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On a problem of Erdés—Turan

By LAURENTIU PANAITOPOL (Bucharest)

Abstract. We find a class of real functions f having the property that the in-
equality f(pn+1) — 2f(pn) + f(pn—1) > 0 holds for infinitely many positive integers n,
and f(pn—1) — 2f(pn) + f(pn—1) < 0 holds for infinitely many n.

One interesting question about the properties of the sequence (py,)n>1
of prime numbers is:

Does there exist a positive integer ng such that this sequence is convex
or concave for all n > ng?

The answer is negative and the proof of this result is given in the
paper [1] by P. ERDOs and P. TURAN. They established that:

For infinitely many n one has

Pnt+1 — 2Pn + Pn—1 > 0,

and for infinitely many n:

Pn+1 — 2pn +pn—1 < 0.

C. POMERANCE proved in [2], that there are infinitely many n for
which:
2pn < Pn—i +Pnyi foralli, 1 <i<n—1.

In [3] ERDOS proved that if

k>3, ai+as+---+ar=0, ap #0 and
(k—l)a1+(k—2)a2+--~+ak_1:0,
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then the sequence x,, = a1p, + aspn—1 + -+ + arpnir—1 does not keep a
constant sign.

Moreover, for fixed k # 0, pk 11 —2p% +pk | > 0 for infinitely many n
and, also, pﬁ_i_l —2pk + pk_| < 0 for infinitely many n.

This means that for f(zr) = ¥, k # 0 the sequence (f(pn))n>1 is
neither convex nor concave.

We shall say that a function f : [af, 00) — R has property (P) if: For
infinitely many n one has

f(n+1) = 2f(pn) + f(Pn-1) >0,

and for infinitely many n:

f(pn-H) - 2f(pn) + f(pn_l) < 0.

To find necessary and sufficient conditions for f to have property (P) can
be a difficult task.

Let f(z) = a”. In case a = 2 one can prove immediately that the
sequence is convex, so f does not have the (P) property. In case a = 1.2, to
prove that f has the (P) property is the same as to prove that there exists
an infinity of primes p for which p+2 too is prime. Consequently, this would
amount to solving one of the greatest open problems in number theory.
This example shows that to find a complete answer to our question is a
very difficult task indeed. We shall restrict ourselves to finding a sufficient
condition and for this purpose we shall consider a class of functions useful
in this direction.

For every f : [af,00) — (0,00), f € C! define ¢ : [af,00) — R by

_zf'(z)

Let F ={f:[af,o0) — (0,00), f € C!, lim,_.oc () = k € R\ {0}}.
One can prove that in the neighborhood of oo the functions of F

behave somehow similarly to ax™, because for n > k one can prove that
fggff) =0, and for n < k, lim,_, o |f£f)| = 0.
One can also notice that for real a, 3, a # 0 one has f € F if and

only if f*(x) log’z € F.

limg o0
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The main result of our paper is

Theorem 1. If f € F, then f has the (P) property. Before proving
the theorem we shall need some preliminaries. One knows that

(1) P ~ nlogn;

« o o Pnt1 —Pn .
(2) hnrri1£f “Togp, < 0.46665 (see [4]);

. Pnt+1 — DPn
3 limsup ———— =00 (see [5]).
3) A e (see [5])
On the basis of the relations (2) or (3) and of Lemma 3, we now prove
our theorem.

Lemma 1. Let (ap)n>1, (bn)n>1 be sequences of positive integers,

lim,, o0 by, = 00. If lim, oo ‘;—: = ¢ > 0 then lim,,_, o 22" =c.

PrOOF. Let y, = §* so lim, . y, = c. Taking into account (1) it
follows that
Pa,, . ap logay,

_ Pa . log yn
oo Db, o b, logb, ‘% ( * log bn) ‘

Put F(n) = f(pn). In case f € F and lim ¢(z) = k, we have
Lemma 2. Under the conditions of Lemma 1, one has

lim Flan)
w5 F(by)

PRrROOF. One has

T log x
flx) = f(a:o)exp/ (ﬁ(tt)dt = f(zo) exp/ o(e")du.

T log xo

logan,
i;((Z:)) = exp /log . ¢(eU)du = exp((logpan - IOngn)¢(9n)),

where min(log p,, ,logps, ) < 0, < max(logpa, ,logps, ) hence

litny g $(6) = k. Tt follows that lim,, .o 5@} = exp klog (f;b—) — ok,

Under the conditions of the previous lemmas and with the same no-
tations one has
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Lemma 3. If the sequence (F(n)),>1 is convex, then

F
F(n+1)—F(n) Nkzﬂ.
n
ProoF. If the sequence (F(n)),>1 is convex it follows that for
m>n > p:

Fm) =F®) 5 oy 41y - pny » T =F@)
m—n - - n—p

(4)

For fixed 1 > § > 0, put m = [(1 + J)n] and p = [(1 — )n]. It follows that
m-—mnn~on,n—p~on.
Using Lemma 2 one obtains

F(m) ~ F(n)(1+6)* and F(p) ~ F(n)(1 - )",

hence
F(m)—F(n) Fm)(1+9)"-1)
m—n no '
F(n)—F(p) F(n)(1-(1-8)")

~

n—p nd
limgs_.g % = limgs_.g w =k and (4), the proof is finished.

In the same way . Taking into account that

PROOF of Theorem 1. Let (F'(n)),>1 be convex. One has Fi(n+1) —
!/

F(n) = f(pn-i-l) - f(pn) = (pn—i-l _pn)f <6n)a Pn < 0, < ppy1, hence
F(n + 1) _ F(n) — (pn+1 _pn) . ffgen ¢(0n) ~ k(pn-i-l _ppn)f(pn)
_ Pl —Pn F(n)log pn ~ k- (Pn+1 —pn) F(n)
B log px, Pn log pn, n

Using Lemma 3, it follows that

Pn+1 — Pn
5 —— ~1
©) log .
The same conclusion (5) is implied by the hypothesis of concavity of

the sequence (F(n)),>1. In both cases we obtain (5), which manifestly
contradicts (2) and (3).
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Remark. The function f(z) = 2* with k& # 0, f(z) = %, where P

and @ are polynomial functions of different degrees, as well as f(z) = 10;”; "
are examples of functions for which the sequence (f(py))n>1 is neither

convex nor concave.
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