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A fixed point theorem of Banach–Caccioppoli type
on a class of generalized metric spaces

By A. BRANCIARI (Macerata)

Abstract. We give a fixed point theorem related to the contraction mapping
principle of Banach and Caccioppoli; here we have considered generalized metric spaces,
that is metric spaces with the triangular inequality replaced by similar ones which
involve four or more points instead of three. At the end of the paper an example is
provided to show the improvement of our result with respect to the classical one.

1. Introduction

Since the appearing of the contraction mapping principle (see [B] and
[C]), a lot of papers were dedicated to the improvement of that result.

Most of these deal with the generalization of the contractive condition,
(see the survey-article of Rhoades [R] for a formal discussion, or the
work of Meszaros [M] for more recent developments). On the other
hand some authors have studied how to generalize fixed point theorems
for contractive-type mappings to more general settings (see for example
the d-complete topological spaces in [H]).

Our intent is to give a generalization of the Banach–Caccioppoli theo-
rem for a class of spaces containing as proper subset the class of complete
metric spaces.

From now on we will denote by N the set of all positive integers, by Z+

the set of all non-negative integers and by R+ the set of all non-negative
real numbers.

We begin with some preliminary definitions.
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Definition 1.1. Let X be a set and d : X2 → R+ a mapping such that
for all x, y ∈ X and for all distinct point ξ, η ∈ X, each of them different
from x and y, one has

d(x, y) = 0 ⇐⇒ x = y

d(x, y) = d(y, x)

d(x, y) ≤ d(x, ξ) + d(ξ, η) + d(η, y)

then we will say that (X, d) is a generalized metric space, (shortly a g.m.s.).

As in the metric setting, such spaces X became topological spaces
with neighbourhood basis given by

B =
{
B(x, r) | x ∈ X, r ∈ R+ − {0}}

where B(x, r) := {y ∈ X; d(x, y) < r} is the ball of center x and radius r.

Definition 1.2. Let (X, d) be a g.m.s. A sequence (xn)n∈N in X is
said to be a Cauchy sequence if for all ε > 0 there exists a natural number
nε ∈ N such that for all n,m ∈ N, n ≥ nε, one has d(xn, xn+m) < ε.

Further a g.m.s. (X, d) will be called complete if every Cauchy se-
quence in X is convergent.

We observe now that the function d is continuous in each coordinates,
in fact if xn, a, b are distinct points in X (n ∈ N) and if limn→∞ xn = a

then we have

d(xn, b) ≤ d(xn, xm) + d(xm, a) + d(a, b)

d(a, b) ≤ d(a, xm) + d(xm, xn) + d(xn, b)

these two together give

|d(xn, b)− d(a, b)| ≤ d(xn, xm) + d(xm, a)
n, m→∞−−−−−→ 0

which proves the continuity of d with respect to the first coordinate, and
thus, by symmetry, in both of them.
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2. Main results

Theorem 2.1. Let (X, d) be a complete g.m.s., c ∈ [0, 1[ and f :X→X

a mapping such that for each x, y ∈ X one has

(2.1) d(fx, fy) ≤ c d(x, y)

then

(i) there exists a point a ∈ X such that for each x ∈ X one has

limn→∞ fnx = a;

(ii) fa = a and for each e ∈ X such that fe = e one has e = a;

(iii) for all n ∈ N one has

d(fnx, a) ≤ cn

1− c
max

{
d(x, fx), d(x, f2x)

}
.

Proof. Let us start with a generic point x ∈ X and consider the
sequence (fnx)n∈N; we can suppose that x is not a periodic point, in fact
if fνx = x for some ν ∈ N then

d(x, fx) = d
(
fνx, fν+1x

) ≤ cνd(x, fx)

and being c < 1 one has x = fx that is a fixed point. Thus in the sequel
of the proof we can suppose that fnx 6= fmx for all distinct n,m ∈ N.

Let us now prove that for all y ∈ X one has

(2.2)

(a) d
(
y, f2ky

) ≤
2k−3∑

i=0

cid(y, fy) + c2k−2d(y, f2y)

for k = 2, 3, 4, . . .

(b) d
(
y, f2k+1y

) ≤
2k∑

i=0

cid(y, fy) for k = 0, 1, 2, . . .

We first prove part (a) of (2.2) by mathematical induction: for k = 2 one
has

d(y, f4y) ≤ d(y, fy) + d(fy, f2y) + d(f2y, f4y)

≤ d(y, fy) + c d(y, fy) + c2d(y, f2y)
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as we wanted. Let us now suppose that for a certain k0 ∈ N (a) of (2.2) is
true for all k ∈ N such that 2 ≤ k ≤ k0, then

d
(
y, f2k0+2y

) ≤ d(y, fy) + d(fy, f2y) + d
(
f2y, f2k0+2y

)

≤ d(y, fy) + cd(y, fy) + c2d
(
y, f2k0y

)

≤ d(y, fy) + c d(y, fy) + c2

[
2k0−3∑

i=0

cid(y, fy) + c2k0−2d(y, f2y)

]

=
2k0−1∑

i=0

cid(y, fy) + c2k0d(y, f2y).

We prove by mathematical induction part (b) of (2.2) too: for k = 0 one
has d(y, fy) = d(y, fy), while if we suppose that (2.2) part (b) is true for
all k ∈ Z+ with 0 ≤ k ≤ k0 for a certain k0 ∈ Z+ then for k0 + 1 we still
have

d
(
y, f2k0+3y

) ≤ d(y, fy) + d(fy, f2y) + d
(
f2y, f2k0+3y

)

≤ d(y, fy) + c d(y, fy) + c2d
(
y, f2k0+1y

)

≤ d(y, fy) + c d(y, fy) + c2
2k0∑

i=0

cid(y, fy)

=
2k0+2∑

i=0

cid(y, fy).

Finally by (2.2) for all n, k ∈ N (k is allowed to be in Z+ in the second
formula below) one has

d(fnx, fn+2kx) ≤ cnd(x, f2kx)

≤ cn
2k−2∑

i=0

ci max{d(x, fx), d(x, f2x)}

≤ cn

1− c
max{d(x, fx), d(x, f2x)}
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d(fnx, fn+2k+1x) ≤ cnd(x, f2k+1x)

≤ cn
2k∑

i=0

ci max{d(x, fx), d(x, f2x)}

≤ cn

1− c
max{d(x, fx), d(x, f2x)}

that is for all n,m ∈ N one has

(2.3) d(fnx, fn+mx) ≤ cn

1− c
max{d(x, fx), d(x, f2x)}

thus (fnx)n∈N is a Cauchy sequence in (X, d) which is a complete g.m.s.,
so that there exists a point a ∈ X such that a = limn→∞ fnx.

Also a is a fixed point for f , in fact one has

d(fn+1x, fa) ≤ c d(fnx, a) n→∞−−−→ 0

thus

a = lim
n→∞

fnx = fa

(this is a consequence of the fact that a g.m.s. is a Hausdorff space); if
further one has fe = e, then

d(a, e) = d(fa, fe) ≤ c d(a, e)

which implies that a = e and thus (i) and (ii) are satisfied.
To see (iii) it is sufficient to let m →∞ in (2.3) so that

d(fnx, a) ≤ cn

1− c
max

{
d(x, fx), d(x, f2x)

}

which ends the proof. ¤

Now with Definition 1.1 in hand, we can generalize the concept of
g.m.s. in the following way:

Definition 2.1. Let X be a set, ν ∈ N and d : X2 → R+ a mapping
such that for all x, y ∈ X and for all distinct point ξi ∈ X i ∈ {1, . . . , ν},
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each of them different from x and y, one has (ξ0 := x, ξν+1 := y)

d(x, y) = 0 ⇐⇒ x = y

d(x, y) = d(y, x)

d(x, y) ≤
ν∑

i=0

d(ξi, ξi+1)

then we will say that (X, d) is a generalized metric space of order ν, (shortly
a ν-g.m.s.).

Remark 1. According to this a g.m.s. as introduced in Definition 1.1
and a standard metric space are respectively generalized metric spaces of
order 2 and 1.

Remark 2. The related definition of balls, Cauchy sequence and com-
pleteness of a ν-g.m.s. are the same with “g.m.s.” replaced by “ν-g.m.s.”
(ν ∈ N).

Using Definition 2.1 we are now ready to generalize Theorem 2.1:

Theorem 2.2. Let (X, d) be a complete ν-g.m.s. for some ν ∈ N,

c ∈ [0, 1[ and f : X → X a mapping such that for each x, y ∈ X one has

(2.1); then

(i) there exists a point a ∈ X such that for each x ∈ X one has

limn→∞ fnx = a;

(ii) fa = a and for each e ∈ X such that fe = e one has e = a;

(iii) for all n ∈ N one has

d(fnx, a) ≤ cn

1− c
max

{
d(x, f ix) | i = 1, . . . , ν

}

The proof of Theorem 2.2 is a simple generalization of that one of
Theorem 2.1 and we left it to the interested reader.

3. An example

We give here an easy example of a contraction mapping in a 2-g.m.s.,
that is not a metric space in the usual sense.



The Banach–Caccioppoli theorem in generalized metric spaces 37

Let X := {a, b, c, e} and let d : X2 → R+ be the following mapping:
d(a, b) = 3, d(a, c) = d(b, c) = 1, d(a, e) = d(b, e) = d(c, e) = 2 and
d(x, x) = 0 for every x ∈ X; further let f : X → X be the function:

fx
def=

{
c if x ∈ {a, b, c}
a if x = e

then it is easy to see that (X, d) is a generalized metric space of order 2
(i.e. a g.m.s. according to Definition 1.1) and that f is a contraction, in
fact for every x, y ∈ X one has

d(fx, fy) ≤ 1
2

d(x, y)

but (X, d) is not a standard metric space because it lacks the triangular
property: if we take a, b and c we have

d(a, b) = 3 > 1 + 1 = d(a, c) + d(c, b)

We note finally that, as Theorem 2.1 states, f has a unique fixed point,
namely c.
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