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On weakly conformally symmetric spaces

By U.C. DE (Kalyani) and SOMNATH BANDYOPADHYAY (Kalyani)

Abstract. The object of the present paper is to establish the existence of weakly
conformally symmetric spaces by an example and to investigate the decomposability of
such spaces.

1. Introduction

The notions of weakly symmetric and weakly projective symmetric
spaces were introduced by TAMASsY and BINH [5]. In a subsequent pa-
per BINH [1] studied decomposable weakly symmetric spaces. A non-flat
Riemannian space V™ (n > 2) is called weakly symmetric if the curvature
tensor Ry;ji satisfies the condition

(1.1) Rnijk.m = AmRhijk + BhRmijk + DiRpmjk + Ej Rhimk + FrRhijm.,

where A, B, D, E, F are 1-forms (non-zero simultaneously) and the comma
‘,’ denotes covariant differentiation with respect to the metric tensor of
the space. The 1-forms are called the associated 1-forms of the space and
an n-dimensional space of this kind is denoted by (W.5),,.

On the analogy of (WS), TAMAssy and BINH [6] introduced the
notion of weakly Ricci symmetric spaces (W RS),,. A Riemannian space
V™ is called weakly Ricci symmetric if there exist 1-forms A, B, D such

that R = ArRij + B;Ri; + D; Rk, where the Ricci tensor R;; # 0.
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The present paper deals with non conformally-flat Riemannian spaces
V™(n > 3) whose conformal curvature tensor Chijr satisfies the condition:

(1.2) Chije,m = AmChiji + BrCuijk + DiChmjk + EjChimk + FrChijm,

where

1
(1.3)  Chijk = Rniji — m(ghk:Rij — gnjRik + 9ijRuk — 9iRhj)

R
+ m(ghkgij = 9njgir),

R is the scalar curvature and A, B, D, E, F are 1-forms (non-zero simul-
taneously). Such a space will be called a weakly conformally symmetric
space and denoted by (WC'S),,. The dimension has been taken greater
than 3 because the conformal curvature tensor vanishes for n = 3.

In our previous paper [3], by using the skew-symmetric property of
the curvature tensor, the defining relation (1.1) has been reduced to the
modified form

(1.4) Rhnijk,m = AmBRhijk + BrRmijk + BiRhmjk + DjRhimk + D Rhijm.-

Since also the conformal curvature tensor satisfies the same skew-sym-
metric property as the curvature tensor, the defining relation (1.2) of a
(WCS),, can be expressed in the following form:

(L1.5)  Chijim =AmChiji + BhCrmijk + BiChmjk + DjChimk + DiChijm.

In Section 2 an example of a (WCS),, is given. In Section 3 it is
shown that a decomposable (WC'S),, is of zero scalar curvature.

2. Example of a (WCS),

In this section we want to construct concrete (WC'S),, spaces. On the
coordinate space R" (with coordinates z1, ..., 2™) we define a Riemannian
space V™. We calculate the components of the curvature tensor, the Ricci
tensor, the conformal curvature tensor and its covariant derivative, and
then we verify the defining relation (1.5).
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Let each Latin index run over 1,2,...,n and each Greek index over
2,3,...,n— 1. We define a Riemannian metric on the R™ (n > 4) by the
formula

(2.1) ds® = ¢(da')? + Kopdr®da® + 2dztda™,

where [K, 3] is a symmetric and non-singular matrix consisting of constants
and ¢ is a function of z', 22, ..., 2"~ ! and independent of ”. In the metric
considered, the only non-vanishing components of the Christoffel symbols,

the curvature tensor and the Ricci tensor are (see [4])

1 ., " 1 " 1
Ffl = _§K ﬁ(f)-m 11 — §¢-1; la — §¢-a7
1 1
Rlaﬂl = §¢-Oéﬁv Rll = §¢-aﬁKo‘ﬂ7

and the components which can be obtained from these by the symmetry
properties. Here denotes partial differentation with respect to the
coordinates and K? are the elements of the martix inverse to [Kng]. We

(3]

consider Ko as the Kronecker symbol da5 and ¢ = (Mg 4 845)z%aPe®
where M,z are constants and satisfy the relations M,z = 0 for a # (;
Mg # 0 for o = 3, and Zz;é M, = 0. Hence we obtain the following
relations:

n—1
0ap0P=n—2, 0°Map=> Mao=0 and ¢.ap=2(Mag+dap)e” .
2

Therefore
1

5P h.ap = 2(6%° Mog + 6“%5,5)e" = 2(n — 2)e” .

Since ¢.,3 vanishes for o # (3, the only non-zero components for Rp;jx
and R;; are

1

1 1 1
(2.2) Rina1= §¢.aa =14+ Myq)e® and Ry; = igb.a/géaﬁ =(n—2)e" .

Hence R = g% R;; = g**Ry;. Again from (2.1) we obtain g,; = gin = 0
for i # 1, which implies g'! = 0. So R = 0. Therefore R" with the
considered metric will be a Riemannian space V™ whose scalar curvature



74 U.C. De and S. Bandyopadhyay

is zero. (1.3), (2.1) and (2.2) show that in this space the only non-zero
components of Cj;j), are

1
Claal — Rlaal - nf(gaaRll)

2
1 1 1

(2.3) )
= (14 Myo)e® — (n—2)e* = Myne® ,

n—2

and the components which can be obtained from these by the symmetry
properties. The only non-zero components of C;jk,m are

1
(24) Claal,l = ]\404016m — Cvlozozl 7& 0;

and the components which can be obtained from these by the symme-
try properties. Hence our V™ is neither conformally flat nor conformally
symmetric [2].

We want to show that this V™ is a (WCS), , that is, it satisfies (1.5).
Let us consider the 1-forms

1
Ai(z) = 3 for i =1, = 0 otherwise
2 . .
(2.5) Bi(z) = 9 for i =1, = 0 otherwise
4 _ .
D,(x) = 9 for i =1, = 0 otherwise.

In our V" (1.5) reduces with these 1-forms to the equations

(i)  Ciaa11 = A1Cia01 + B1Ciaa1 + BaCiia1 + Do Cia11 + D1Ciaan
(i)  Citat,e = AaClia1 + BiCoata1 + B1Claa1l + DaCiia1 + D1Cliaa
(i)  Ciait,a = AaCia11 + B1Caai1 + BaCiai1 + D1C1aa1 + D1Craia,
since for the case other than (i), (ii) and (iii), the components of each term
of (1.5) vanish identically and the relation (1.5) holds trivially. Now from

(2.3), (2.4) and (2.5) we get the following relation for the right hand side
(r.h.s.) and the left hand side (Lh.s.) of (i):

rhs. of (i) = (A1 + By + D1)Ciaar = 1. Maae® = Lh.s. of (i).
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Also r.h.s. of (ii) = %(Calal +C1aa1) = 0 (by the skew-symmetric property

of Chiji) = Lhus. of (ii). By a similar argument as in (ii), it can be shown
that the relation (iii) is also true. Hence we obtain the following

Theorem 1. Let V"(n > 4) be a Riemannian space with a metric of

the form
ds? = ¢(dx')? + dapdr®dr’ + 2dxt dz™
¢ = (Mus + 6a5)xax’gez1
(where Mg and ¢(x',..., 2"~ 1) are as described above). Then V" is a

weakly conformally symmetric space with zero scalar curvature which is
neither conformally flat nor conformally symmetric.

3. Decomposable (WCS),

An n-dimensional Riemannian space V" is said to be decomposable
if in some coordinates its metric is given by

(3.1) ds? = g;jdr'da? = gayda®dx® + Gy dz® da®’

where gop, are functions of z',z2,...,2"(r < n) denoted by Z, and g7,

are functions of z"t1

,...,x"™ denoted by x*;a,b,c,... run from 1 to r and
a', v c,... run from r + 1 to n. The two parts of (3.1) are the metrics of
aV'(r >2)and a V" "(n —r > 2) which are called the decomposition
spaces of V" = V7" x V"»~". Throughout this paper each object denoted
by a bar is assumed to be formed from g,; and of V", and each object
denoted by a star is formed from g,,, and of V""",

From (3.1) we have

Jab = Gabs  Ga't' = g;’bfa gab = gabu
(3.2)
a'b’ xa’b’

g =g ) gaa':():gaaa

and the only non-zero Christoffel symbols of the 2nd kind are as follows:

c _ 1c Fc' _ pxc
ab — *ab’ a’b’ — +a'b
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A comma, a dot and a semicolon shall denote covariant differentiation in
Vn, V" and V™" respectively. Hence we have the following relations:

Ra’bcd =0= Rab’cd’ = Rab’c’d’

Roped,ar = 0= Roprear b = Ravredr i

(33) Rade - Rabcd; Ra’b’c’d’ = R:/blc’d’
Ry = Raba Ry = Rz/b/v Rab,c = Rab~cv Raryr.or = R:/b’;c/
yq = AN —
R=g"9Rij = 3 Rap +g** " R},)y = R+ R*.

We suppose that V" = V" x V*~" and B # 0.
From (1.5) we get

(34) Ca’bcd-a = AaCa’bcd + Ba’cabcd + Bbca’acd + DeRa’bad + Ddca’bca-

In view of (1.3), (3.2) and (3.3) it follows that

1
C'a’bcd = Ra’bcd - m(gbcRa'd - gbdRa’c + ga'dec - ga’cRbd)

R

+ m(ga’dgbc — Ga’egbd) =0

and also Cyrped,o = 0. Hence (3.4) reduces to
(3.5) By Capeqa = 0.
Similarly we get

(3.6) B,Cuprergr = 0.

Since B # 0, all its components cannot vanish. Hence we consider the
following two cases:

Case (i) Suppose B, # 0 for a fixed a/. Then from (3.5) Cypeq = 0
for all a, b, ¢, d. That is,

1
Rabcd - m(gbcRad - gbdRac + gadec - gacRbd)
R

+m(gad9bc — GacYvd) = 0.
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By (3.2) and (3.3) this equation takes the form

_ 1 B ~ B )

Ropea — m(gbcRad — GpaRac + GaaRoe — GacRba)
R+R*

m(gadgbc - gacgbd) =0.

Transvecting the above equation by g*¢ we get

_ _ _ _ _ R+ R*
Rap — Ruq — Raq + Rgaa — Ra ——————————(70ad — Gad) = 0.
b n_2(r d d+ Gad d)+(n_1)(n_2)(rgd gd)

Transvecting again by g*¢ we obtain

_ 2(r—1) - R+ R*

R — R —1)=0

=2 Pt o hmogy " V=0

and hence
(3.7) R* = —kR,

Wherek:%#O(Sincen—r22andr22).

Therefore, by (3.3) we get

(3.8) R=(1-kR= (1— 11) R*.

Case (ii) Suppose B, # 0 for a fixed a. Then from (3.6) it follows
that Cpprergr = 0 for all o/, V', ¢/, d’. Proceeding similarly as in Case (i),
we obtain

(3.9) R*

(3.10) R <1 _ )

The relations (3.7) and (3.9) hold simultaneously only if £ = 1. Hence
from (3.8) or (3.10) we get R = 0. For D # 0 we obtain the same results.
Thus we have the following

?r'\b—‘
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Theorem 2. For B # 0 or D # 0, a decomposable (W C'S),, is of zero
scalar curvature.
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