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The generalized Berwald P!-connection
with P';, = —A,%; and its applications
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0. Introduction

The Berwald connection of a Finsler space has two curvatures, namely
the h-and hv-curvatures. Among these curvatures, the hv-curvature van-
ishes identically if the Finsler space is Riemannian. But a Finsler space
with vanishing hv-curvature is not necessarily Riemannian. With respect
to the Cartan connection, it seems also to us that a Finsler space with
vanishing curvatures except the h-curvature is not necessarily Riemann-
ian.

In this paper, we present an interesting and natural Finsler connection
such that a Finsler space with vanishing curvatures except the h-curvature
reduces to a Riemannian space and show its applications to the study of
Finsler geometry.

Throughout the paper, terminology and notations are those of Ma-
tsumoto’s monograph [3].

1. The generalized Berwald P'-connection with Pijk = —Ajik

Let F'™ = (M, L) be a Finsler space, where L(z*,%") is the fundamen-
tal function, and z° denotes a point of the underlying manifold M, and
y" denotes a supporting element. The fundamental tensor g;; is given by

gij = (82L2/8y13y3)/2

*This paper was presented at the Conference on Finsler Geometry and its Application
to Physics and Control Theory, August 26—-31, 1991, Debrecen, Hungary.
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Let FT = (F;',, N',C;%) be a Finsler connection. Then the h- and
v-covariant derivatives of a tensor, for example of K",,, are given by

Khm|i = 51Khm + KrmFrhz’ - KhrFmria
Khm|i - athm + Krmcrhi - KhrCmria

respectively, where §; = 0; — Nria.r, 0; = 0/0x" and 0; = d/0y".
Differentiating covariantly y*, we have

y'; =D'; (:=y"F,'; — N';) - Deflection tensor,
yi’j = 5;' + ykckij-
The (h)h-and the (v)hv-torsion tensors of the Finsler connection FT' are

given by .
Ti'y = Fi's — Fi', P = 0xN'; — Ft'j,

respectively.
In order to construct our Finsler connection of I, we quote the fol-
lowing theorem:

Theorem 1. (AIKOU and HASHIGUCHI [1]). Given (0) p-homogeneous
tensors 1"y (= —1T}';), P'ji, there exists a unique Finsler connection
(Fjik, Nik, Cjzk) satisfying

Ly, =0, D'y =0, C;'y =0,
and whose (h)h-and (v)hv-torsion tensors are the given Tj', and P'j
respectively, if T;', and P';j, satisfy the conditions

yr(aijir - 8ijir) =0,
Pl =y P') =0,

where Q;'y is a tensor given by Q;'y = T} — (P"ji, — P'k;). This Finsler
connection is given by

Ny =G — ((Ti'o + Plog) + Ok(T00 + Poo®))/2,
Fj'y, = 0;N';, — P'y,
Ci'x =0,

where G*), is the non-linear connection of the Berwald connection.

In the subsequent considerations, we quote a case of T;% = 0 in
Theorem 1. Such a Finsler connection is called a generalized Berwald
Pl-connection by MATSUMOTO [2]. Then we have
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~Theorem 2. There exists a unique generalized Berwald P !_connection
(F}', N', C;'y) satisfying the following conditions:
(1.1)  a) Ly =0, b)D';=0, ¢) Py,=-A"% d) C;j' =0,
where A;'y = Lg"" 'rgjk/Q. This Finsler connection is given by
a) Fj'y = F(b);'s + Aj'k,
(1.2) b) Ny = o/ F}'s,
¢) Cj'x = 0,
where (F(b);', y? F(b);",0) is the Berwald connection.

Hereafter, we denote the Finsler connection in Theorem 2 by (F. jik,
N, 0). On the other hand, for the Cartan connection we shall use the
symbol (¢) such as (F(c);, N(c)',, C(c);'x) and use (r) for the Rund
connection.

Then we have

(1.3)
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N(r)' = N,

(1.4) y'; =0, y'l; =45
The Ricci identities of our Finsler connection are as follows:
K" — K"py = KR i = KPR ji — K[ R ji,
K"l — K"ilpy = KPP e — K" P i — K|, P,
where
a) R'jx = 0yN"j — 6; Ny - - - (v) h-torsion,
b) P, = OuN*; — F},'; - - - (v)ho-torsion,
(1.5) ¢) Rp'ji = 6k Fy'y — 0, Fn's + B i B — BTk B
- - h-curvature,
d) Phijk = 3thij -+ hv-curvature.

Applying the Ricci identities to y* and L, we have from (1.1) and
(1.4),

a) Ro"jx = R"jy,
(1.6) b) Py = P"j,
c) yrR"jr = 0.
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The Bianchi identities of our Finsler connection are as follows:
a) Ri"ji + Ri"ij + Rj" ki = 0,
b) thirRrjk + thkrRrij + therrki
+ R ijik + B kit + B jryi = 0,

(1.7) ¢) P"jr — Py, =0,
d) thirPTjk: - thjTPTik + thjk\z - thzk|j
+ Ok Rm"ij = 0,

6) 8¢thkj — 6']‘thki =0.

For our Finsler connection (F. ji k>, N, 0), we have the following main
theorem:

Theorem 3. In a Finsler space with connection (1.2), the following
conditions are equivalent:

(1) P = 0.

(2) Phj, = 0.

(3) F;'y are functions of position only.
(4) F™ is Riemannian.

PrOOF. The equivalence of (1) and (3) is given by (1.5)d). From
(1.6)b), we have that (1) implies (2). By (1.1)c), (2) implies (4). (4)
implies (1) obviously.

2. Special Finsler spaces
First of all, we reveal the relations among the hv-curvatures of the

typical Finsler connections.

The hv-curvature tensors of the Rund connection and the Berwald
connection are given by

(2.1) P(T)hijk = P(C)hijk + C(C)hik (lc)j - C(C)hirp(c)rjka

(2.2) P®)n" ik = P(r)n" ik + C(€); hjo-ks (k‘ = %) ,

respectively [3]. Accordingly, from (2.1), (2.2) and (1.5)d), the hv-curva-
ture tensor P}’ j& of our Finsler connection is expressed as follows:
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Pyl ik = P()n'jk + C(e)n'n LT C(e)n'+P () jk
+ C(0) njok + An'jok
=P(b)n’jk + An'jk
=Pr)n' e+ (L7 A ) 0k + AR’k

Using (2.3), from Theorem 3, we obtain

(2.3)

Theorem 4. The following conditions are equivalent:
(1) A Finsler space F" is Riemannian.

(2) P(C)hijk = —C(C)hik (|)j + C(c)hirp(c)rjk — C(C)jih‘o.k - Ahij.k.
(3) P(O)n'jk = —An'jn- ,

(4) P(r)n'je = —(L7"Aj") 10k — An'joke-

The next theorem and corollary concern Landsberg spaces.

Theorem 5. A Finsler space with connection (1.2) is a Landsberg
space, if and only if

(2.4) Rhoj.k + Rkhjo -+ thk: = 0.

ProoOF. Contracting (1.7)d) by y’y™, we have
(2.5) Ry iy y™ — A"y = 0.

On the other hand, differentiating the equation Rhoj = Rmhijyiym with
respect to y*, we have

(2.6) R'0jk = R ij1y'y™ — R jo — R" j1.

From (2.5) and (2.6), we obtain that (2.4) is equivalent to A;"; o = 0.
On the other hand, we know that a Landsberg space is characterized by
Ajhk|0 = 0

The following corollary is easily obtained from (2.5):

Corollary 6. (1) If the h-curvature tensor R;" ;. of connection (1.2)
vanishes identically, then the Finsler space is a Landsberg space. (2) If
the components of the h-curvature tensor R;"ji of connection (1.2) are
functions of position only, then the Finsler space is a Landsberg space.

The remaining theorems concern Berwald and locally Minkowski
spaces.

Theorem 7. A Finsler space with connection (1.2) is a Berwald space,
if and only if

(2.7) Pk = —P'hjk.
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Proor. We know that a Finsler space is a Berwald space, if and only
if P(b);";r = 0. From (2.3), the condition P(b);";; = 0 is equivalent to
(2.7).

Theorem 8. A Finsler space with connection (1.2) is a locally Min-
kowski space, if and only if

(2.8) a) thk =0, b) Pz‘hjk = —Phij~k-

Proor. We know that a Finsler space is a locally Minkowski space,
if and only if

(2.9) a) R(c)'jp =0, b)C = 0.

(s Ak
From (1.3) and (1.5)a), (2.9)a) is equivalent to (2.8)a). (2.9)b) is the well-
known condition for a Finsler space to be a Berwald one. Moreover, by
Theorem 7, (2.9)b) is equivalent to (2.8)b).

References

[1] T. Aikou and M. HASHIGUCHI, On generalized Berwald connections, Rep. Fac.
Sci. Kagoshima Univ. (Math. Phys. Chem.) 17 (1984), 9-13.

[2] M. MATSUMOTO, The induced and intrinsic Finsler connections of a hypersurface
and Finslerian projective geometry, J. Math. Kyoto Univ. 25 (1985), 107-144.

[3] M. MATSUMOTO, Foundations of Finsler geometry and special Finsler spaces, Kas-
seisha Press, Otsu, Japan, 1986.

SHOJI WATANABE

DEPARTMENT OF MATHEMATICS
SCIENCE UNIVERSITY OF TOKYO
TOKYO, JAPAN

(Received August 29, 1991)



