{1,2,...,N}, |A],|B|>¢eN

and N > Nj(e) imply that there are a € A, b € B with
(1.3) P(a+0b) > c2(e)N.)

(SARKOzY and STEWART [11]) If k is a positive integer with k > 2,
d > 0, N is a positive integer with N > Ny(0,k), A,B C {1,2,...,N}
and

(141 B2 > N1=0d

where 65, = (1+2k-4*~1)~1 then there are a € A, b € B and a prime
p with
p* | (a+10)
and
oo alAlB)
b exp(ca(log k log R)/loglog R)

where ¢; = ¢1(0, k) and co = c2(d, k) are positive numbers and R is
defined by (1.1). So that (1.2) and N > Nj(g, k) imply that there are
a € A, be B and a prime p with

PP (a+b), p*>cs(e k)N.

(SARKOZY and STEWART [12]) If 3 >0, 1/2 < 6 < 1, N is a positive
integer with N > Ny(53,60), A,B C {1,2,..., N} and

(|41 1B)"? = N°,
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then there is a prime number p with

log N 1/(20-1)
B<p< < >

such that every residue class modulo p contains a member of A + B.
So that having these assumptions, there are a € A, b € B with

log N\ 1/20-1)
pla+0b) < ( o8 ) :

2. The results

One might like to study the multiplicative analogues of sum set results.
One way of doing this, proposed by SARKOzY [7], is to replace the sums
a + b by the numbers ab + 1 (see also [4] and [8]). However, it should be
noted that the first result on the arithmetic properties of numbers ab+1 is
due, probably, to VINOGRADOV (see Chapter V of [14]). Let p be a prime
number and &k be an integer coprime with p. Let (%) denote the Legendre

symbol of n over p. Vinogradov established the estimate

ZZ <ab—|—k>

acAbeB p

< (2/4]|BIp)*/.

This result can be considered as the multiplicative analogue of the recent
results of FRIEDLANDER and IWANIEC [2] on sums of the form
> aca 2pen X(a+b) where y is a non-principal character modulo a prime p.

In this paper, first we will prove the multiplicative analogue of re-
sult (iii).

Theorem 1. Let N be a positive integer and let 0 and 3 be real num-
bers with 1/2 < @ < 1. There is a positive number ¢, which is effectively
computable in terms of 8 and (3, such that if A and B are subsets of
{1,...,N} with

(|41|B))/? = N”,

and N exceeds ¢ then there is a prime number p with

log N 1/(26—1)
B<p< ( ) ;

2



562 A. Sarkozy and C. L. Stewart

and integers a in A and b in B such that p divides ab+ 1.

Next, we will study the multiplicative analogue of result (i). Almost
certainly the following conjectures are true.

Conjecture 1. For each positive real number € there are positive real
numbers Ny () and c(e) such that if N exceeds Ny(¢) and (1.2) holds, then
there are a in A and b in B with

P(ab+1) > c(e) N2

Conjecture 2. For each positive real number € and each integer k,
with k > 2, there are positive real numbers Ny(e, k) and c(e, k) such that
if N exceeds Ny(e, k) and (1.2) holds, then there are a in A and b in B
and a prime p with

pPlab+1 and p* > c(e, k)N

However, these conjectures seem to be hopelessly difficult.

For the additive case of these conjectures we have applied the Hardy—
Littlewood method [10], [11]. Since the multiplicative problems are of a
binary nature, the Hardy—Littlewood method fails completely here. An-
other approach used in several related papers [1], [12] and [13] is based on
the application of the large sieve. In the multiplicative case this approach
works too, however one gets only relatively weak partial results. In case of
Conjecture 1, the natural limit of this approach is to show that assuming
(1.2), there are a, b with

P(ab+1) > N.

By an elementary argument, reminiscent both of GALLAGHER’s larger sieve
[3] and of RUZSA’s argument in [6], we shall show that
P(ab+1)

max ———= — +00
a€A,beB N
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Theorem 2. For each ¢ > 0 there are numbers Ny = Ny(e) and
C = C(e), which are effectively computable in terms of €, such that if
N > Ny, A,BC{1,2,...,N} and

N
2.1 in(|Al, |B _
(21) min(| AL, |B]) > C1
then there are a in A and b in B such that

(2.2) P(ab+1) > (1 — ) min(|A]|, |B|) log N.

In the case of Conjecture 2, again the Hardy-Littlewood method fails
for the same reasons. The method of the proof of Theorem 2 fails as
well. Again, the application of the large sieve gives a partial result. By a
straightforward application of the prime power moduli large sieve in [9],
one gets, assuming (1.2), that there are a € A, b € B and a prime p with

p* | (ab+1)
and
N\ F/@E-D)
k
(2.3) p" > c(e, k) <logN> .

However, this lower bound is not quite satisfactory. Namely, the natural
limit of the sieve approach seems to be that the sifting moduli can be as
large as ¢N; this would correspond to

(2.4) P > cle, k)N

in place of (2.3). We shall treat this problem in a subsequent paper by
means of an improved version of the prime power moduli large sieve.

3. Proof of Theorem 1

Lemma 1 (Large sieve). Let M and N be integers with N positive.
Let A be a set of integers in the interval [M +1, M + N|. For each prime p
let v(p) denote the number of residue classes (mod p) which contain a
member of A. Then for any positive number () we have

N+

<
4] < =2
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where

L=Y"TIw - ve)/v)

9<Q plq

the dash indicating the sum is over square-free positive integers q.
PROOF. See Theorem 7.1 of [5]. O
Lemma 2. Let p be an integer with p > 3 and let

1 1 -1
D:{(xl,x2)€R2’x1+x2§1+ and *Sxiﬁp
p p p

A 1 1/p—2
mn(—-—-1)|—-1)=={——].
D \x1 To 2\p—1
PROOF. Put f(zy,x2) = (ﬁ — 1) (i - 1). We readily check that
there are no local maxima or minima of f in D and so the minimum occurs
on the boundary. Next note that on that part of the boundary of D with

either x; = % or Tog = % one has f(z1,x2) > 1. Further for that part of

for i = 1,2}.

Then

the boundary where either z; = pp%l or To = %’ flxy,z0) > 2 (ﬂ)

2 \p—1
with equality holding when (z1,z2) is (pp%l, %) or (%, %). Finally on
the line segment from (%, pp%l) to <pp%1, %) we find that the minimum
value is attained at the endpoints and so our result follows. O

Lemma 3. Let N be a positive integer and let A and B be non-empty
subsets of {1,...,N}. Let a and (3 be real numbers with o > 1. Let T be

log N\
=5=) and let S be a subset

of T consisting of all but at most 2log N elements of T. There is a real
number C' which is effectively computable in terms of  and (8 such that
if N exceeds C' and

the set of primes p which satisfy 8 < p <

N 141/
3.1 Al|BN)Y? > —
(3.1) (A[1BI) = 15
then there is a prime p from S and integers a in A and b in B such that p
divides ab + 1.

PROOF. Suppose the contrary. For each prime p let v1(p) denote the
number of residue classes modulo p which contain an element of A and
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let v5(p) denote the number of those which contain an element of B. It
follows from the large sieve inequality, Lemma 1 (applying it to estimate
both |A| and |B]), that, for each @ > 1,

(3-2) (JAl1BDY? < (N +Q*)/H,

where
1/2

p= (IS (.2 )

i=1¢<Q plqg Vi(p)

and where the dash indicates the sum is over square-free positive integers q.
From the Cauchy—Schwarz inequality we have

e (06 ) ()

9<Q \ plq v(p) va(p)

1/2

Let @ = N'/2 and let R be the set of integers from {1,...,[N'/?]}

composed of {% distinct primes p from S with p > 11. Then
1/2
p p
(33) H > < -1)( _1>
7;% g vi(p) v2(p)
By assumption, for each prime p from S the congruence ab = —1

(mod p) has no solution with a € A, b € B. Let v](p) denote the number of
residue classes different from the residue class of 0 that contain an element
of A and let v5(p) be the number for B. We have v{(p) + v5(p) <p—1
and thus v1(p) + v2(p) < p+ 1. By Lemma 2

<V1]()p) - 1) (sz(jp) - 1) - % - 2(191—1)’

for p € S. Thus for p € S with p > 11 we plainly have

34 (Vlzzp) - 1) <V2](?p) - 1) - %

Therefore from (3.2), (3.3) and (3.4) we see that

2N
(35) (14 1BY2 < =
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where

/ 9\ 3laesieel
(3.6) H' > <20> |R|.

It remains to estimate |R|. Let S’ be the subset of S of primes bigger
than 10. Then by the prime number theorem with error term,

log @)~
3.7 S’ >n((1 ) — —7w(10) — 2log N (7
(371812 7(105Q)") = 7(8) — (10) ~ 2log N > —oBe
provided that N > c¢;, where c¢1,cs,... are positive numbers which are

effectively computable in terms of o and 3. We now count the number of
distinct ways of choosing [log @/« loglog Q] primes from S’. Each choice
gives rise to a distinct square-free integer, given by the product of the
primes, which does not exceed ). Then

log Q
, 5] — [dong_]) T
|S| ) > aloglog @

|R| > ([logQ log @ |
aloglog Q aloglogQ |*

Thus by (3.7) and Stirling’s formula

log Q
(log Q)O‘ 1 . 1 aloglog Q
aloglog Q ( (logQ)a*1>)

110g1Q Q
a+1 log Q@ o loglos
(log Q) (ea log logQ)

|R| = ( ;
for N > co. Since log(1 — z) > —2x for 0 < x < 1/2,

log@ _ 2(log@)2~®

(38) Rl > Qe HERT ) oy )0,

for N > c3. Further, since (%)1/2 < e, it follows from (3.6) and (3.8) that

H' >20Q" ",
for N > ¢4. Therefore, by (3.5),

NI-(/2)(0-1/a) N
Al|B)Y? < — = —
(41BN < 15 10 :
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for N > ¢5 which contradicts (3.1). The result now follows.

PROOF of Theorem 1. Let S be the set of primes p which satisfy
B < p < (log(NV2)/20=1) Pyt o = 1/(20 — 1) and note that « is a real
number greater than one since % < 0 < 1. Theorem 1 now follows from
Lemma 3 on noting that (1+1/«a)/2 = 6. O

4. Proof of Theorem 2

First note that we may assume |A| = |B|. Put
(4.1) |A| = |B| = Z.
Let
E=1]] [J(a+D.
acAbeB

Then clearly we have

= 11 11 <<1§>+1>

a€A beB

(4.2) a>eZ/10 b>eZ/10
- cZ 2(|A|—€Z/10)(IBI—EZ/10)_ 7z 2(1-¢/10)%2>
10 “\ 10 .

If C' and N are large enough in terms of ¢, then it follows from (2.1), (4.1)
and (4.2) that

€\2 ez €
4, log E > 2 1—7> Z%log (2 2(1—7)221 N.
(43) og B> 2 10 Og(10)> )7 8
If p is a prime with p < N2 + 1, then define u(p) by p*?)||E, and for
each positive integer k write a(p, k) = [{(a,b) :a € A, b€ B, p* | ab+1}|
so that

E = H pU(P)

p<N2+1
where

(4.4) up) = Y alpk)

log(N2+41)
k< log p
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Write
T = (1 - &) min(|A], |B) log N,

and let Py, P, and P3 denote the set of the primes pwithp < N, N <p <T
and T < p < N2 4 1, respectively, and write

(4.5) E = E\E>F;

where

(4.6) E;= [ p*® fori=1,2,3.
pEP;

Then it suffices to prove that E3 > 1, or, equivalently, that
(4.7) log E3 > 0.

Next we will give an upper bound for E;. If U isasubset of {1,..., N},
m is a positive integer and h is an integer, then write

r(U,h,m)=[{n:n €U, n=h (mod m)}|
When (h,m) = 1, let h(m) denote the integer from {1,...,m} with
hh(m) = -1 (mod m).

We shall need the following lemma.

Lemma 4. If N is a positive integer and U C {1,2,..., N} then we
have

k

@8) Ylogp Y (r(U, h,p"))* < [U| (U] = 1 + 7(N)) log N.

pSN k<logN h=1
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and for p < N define the integer v(U, p) by p*(U»)||D(U). Then we have

> u(U,p)logp=log [] p*“" =logD(U) <log [[ N

p<N p<N n,n’€U
n'<n
(4.9) =|H(n,n'):n,n" €U, n' <n}|logN

= <|(2]‘> log N.

Moreover, defining 3(m, p) by p?"™P)|lm, clearly we have
log N
— / — . k /
v(Up)= > Bln—n'p)= ) {k-kS ogp ” n—n}‘

nn €U n,n' €U
= Y {m,n):inn' €U n' <n, p*|n-n'}]

n’'<n n'<n

k<logN
— logp
pk
= Z ‘{(n,n/):n,n’GU, n/<n,nzn’zh(modpk)}|
k<10gN h=1
— logp
k
B Z o ({n :n €U, n=h (mod pk)}|>
k<logN h=1 2
— logp
p* &
_ Z <T(U7h,P ))
k<logN h=1 2
— logp
1 7’ 2 1 r’ i
= Z 5 (T(Uv hvp )) - §ZT(U,h,p )
L< log N h=1 h=1
— logp
pk
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whence

pk

SECTITTEED ST S O DTS )

p<N k<logN h=1
log p

p<N

(4.10) Z;Z(logp Z Z (U, h, p*) |U]10gN>

p<N k.<10§." h=1

(Zlogp Z Z (U, h,p"))? = |U|r(N )logN).
It follows from (4.9) and (4.10) that the left hand side of (4.8) i

< 2<|2’) log N + |U|r(N)log N = |U|(JU| =1+ 7(N))log N
and this completes the proof of the lemma.

By (4.4) and (4.6), we may estimate log F4 in the following way

(411) logEy = > u(p)logp= > _ ( > al, k)) log p

peEP p<N k<w

log p
:ZIng Z {(a,b):a€ A, be B, ab

) ) =-1 (mod pk)}’
p<N k<1°g§é\;2p“>
=%, 4%,

where in ), we sum over p < N, k < llogg, while in ), we have p < N,
log(N+1 log(N2+1 . .

Ogl(og: ) <k < %. Using the inequality |zy| < $(z% + y?) we
obtain

le Zlogp( Z Z Ha:ac A, a=h (mod p")}|

p<N S 1<h<p
(hp"*)=1

{b:be B, b=nh(p") (mod Pk)}>




On prime factors of integers of the form ab + 1 571

= Z log p Z Z r(Ah p (Baﬁ(pk)apk)

p<N k<1°gf;j 1<h<p
(hp*)=1
1
SIS o I DENINNT
p<N kg% 1<h<p®
(h,p*)=1
s k>,pk>)
1<h<p
(h,p*)=1
begp SN (AR + (B kb)),
p<N k<l 1<h<p
(h,p*)=1

Using Lemma 4 with A, respectively B, in place of U, by (4.1) we obtain

1
(4.12) >, < 5(AI0Al = 1+ 7)) + [BI(1B] — 1+ n(N))) log N

=Z(Z —1+n(N))log N < (Z* + Zn(N))log N.

To estimate ), observe that if N < p* and a is fixed (which can be
done in |A| ways), then, by B C {1,2,..., N}, there is at most one b € B
with

ab=—1 (mod p").

It follows that

Y <D gy Yo A

p<N < log(N24+1)
— log p

(4.13) log(N2 4 1)
< |A] Z longgT < 3Zlog Nm(N).
<N gp

By (2.1), (4.11), (4.12) and (4.13), for large enough C we have

(4.14) log By < (2% +4Zm(N))log N < (1+ ) Z%log N.

5

To estimate log F5, observe that forp> N, k>2 A, B C {1,2,...,N}
we have a(p,k) = 0. Moreover, for p > N and fixed a < N there is at
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most one b < N with p | ab+ 1. Thus by (4.1) and (4.4), for p € P» we
have

u(p) = Z a(p, k) = a(p,1)

log(N2+41)
k< log p

(4.15) =|{(a,b):a€ A, be B, p|ab+1}|

=) {b:beB, plab+1}[ <> 1=|A] =2

a€A ac€A

It follows from (4.6) and (4.15) that

log By =Y u(p)logp<Z Y logp.

pEP; N<p<T

By (2.1), (4.1) and the definition of T', and using the prime number theo-
rem, for C large we obtain that

(4.16) log By < Z(1+0o(1))(T — N) < (1 - 4;) Z?log N.
It follows from (4.3), (4.5), (4.14) and (4.16) that
log B3 = log E — log Ey — log Ey > 2 (1 - %) Z2log N
_ (1 + g) Z2log N — <1 - 4;) Z2log N = §Z2logN >0
which proves (4.7).
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