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On a representation of the projective connections
of Finsler manifolds

By TSUTOMU OKADA∗ (Kyoto)

Dedicated to Professor Lajos Tamássy on his 70th birthday

The idea of introducing a single affine connection on the associated
manifold involving one additional dimension, corresponding to the family
of the projectively related affine connections on an original manifold, is
due to T.Y. Thomas [1]. Since then, many authors, for instance J.H.C.
Whitehead [2], and K. Yano [3], discussed and developed this theme.
Later, S. Kobayashi and T. Nagano [4] studied it from a modern view-
point by means of the fiber bundle. In the present paper I am going to
establish the foundations of the projective theory of Finsler manifolds on
the basis of our theory [4], [5] of the non-affine connection by use of fiber
bundles. That is, I shall try to represent the Berwald connection of an
n-dimensional Finsler manifold Mn as a non-affine connection of the rela-
tive line bundle LMn+1, which is called a “projective connection”. To this
purpose, it is necessary to base my theory on various kinds of connections
of some bundles on M .

Since the connection on LM constructed from a Berwald connection
of M is invariant by the projective change of the Berwald connection, all its
torsion and curvature tensors are also invariant by this projective change.
We see that the famous generalized Weyl and Douglas tensors are included
as part of the components of these tensors. Moreover, we obtain that the
constructed connection is linear (affine) and affinely flat if and only if the
Berwald connection is projectively flat. Finally, I am going to show that
the paths of a constructed connection with affine parameter correspond to
the geodesics of the original Finsler manifold with projective parameter.
These global results are explicitly expressed by means of the canonical
coordinates.

∗This paper was presented at the Conference on Finsler Geometry and its
Application to Physics and Control Theory, August 26–31, 1991, Debrecen, Hungary.
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0. Introduction

We introduce some notations (see Fig. 1):
M : an n-dimensional differentiable manifold.
(F (M),M, pF ) : the frame bundle of M .
(T (M),M, pT ) : the tangent bundle of M .
(LM, M, pL) : the relative line bundle of M , or the associated bundle

of F (M) with standard fiber R : i.e. LM = (F (M) × R)/ ∼, where the
equivalence ∼ means (z, r) ∼ (zg,−w log |g| + r) for (z, r) ∈ F (M) × R,
g ∈ GL(n,R), |g| = the absolute value of the determinant g, w = a
constant real number, (in §5 we put w = −1/(n + 1)).

(F (LM), LM, pFL) : the frame bundle of LM .
(T (LM), LM, pTL) : the tangent bundle of LM .
(T (LM)× F (M), T (LM), pTLF ) : the induced bundle

(pLpTL)−1F (M) of bundle F (M) by pLpTL.
(T (LM)× F (LM), T (LM), pTLFL) : the induced bundle

pTL
−1F (LM) of bundle F (LM) by pTL.
Let {U, (xi)} be a local coordinate neighborhood system on M , and

the following be its canonical coordinate systems on the corresponding
bundles:

{pF
−1U , (xi, zi

j)} on F (M),
{pT

−1U , (xi, yi)} on T (M),
{pL

−1U , (xi, x0)} on L(M),
{(pLpTL)−1U , (xi, x0, yi, y0)} on T (LM),
{(pLpFL)−1U , (xa, wa

b)} on F (LM),
{(pLpTLpTLF )−1U , (xi, x0, yi, y0, zi

j)} on T (LM)× F (M),
{(pLpTLpTLFL)−1U , (xa, ya, wa

b)} on T (LM)× F (LM),
where i, j = 1, 2, . . . , n; a, b = 1, 2, . . . , n, 0.

For instance, a coordinate transformation on (pLpTLpTLF )−1U∩
(pLpTLpTLF )−1U

¯
6= φ in T (LM)× F (M) is expressed as

x
¯

i = x
¯

i(xj), x
¯
0 = w log |∂x

¯
/∂x|+ x0,

y
¯

i = ∂x
¯

i

∂xj yj , y
¯
0 = w

∂2x
¯

k

∂xj∂xm
∂xm

∂x
¯

k yj + y0,

z
¯

i
j = ∂x

¯
i

∂xk zk
j ,

where |∂x
¯
/∂x| = the absolute value of the determinant

[
∂x
¯

i

∂xj

]
, i, j, k, m =

1, 2, . . . , n.
The “projective connection” of the Finsler manifold M is represented

as a regular “pair-connection [5]” without (h)hv-torsion of the manifold
LM , which is defined by a pair of horizontal distributions on T (LM) ×
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F (LM) (See 3). On the way to do it, we shall use a “tetra-connection” in
T (LM)× F (M) (See 1).

1. Tetra-connection in the bundle T (LM) × F (M)

The total space of the induced bundle (pLpTL)−1F (M) is a set {(Y,Z);
Y ∈ T (LM), Z ∈ F (M), pLpTL(Y ) = pF (Z)}, so we write it as T (LM)×
F (M), and its right translations Rg, g ∈ GL(n,R), mean Rg(Y, Z) =
(Y, RgZ). On this bundle we shall consider four invariant distributions by
the right translations.

Definition. A tetra-connection in the bundle T (LM)×F (M) is a col-
lection {Γh, Γh0, Γv,Γv0} of four distributions such that

(a) the tangent space (T (LM) × F (M))p at p ∈ T (LM) × F (M) is
the direct sum of Γh, Γh0, Γv, Γv0 and of the tangent space Fp of the fiber
through p : i.e. (T (LM)× F (M))p = Γh

p + Γh0
p + Γv

p + Γv0
p + Fp,

(b) pTLF (Γv + Γv0) is the tangent space of the fiber through pTLF (p)
in the tangent bundle T (LM), and T (pL)pTLF (Γv0) = 0, where T (pL) is
the tangential map of pL,

(c) T (pL)pTLF (Γh0) = 0,
(d) each of the four distributions is right invariant: i.e.

RgΓh
p = Γh

pg, RgΓh0
p = Γh0

pg,

RgΓv
p = Γv

pg, RgΓv0
p = Γv0

pg.

The h-basic, h0-basic, v-basic and v0-basic vector fields of this connec-
tion and the fundamental vector fields, which span respectively Γh, Γh0,Γv,
Γv0 and Fp, are defined as follows:

Let lL : M → LM , lTL : LM → T (LM), lTLF : T (LM) → T (LM)×
F (M) be the horizontal lifts with respect to this connection, then

HJ = lTLF lTLlL(ZeJ) for (Y,Z) ∈ T (LM) × F (M), where {eJ} are
the basis of the standard fiber Rn of the tangent bundle T (M) and Z ∈
F (M) means the principal map Z : Rn → T (M).

H = lTLF lTL(Ze), where {e} is the base of the standard fiber R of
the associated bundle (line bundle) LM with respect to the frame bundle
F (M) and Z, Z ∈ F (M), means the tangential map of the principal map
Z : R→ LM , r → w log |Z|+ r = x0.

VJ = lTLF lvlL(ZeJ ), where lv : LM → T (LM) is the vertical lift of
the tangent bundle T (LM).

V = lTLF lv(Ze).
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LI
J = Lp(gI

J), where {gI
J} are the basis of the Lie algebra of

GL(n,R) and Lp, P = (Y,Z) ∈ T (LM) × F (M), means the tangential
map of the left translation Lp : GL(n,R) → T (LM)×F (M), g → RgP =
(Y, RgZ).

In terms of canonical coordinates, they are expressed by

HJ = zj
J

(
∂

∂xj
−Hj

∂

∂x0
−N i

j
∂

∂yi
−Nj

∂

∂y0
− Fk

l
j zk

m
∂

∂zl
m

)
,

H =
∂

∂x0
− El

k zk
m

∂

∂zl
m

,

VJ = zj
J

(
∂

∂yj
−Hj

∂

∂y0
− Ck

l
j zk

m
∂

∂zl
m

)
,

V =
∂

∂y0
− Cl

k zk
m

∂

∂zl
m

,

LK
J = zj

J δK
k

∂

∂zj
k

,

where i, j, k, l, m, I, J,K = 1, 2, . . . , n.
Let iZ for fixed Z ∈ F (M) be the tangential map of iZ : T (LM) →

T (LM)× F (M), Y → (Y, Z), then

∗H = iZ lTL(Ze) = ∂/∂x0,

∗ VJ = iZ lvlL(ZeJ ) = zj
J (∂/∂yj −Hj ∂/∂y0),

∗ V = iZ lv(Ze) = ∂/∂y0

are also special h0-basic, v-basic and v0-basic vector fields without torsions
E and C respectively.

The structure equations are written as

[LJ
I , HK ] = δJ

KHI , [LJ
I , ∗H] = 0, [LJ

I , ∗VK ] = δJ
K ∗ VI ,

[LJ
I , ∗V ] = 0, [LJ

I , LL
K ] = δJ

KLL
I − δL

IL
J
K ,

and the torsion and curvature tensors are given by

[HI ,HJ ] = TI
K

JHK + RIJ ∗H + RI
M

J ∗ VM + RI ◦J ∗ V

+ RK
M

IJLK
M ,

[HI , ∗H] = ¯HI ∗H +¯NM
I ∗ VM +¯NI ∗ V +¯FK

M
IL

K
M ,

[HI , ∗VJ ] = HIJ ∗H + PI
M

J ∗ VM + PIJ ∗ V + PK
M

IJLK
M ,

[HI , ∗V ] = ªHI ∗H +ªNM
I ∗ VM +ªNI ∗ V +ªFK

M
IL

K
M ,

[∗VI , ∗H] = ¯HI ∗ V,
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[∗V, ∗H] = 0,

[∗VI , ∗VJ ] = (HIJ −HJI) ∗ V,

[∗V, ∗VI ] = ªHI ∗ V.

There we have

TI
K

J = zi
Iz

j
Jz−1K

kTi
k
j , RIJ = zi

Iz
j
JTij ,

RI
M

J = zi
Iz

j
Jz−1M

mRi
m

j , · · · , ªHI = zi
I ªHi,

where

Ti
k
j = Fi

k
j − Fj

k
i,

Rij = δjHi − δiHj ,

Ri
m

j = δjN
m

i − δiN
m

j ,

Ri
0
j = δjNi − δiNj + HmRi

m
j ,

Rk
m

ij = δjFk
m

i − δiFk
m

j − Fl
m

iFk
l
j + Fl

m
jFk

l
i,

¯Hi = ∂0Hi, ¯Nm
i = ∂0N

m
i, ¯Ni = ∂0Ni + Hm∂0N

m
i,

¯ Fk
m

i = ∂0Fk
m

i,

Hij = δ̇jHi,

Pi
m

j = δ̇jN
m

i − Fj
m

i,

Pij = −δiHj + δ̇jNi + Hmδ̇jN
m

i,

Pk
m

ij = δ̇jFk
m

i,

ªHi = ∂̇0Hi, ªNm
i = ∂̇0N

m
i, ªNi = ∂̇0Ni + Hm∂̇0N

m
i,

ª Fk
m

i = ∂̇0Fk
m

i;

using some abbreviated notations

δj =
∂

∂xj
−Hj

∂

∂x0
−Nm

j
∂

∂ym
−Nj

∂

∂y0
,

δ̇j =
∂

∂yj
−Hj

∂

∂y0
,

∂0 = ∂/∂x0, ∂̇0 = ∂/∂y0.

The invariance of the tetra-connection with respect to x0 and y0 is
defined by [∗H, HI ] = 0 and [∗V,HI ] = 0 respectively, or ¯HI = ¯NM

I =
¯NI = ¯FK

M
I = 0 and ªHI = ªNM

I = ªNI = ªFK
M

I = 0.
On the bundle T (LM) × F (M) there exist globally a relative scalar

γ(P ) = x0−w log |zj
i|, a contravariant vector γl(P ) = z−1I

iy
i and a scalar
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γ0(P ) = y0 + Hmym for P = (xi, x0, yi, y0, zi
j) ∈ T (LM) × F (M). Their

covariant derivatives are

γ;I = HI · γ = zi
I(−Hi + wFm

m
i),

γ; = ∗H · γ = 1,

γ:I = ∗VI · γ = 0,

γ: = ∗V · γ = 0,

γI ;J = HJ · γI = z−1I
iz

j
J(−N i

j + Fm
i
jy

m),

γI ; = ∗H · γI = 0,

γI
:J = ∗VJ · γI = δI

J ,

γI
: = ∗V · γI = 0,

γ0;J = HJ · γ0 = zj
J (−Nj + (δjHk)yk −HkNk

j),

γ0; = ∗H · γ0 = ¯HKγK ,

γ0
:J = ∗VJ · γ0 = HKJγK ,

γ0
: = ∗V · γ0 = 1 +ªHMγM .

The tetra-connection is said to be regular when γ;I = 0, γI ;J = 0
and γ0;J = 0, or Hi = wFm

m
i, N i

j = Fm
i
jy

m, Nj = (δjHk)yk −HkNk
j .

Therefore, let {Fk
i
j} be a given Berwald connection, then it may uniquely

be regarded as an x0-, y0-invariant and regular tetra-connection without
torsion E and C. (Details come later.)

2. Berwald tetra-connection

A manifold M with a metric ds = L(xi, dxi) is said to be a Finsler
manifold. Its geodesics are given by

dyi

dt
+ 2Gi(xj , yj) = kyi, yi =

dxi

dt
,

where k = (d2s/dt2)/(ds/dt) and Gi(xi, yi) are positively homogeneous of
degree 2 with respect to (yi). Then Gj

i
k = (∂2Gi)/(∂yj∂yk) are said to be

the coefficients of the Berwald connection.
We shall consider the Berwald connection as a special tetra-connection

determined uniquely by the six axioms:
(a) It is h-metrical, or the h-covariant derivatives of the fundamental

function F = 1
2L(xi, yi)2 all vanish: F ;I = 0.

Here the function F is regarded as an x0-, y0-invariant scalar positively
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homogeneous of degree 2 with respect to (yi) on the bundle T (LM) ×
F (M).

(b) It is regular : i.e.

(b1) γ;I = 0, (b2) γI ;J = 0, (b3) γ0;I = 0.

(c) The (h)h-torsion tensor TI
K

J = 0.
(d) The (v)hv-torsion tensor PI

K
J = 0.

In terms of canonical coordinates these axioms are written as

(a) F ;i =
∂F

∂xi
− ∂F

∂yk
Nk

i = 0,

(b1) γ;i = −Hi + wFm
m

i = 0,

(b2) γi;j = −N i
j + Fm

i
jy

m = 0,

(b3) γ0;j = −Nj + (δjHk)yk −HkNk
j = 0,

(c) Ti
k
j = Fi

k
j − Fj

k
i = 0,

(d) Pi
k
j = ∂Nk

i/∂yj − Fj
k
i = 0,

Differentiating (a) by yj and contracting by yi, we see by use of (a), (b2),
(c) and (d) that

gjkNk
iy

i =
∂2F

∂xi∂yj
yi − ∂F

∂xj
, where gjk =

∂2F

∂yj∂yk
.

Therefore we have

Nk
iy

i = gkj

(
∂2F

∂xi∂yj
yi − ∂F

∂xj

)
≡ 2Gk,

and differentiating the last equations by ym and using (b2), (c) and (d)
we obtain

Nk
m = Fi

k
myi = ∂Gk/∂ym ≡ Gk

m.

Then (d) implies

Fl
k
m = ∂Nk

m/∂yl = ∂2Gk/∂yl∂ym ≡ Gl
k
m.

Moreover from (b1) and (b3) we see

Hi = wFm
m

i = wGm
m

i and

Nj =
(

∂Hk

∂xj
−Nm

j
∂Hk

∂ym

)
yk −HmNm

j =
∂H

∂xj
−Gm

j
∂H

∂ym
,

where H = Hkyk = wNm
m = wGm

m.
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Let GΓh be spaned by the {HI} and G ∗ Γv by the {∗VI} determined
above, then the tetra-connection {GΓh, ∗Γh0, G∗Γv, ∗Γv0} is called Berwald
tetra-connection, which is an x0-, y0-invariant regular tetra-connection
without torsion E and C and positively homogeneous of degree o with
respect to (yi).

In this case, since it is x0-, y0-invariant and Ti
k
j = 0, Pi

k
j = 0, Pij = 0

and Ri
o
j = 0, the bracket equations are written as

[HI ,HJ ] = RIJ ∗H + RI
K

J ∗ VK + RK
M

IJ LK
M ,

[HI , ∗VJ ] = HIJ ∗H + PK
M

IJ LK
M ;

the others all vanish, where

Rij =
∂H[i

∂xj]
−Nm

[j

∂Hi]

∂ym
,

Ri
k
j =

∂Nk
[i

∂xj]
−Nm

[j

∂Nk
i]

∂ym
,

Rk
m

ij =
∂Fk

m
[i

∂xj]
−N I

[j

∂Fk
m

i]

∂yl
− Fl

m
[iFk

l
j],

Hij =
∂Hi

∂yj
= w

∂2Gk
k

∂yiyj
,

Pk
m

ij =
∂Fk

m
i

∂yj
=

∂3Gm

∂yk∂yi∂yj
.

The relations RIJ = wRK
K

IJ , HIJ = wPK
K

IJ and RI
K

J =
RM

K
IJγM hold. Their essential Bianchi’s equations are given by

S(ijk){Rk
m

ij} = 0,

S(ijk){Rl
m

ij ;k + Ri
p
jPl

m
kp} = 0,

Rk
m

ij = Ri
m

j:k,

Rp
q
ij:k = Pp

q
ik;j − Pp

q
jk;i,

where S(ijk) denotes the cyclic permutation of i, j, k and summation, and

Rl
m

ij ;k =
∂Rl

m
ij

∂xk
−Np

k
∂Rl

m
ij

∂yp
−Rp

m
ijFl

p
k −Rl

m
pjFi

p
k

−Rl
m

ipFj
p
k + Rl

p
ijFp

m
k,

Rl
m

ij:k = ∂Rl
m

ij/∂yk.
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3. Pair-connection in the bundle T (LM) × F (LM)

Definition. A pair-connection in the bundle T (LM) × F (LM) →
T (LM) is a collection {Γ̄h, Γ̄v} of two distributions such that

(a) the tangent space (T (LM)× F (LM))Q at Q ∈ T (LM)× F (LM)
is the direct sum of Γ̄h, Γ̄v and the tangent space GQ of the fiber through
Q :

(T (LM)× F (LM))Q = Γ̄h
Q + Γ̄v

Q + GQ,

(b) pTLFL(Γ̄v) is tangential to the fiber through pTLFL(Q) of the
tangent bundle T (LM),

(c) each of the two distributions is right invariant: i.e. if Ra, a ∈
GL(n + 1,R), is the right translation of the induced bundle T (LM) ×
F (LM), then RaΓ̄h

Q = Γ̄h
Qa, RaΓ̄v

Q = Γ̄v
Qa.

The h-basic, v-basic and fundamental vector fields are expressed in
terms of canonical coordinates (xa, ya, wa

b) as follows:

H̄A = wa
A

(
∂

∂xa
− N̄ b

a
∂

∂yb
− F̄d

b
awd

c
∂

∂wb
c

)
,

V̄A = wa
A

(
∂

∂ya
− C̄d

b
awd

c
∂

∂wb
c

)
,

L̄B
A = wa

AδB
b

∂

∂wa
b
,

where A,B, a, b, c, d = 1, 2, . . . , n, 0.
When γB|A = wa

A(−N̄ b
a + F̄c

b
ayc) = 0 and γB‖A = δB

A + C̄C
B

AγC

= δB
A hold for γB = w−1B

by
b, it is said that the pair-connection is regular.

We see that #V̄A = wa
A

∂
∂ya are also special v-basic vector fields with-

out torsion C̄, and we have V̄A = #V̄A − C̄D
B

AL̄D
B .

The structure equations are written as
[
L̄B

A, H̄C

}
= δB

CH̄A,
[
L̄B

A, #V̄C

]
= δB

C#V̄A,
[
L̄B

A, L̄D
C

]
= δB

CL̄D
A − δD

AL̄B
C ,

and the torsion and curvature tensors are given by
[
H̄A, H̄B

]
= T̄A

C
BH̄C+R̄A

D
B#V̄D + R̄C

D
ABL̄C

D,
[
H̄A, #V̄B

]
= P̄A

C
B#V̄C + P̄C

D
ABL̄C

D,[
#̄VA, #̄VB

]
= 0,
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where these tensors are written as

T̄A
C

B = wa
Awb

Bw−1C
cT̄a

c
b, T̄a

c
b = F̄a

c
b − F̄b

c
a,

R̄A
C

B = wa
Awb

Bw−1C
cR̄a

c
b, R̄a

c
b = δ̄bN̄

c
a − δ̄aN̄ c

b,

R̄C
D

AB = wc
Cwa

Awb
Bw−1D

dR̄c
d
ab,

R̄c
d
ab = δ̄bF̄c

d
a − δ̄aF̄c

d
b − F̄e

d
aF̄c

e
b + F̄e

d
bF̄c

e
a,

P̄A
C

B = wa
Awb

Bw−1C
cP̄a

c
b, P̄a

c
b = ∂̇bN̄

c
a − F̄b

c
a,

P̄C
D

AB = wa
Awb

Bwc
Cw−1D

dP̄c
d
ab, P̄c

d
ab = ∂̇bF̄c

d
a,

using some abbreviated notations

δ̄a =
∂

∂xa
− N̄ b

a
∂

∂yb
, ∂̇a = ∂/∂ya.

4. The induced pair-connection in T (LM) × F (LM).

A map φH : T (LM) × F (M) → T (LM) × F (LM) is defined as
(Y, Z) → (Y, (lH(Z), T (LZ)(∂/∂r))), where lH is the lift T (M) → T (LM)
with respect to the distribution pTLpTLF (Γh + Γh0), or lH : zi

I(∂/∂xi) →
zi

I(∂/∂xi−Hi∂/∂x0), and T (LZ) is the tangent map of the principal map
LZ : R → LM ; r → w log |z| + r = x0, or T (LZ) : T (R) → T (LM);
∂/∂r → ∂/∂x0.

By the expression in canonical coordinates we have

φH : (xi, x0, yi, y0, zi
j) → (xi, x0, yi, y0, wa

b),

where

(wa
b) =

(
zi

j 0
−Hiz

i
j 1

)
,

or
wi

j = zi
j , wi

0 = 0, w0
j = −Hiz

i
j , w0

0 = 1,

i, j = 1, 2, . . . , n; a, b = 1, 2, . . . , n, 0.
The map φH is a bundle map such that

(a) pTLFLφH = pTLF , (b) φHRg = Rf(g)φH ,

where f : GL(n,R) → GL(n + 1,R); (gi
j) →

(
gi

j 0

0 1

)
.

Now, we shall induce by φH from a tetra-connection {Γh,Γh0, Γv, Γv0}
a pair-connection {Γ̄h, Γ̄v} on the bundle T (LM) × F (LM). It is to be
noticed that φH is dependent of Γh.
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The basic vector fields (H̄A, V̄A) of the induced pair-connection are
given from the basic vector fields (HI ,H, VI , V ) of a tetra-connection by
φH as follows:

H̄I = φH(HI), H̄0 = φH(H), V̄I = φH(VI), V̄0 = φH(V ).

Therefore, in canonical coordinates at φH(Y,Z), the coefficients of the
induced pair-connection are obtained as

N̄ i
j = N i

j , N̄ i
0 = 0, N̄0

j = Nj , N̄0
0 = 0,

F̄j
i
k = Fj

i
k + Ei

jHk, F̄0
i
k = 0, F̄j

i
0 = Ei

j , F̄0
i
0 = 0,

F̄j
0
k =

∂Hj

∂xk
−Nm

k
∂Hj

∂ym
−Nk

∂Hj

∂y0
− (Fj

m
k + Em

jHk)Hm, F̄0
0
k = 0,

F̄j
0
0 =

∂Hj

∂x0
− Em

jHm, F̄0
0
0 = 0,

C̄j
i
k = Cj

i
k + Ci

jHk, C̄0
i
k = 0, C̄j

i
0 = Ci

j , C̄0
i
0 = 0,

C̄j
0
k =

∂Hj

∂yk
− (Cj

m
k + Cm

jHk)Hm, C̄0
0
k = 0,

C̄j
0
0 =

∂Hj

∂y0
− Cm

jHm, C̄0
0
0 = 0.

In particular, when it is induced from a Berwald tetra-connection, we
have (GH̄A, GV̄A) whose coefficients are as follows:

N̄ i
j = N i

j , N̄ i
0 = 0, N̄0

j = Nj , N̄0
0 = 0,

F̄j
i
k = Fj

i
k, F̄0

i
k = 0, F̄j

i
0 = 0, F̄0

i
0 = 0,

F̄j
0
k =

∂Hj

∂xk
−Nm

k
∂Hj

∂ym
− Fj

m
kHm =

∂Nk

∂yj
≡ Nkj ,

F̄0
0
k = 0, F̄j

0
0 = 0, F̄0

0
0 = 0,

C̄j
i
k = 0, C̄0

i
k = 0, C̄j

i
0 = 0, C̄0

i
0 = 0,

C̄j
0
k = Hjk, C̄0

0
k = 0, C̄j

0
0 = 0, C̄0

0
0 = 0.

Notice that this pair-connection is regular.

5. Projective connection of a Finsler manifold

In this section, by use of the bundles we get a new interpretation on
the representation of the projective connection of a Finsler manifold. From
the Berwald tetra-connection, which is essentially an ordinary Berwald
connection G, we shall construct a pair-connection (pΓ̄h,#Γ̄v), which is
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invariant by any projective change of the Berwald connection. Throughout
this section, we put w = −1/(n + 1).

Now we take a (1, 2) type tensor GA = (GAB
A

C) on T (LM)×F (LM)
depending on the Berwald connection G as follows:

GA = yiHjk(∂/∂xi −Hi∂/∂x0)⊗ dxj ⊗ dxk

+δi
k(∂/∂xi −Hi∂/∂x0)⊗ (dx0 + Hmdxm)⊗ dxk

+δi
j(∂/∂xi −Ni∂/∂x0)⊗ dxj ⊗ (dx0 + Hldxl)

+Kjk(∂/∂x0)⊗ dxj ⊗ dxk + (∂/∂x0)⊗ (dx0 + Hmdxm)⊗ (dx0 + Hidxl),

where Hjk = ∂2H
∂yj∂yk , Kjk = 1

n2−1

(
nRj

m
mk + Rk

m
mj + ∂Rm

m
kp

∂yj yp
)
.

That is to say

GAJ
I
K(φH(P ))=γI(P )HJK(P ), GA0

I
K =δI

K , GAJ
I
0 =δI

J , GA0
I
0 =0,

GAJ
0
K(φH(P ))=KJK(P ), GA0

0
K =0, GAJ

0
0 =0, GA0

0
0 =1.

Then we put
pH̄A = GH̄A − GAB

C
A

(
γB#V̄C + L̄B

C

)
.

The pair-connection (pΓ̄h,#Γ̄v), where pΓ̄h is the distribution spaned by
{pH̄A}, is called the projective connection of the Finsler manifold M . We
see that pH̄A = wa

A

(
∂

∂xa − pN̄ b
a

∂
∂yb − pF̄d

b
awd

c
∂

∂wb
c

)
, where

pN̄ j
i = N j

i + δj
i(y0 + H) + yjHi,

pN̄ j
0 = yj ,

pN̄0
i = Ni −HHi + Kmiy

m, pN̄0
0 = y0,

pF̄k
j
i = Fk

j
i + Hkδj

i + Hiδ
j
k + yjHki,

pF̄0
j
i = δj

i,

pF̄k
j
0 = δj

k, pF̄0
j
0 = 0,

pF̄k
0
i = Nik + Kki −HHki −HkHi,

pF̄0
0
i = 0,

pF̄k
0
0 = 0, pF̄0

0
0 = 1.

Proposition 1. In the projective connection, the relations

(1) γB|A = pH̄A · γB = 0 (i.e. regular),

(2) the (h)h− torsion tensor pT̄AB = 0,

(3) the(v)hv − torsion tensor pP̄C
B

A = 0,

(4) vB|A = δB
A for v = ∂/∂x0,
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hold, where the notation |A denotes the covariant derivative by pH̄A.

Proof. It is shown immediately that (1) pN̄ b
a = pF̄c

b
ayc,

(3) pF̄c
b
a = ∂pN̄ b

a/∂yc. (2) follows from the equations Kjk − Kkj =
−wRm

m
jk, Nkj − Njk = wRm

m
jk. (4) as vi = 0, v0 = 1, therefore

vb;a = pF̄0
b
a = δb

a.

Theorem 1. The projective connection pΓ̄h(G) is invariant with re-
spect to the projective change of the Berwald connection G, that is to say,
let pΓ̄h(Ḡ) correspond to Ḡi = Gi+yib(xk, yk), where b(xk, yk) is positively
homogeneous of degree 1 with respect to (yk), then pΓ̄h(Ḡ) = pΓ̄h(G).

Proof. It is obvious that f i ≡ Gi + yiH, where H = wGm
m, is

invariant by the projective change of Gi, therefore f i
j ≡ ∂f i/∂yj = Gi

j +
δi

jH + yiHj and fk
i
j ≡ ∂f i

j/∂yk = Gk
i
j + δi

kHj + δi
jHk + yiHjk = pF̄k

i
j

are also invariant. To show that the coefficients pF̄k
0
j are projectively

invariant, we calculate the invariants
fRj

i
kl ≡ A[kl]{∂fj

i
k/∂xl − fm

l∂fj
i
k/∂ym − fj

m
lfm

i
k}

= Rj
i
kl + δi

j(Nlk −Nkl) + δi
k(Nlj −HjHl −HHjl)

− δi
l(Nkj −HjHk −HHjk) + yi∂(Nlk −Nkl)/∂yj ,

fKjk ≡ 1/(n2 − 1) (nfRj
m

mk + fRk
m

mj)

= Kjk + Nkj −HjHk −HHjk = pF̄j
0
k,

where A[jk] denotes the interchange of i, j and subtraction, and

Nlk = ∂Hk/∂xl −Gm
l(∂Hk/∂ym)−HmGk

m
l, Hk = wGm

m
k.

The next theorem is a immediate result of Theorem 1.
Theorem 2. The curvature tensors pRA

B
CD and pPA

B
CD of the pro-

jective pair-connection (pΓ̄h, #Γ̄v) in T (LM)× F (LM) are also invariant
by the projective change of the Berwald connection G.

By some calculations we have the curvature tensors:
pRj

i
kl = Wj

i
kl (Weyl’s generalized projective curvature tensor),

pRj
0
kl = Kjk;l −Kjl;k −HmWj

m
kl −HjmWp

m
kly

p,

the other components all vanish, where

Wj
i
kl = Rj

i
kl − δi

j(Kkl −Klk)− δi
kKjl + δi

lKjk − yi(Kkl −Klk):j

= Rj
i
kl − wδi

jRm
m

kl + wyiRm
m

kl:j

+w/(n− 1){δi
k(nRj

m
ml + Rl

m
mj + ypRm

m
lp:j)

−δi
l(nRj

m
mk + Rk

m
mj + ypRm

m
kp:j)},
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and
pPj

i
kl = Dj

i
kl (Douglas’ tensor),

pPj
0
kl = −1/(n− 1)Dj

m
kl;m −HmDj

m
kl,

the other components all vanish, where

Dj
i
kl = Gj

i
kl + δi

jHkl + δi
kHjl + δi

lHjk + yiHjkl

= ∂3(Gi + yiH)/∂yj∂yk∂yl.

Lemma. The following identities hold:

(1) Wj
i
kl = −Wj

i
lk, Wj

i
kl +Wl

i
jk +Wk

i
lj = 0, hence, all Wj

i
kl = 0 when

n = 2.

(2) Wj
m

ml = 0, so Wj
m

km = 0, Wm
m

kl = 0.

(3) Wj
m

kl;m = −(n− 2)(Kjk;l −Kjl;k) + Rk
t
mDj

m
lt −Rl

t
mDj

m
kt

+{(n− 1)HjtWp
t
kl −HktWj

t
lp + HltWj

t
kp}yp.

(3) is obtained by a long calculation.

Proposition 2. Some properties are satisfied as follows:

(a) the projective connection (pΓ̄h, #Γ̄v) determined here is normal, i.e.
pRA

C
CB = 0, so pRA

C
BC = 0, pRC

C
AB = 0.

(b) the vector v = ∂/∂x0 is affine in this projective connection, or vA|B|C
= pRB

A
DCvD − pPB

A
CDvD|EγE , vA|B‖C = pPB

A
DCvD.

Proof. (a) follows immediately by Lemma (2). (b) is implied by
pRB

A
0C = 0, pPB

A
CDγD = 0 and pPB

A
0C = 0.

The results of calculating pRB
A

CD and pPB
A

CD and the Lemma lead
us to

Proposition 3. (a) The projective pair-connection (pΓ̄h, #Γ̄v) is lin-

ear, i.e. pPB
A

CD = 0, if and only if the Douglas tensor Dj
i
kl = 0.

(b) The projective pair-connection is linear and affinely flat, i.e.
pRB

A
CD = 0 and pPB

A
CD = 0, if and only if

(1) the Weyl tensor Wj
i
kl = 0 and the Douglas tensor Dj

i
kl = 0 when

n ≥ 3.

(2) Kjk;l −Kjl;k = 0 and the Douglas tensor Dj
i
kl = 0 when n = 2.

Proof. In showing (b), let us notice that if n 6= 2 the equations
Kjk;l −Kjl;k = 0 follow from Wj

i
kl = 0 and Dj

i
kl = 0 by Lemma (3), if

n = 2 then the Weyl tensor always satisfies Wj
i
kl = 0.

Considering together Proposition 3 with the classical results in [7] we
see
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Theorem 3. A Berwald connection G on M is projectively flat if
and only if the associated projective pair-connection (pΓ̄h, #Γ̄v) is linear
(affine) and affinely flat.

Finally we obtain

Theorem 4. The geodesics of a Finsler manifold (M,L) are the pro-
jections of the paths of LM with respect to the projective connection
associated with the Berwald connection.

That is to say, the path equations

d2xa

dt2
+ pF̄b

a
c
dxb

dt

dxc

dt
= 0, a, b, c = 1, 2, . . . , n, 0,

with regard to the projective connection pΓ̄h and with the affine parameter
t, are rewritten as the geodesic equations on a Finsler manifold (M, L) with
the projective parameter s

d2xi

ds2
+ 2Gi

(
xj ,

dxj

ds

)
= 0, {s, t} =

2
n− 1

Rm
m

k

(
xj ,

dxj

dt

)
dxk

dt
,

where {s, t} ≡
(

d3s
dt3 /ds

dt

)
− 3

2

(
d2s
dt2 /ds

dt

)2

(Schwarz’s derivative), and i, j, k,

m = 1, 2, . . . , n.

Proof. The path equations

d2xi

dt2
+ pF̄j

i
k
dxj

dt

dxk

dt
+ 2

dx0

dt

dxi

dt
= 0,

d2x0

dt2
+ pF̄j

0
k
dxj

dt

dxk

dt
+

(
dx0

dt

)2

= 0

become

d2xi

dt2
+ 2Gi + 2

(
dx0

dt
+ H

)
dxi

dt
= 0,

d

dt

(
dx0

dt
+ H

)
+

(
dx0

dt
+ H

)2

+ Kjk
dxj

dt

dxk

dt
= 0.

Here, putting s =
∫

exp
[−2(x0 +

∫
Hdt)

]
dt, we get the result of Theo-

rem 4.
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