Publ. Math. Debrecen
57 /1-2 (2000), 185-192

Randers spaces with the h-curvature tensor H
dependent on position alone

By S. BACSO (Debrecen) and M. MATSUMOTO (Kyoto)

Abstract. We give an example of Finsler space having the Berwald h-curvature
tensor H which is independent of the direction arguments y* [3].

1. Introduction

In our previous paper [3] we were concerned with various sets of special
kinds of Finsler spaces. Among them we pay attention to the two sets

B(n) ...n-dim. Berwald spaces,
Hz(n) ... n-dim. spaces having the Berwald h-curvature tensor H

dependent on the position alone.

The inclusion relation B(n) C Hx(n) is obvious, but any example of a
Finsler space belonging to Hxz(n) but not to B(n) has not been given in
the paper.

The purpose of the present paper is to give an example of such a
Finsler space, a Randers space F™" = (M™, L = a+ ). Its metric L
consists of a Riemannian metric a (o? = a;;(z)y'y’) and a differential
one-form 3 = b;(z)y".

The Riemannian space R™ = (M™, «) is said to be associated with F".
Let v;%(z) be the Christoffel symbols of R". Then we have the Levi-

Civita connection v = {7;%} in R™ and the induced Finsler connection
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Fry = {v;%,7"%,0} in F". (Throughout the paper the subscript 0 denotes
the transvection by y*.) The h- and v-covariant differentiations in Fry are
denoted by (;,-) respectively. Let us use the following symbols:

1 1 1
Tij = §(bi;j +bjii), T2 = 5700, Sij =

_ r i _ar i _ar _
yi=any , b =a"b., s';=a"s.;, s;=>b.5";.

We are interested in Randers spaces from the standpoint of not only ap-
plications but also pure geometry [1, 1.4]. For instance it is a remarkable
result [4], [7] that a Randers space is a Berwald space, if and only if b;,; = 0.
Next a Randers space is a Douglas space which has been introduced by
the authors [2], if and only if b;,; — b;;; = 0, that is, 3 is a closed form.

We shall adopt here Randers spaces to give an example of Finsler
spaces belonging to the set Hxz(n). The quantities G*(z,y) appearing in
the equations d?z?/ds?> + 2G*(x,dx/ds) = 0 of geodesic in the Randers
space F" are written as [7]

(1.1) 2G" = ' o +2B"

where the tensor B*(z,y) is of the form

(1.2) LB' = Bs' + aBy’,

(1.2a) By’ = fs'o —soy’,  Bs'=a’s'o+ray’.

In the following the subscripts a = 2,...,9 denote that the entity is a
homogeneous polynomial in y® of degree a; B,’, a = 2,3, of (1.2a) are
homogeneous polynomials in 3 of degree two and three respectively.

2. The h-curvature tensor of a Randers space

We deal with a Randers space F* = (M™,L = « + [3) equipped
with the Berwald connection BT' = {Gé,Gjik,O}, and denote by H =
(H;";;) and R* = (R"j;) the h-curvature tensor and the (v)h-torsion
tensor respectively. Then we have well-known relations

(2.1) (i) R = Ho"r, (i) Hi"jx = R"jr.



Randers spaces with the h-curvature tensor H ... 187

R! is defined by
(2.2) thk = 8kGhj - 8thk — GjhrGTk + GkhrGrj.

Further we shall take notice of the relation [5, (18.23)]

1

(2.3) Ry = g(RhOk.j — R"0;.1),

for the later use. Then, to find the tensor H, we first construct R"; and
then use (2.3) and (ii) of (2.1).
It follows from (2.2) that

R"o, = 20,G" — 47 9,G"), — G",.G" ) + 2G, .G
Then, using (1.1) and the h-covariant differentiation (;) in F'y, we obtain
(2.4) R'or. = Ro" o +2B"), — B".0 +2B:".B" — B",. By,

where ﬁ? is the curvature tensor of R" and we put B";, = B" ), and B.",. =
Bhy.,.

In the following we shall quote extensively from the paper [6] the
procedure in order to obtain R"g; of the Randers space belonging to the
set Hz(n).

First, from (1.2) we have
(25)  L*aB'; = C4%; + aCs’j,

(2.5a) { Cs'y = a®By' 5 + BBs" . — By'by,
C4ij = az(ﬂBgi i + Bgz .j) -+ Bgl(ﬁyj — a2bj) — B32yj,
(26) L*a’Bj% = Dg'ji + aDs"ji,
Ds'iy = o?(BC5'. + Ca'yr) — 202C3%by, — 3C4 Yy,
(2.6a) D6ijk = 042(04203ij.k + ﬁc4ij'k) - 20&203291@
—C4% (Byr + 2a2by,).
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Then we have
(2.7)  L*&*?B'.B"; = Es%; + aE;";,

(2.7a) { E7Y = CyC3"; + C54.Cy";,
Eg'; = C4'.Cy"; + a*C5',.C5";,
(2.8) L*aB'.B" = F;' 4+ oF§’",
(2.82) Fg' =C3%Bs" +Cy',By", F;' =C4'Bs" + a*Cs",. By,

(2.9)  L*3B;.B" = Gy'; + aGs'j,

(2.92) { Gs'j = Ds'j Bs" + Dg'jr B,

‘ Go'; = Dg'jrBs" + o D5'j. By
Next we get
(210) L2Bi;j = H4ij + OéHgij,

H3'; = 3By';j + Bs'; — Ba'(roj + s05),
Hy'j = o*By';j + BBs"; — Bs'(ro; + s05),

(2.10a) {
(2.11) L*aB'; o = I + als';,

I5'; = BC3'.0 + Ca'j0 — 412C3Y,
(2.11a) { 5 = BC3%.0 4"j;0 203

Is'; = a*Cs'0 + BCy Y0 — 4r2CyY.

Substituting (2.10), (2.11), (2.9) and (2.7) in (2.4), we get R"(; in the

form
(212) L4O£3(Rh0k — Roh Ok) = 2L2Oé3(H4hk + Oéthk)
—La2(16hk + Ck[5hk) + Q(Gghk + Onghk) — (X(Eghk =+ CkE7hk).

Since we have (B‘.B").; = B;%.B" + B".B";, (2.8), (2.9) and (2.7) yield
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the relation
Gs'; + Es'y = o*(BFs"j + Fr'j) — 30 Fg'b; — 4F7'y;,
(2.13) Go'j + o’ Er'y = o (P Fs' 5 + BFr' ) — 30 Fs'y;
— F7i(ﬂyj + 304217]').

3. The condition for Randers spaces
to belong to Hz(n)

It is observed that (2.12) is obtained from (2.1) of the paper [6] by
the

(3.1) change: (K, R) — (0, R — R).

If we deal with the Randers space F™ belonging to Hz(n), then (i) of (2.1)
gives

RhOk - ROhOk = (Hrhsk(‘r) - Rrh sk(x))yrysa

homogeneous polynomials in y° of degree two. Consequently the discus-
sions in §2-4 of [6] can be applied without modification. The conclusion
in [6] is that

Lemma 3. Randers spaces of dimension more than two and of con-
stant curvature K are classified as follows
(I) RCG-space: 1;; = 2c(a;j — bibj), sij =0, K +¢* =0,
(II) RCT—space: Ti; = 0, S; = 0, Cc = O, Sijik = K(aikbj — ajkbi).

a
On these conditions the remarkable form of R was given by (5.3)
with (5.4) of [6].
By the change (3.1) we then have the conclusion as follows:
A Randers space F™, n > 2, belongs to the set Hx(n), if and only if
(I) G-type: 135 =545 =0,
(II) T-type: r;; =0, s; =0, s;5,5 = 0.
In any case we have ¢ = 0 and r;; = 0, and hence (5.3) with (5.4)
of [6] leads to

a
(3.2)  Rlor = Ro"or — (5”5, )y"yr. — 35" 0501 + 8"5 0y

—a?sh 8Ty 4yl sorsTy + {(STST)Oé2 - Sorsro}(;hk.
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We have b;,; = 0 for F' of G-type, and consequently F" is a Berwald space
where G;% = ~v;%(x) and the h-curvature tensor H obviously coincides

with the Riemannian ﬁ?
On the other hand, for F™ of T-type we have

rij = 0: bi; = s;; (skew-symmetric),

1
S; = 0: S; = brbr;i = §(arsbrbs);i = 0.

The former shows that b; is a Killing vector in R™, and the latter indi-
cates that the length of b; is constant in R™. Therefore b; is the so-called
translation. Further s;;,, = 0 together with

'S ‘s ' ' '
Siyj = (07pyi);5 = b"5bri + 0 bpij = 8" jSpi + 0 814,

leads to s";s,; = 0. Therefore (3.2) is reduced to

(33) Rh()k = Rohok - Sshosok.

Then (3.3) gives

a

a
h h h h h
R"0k.; = R;" or + Ro" j& — 3(s" jsor + 5" 08jk),

and (2.3) yields

1 /a a a
h h h h h h h
R, = 3 R;" o — R 0j +2R0" ji | — 8" jSok + 8" kS0j — 28" 08 k-

a
On account of the well-known identities satisfied by Rp;;r we have

a a

a
ikoh = Ronjk-

a a a
Rjnor — Rknoj = —Rnujor — Rinoj =

Thus we get

a
h h h h h
R, = Ro" ji — 8" jSok + " kS0j — 25" 0S ks

and finally (ii) of (2.1) gives

a

h h h h h
(3.4) Hi jk = RZ’ jk — S jSik +s kSij — 2s iS5k, Sij = bi;]’.
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Theorem 1. A Randers space F™, n > 2, has the h-curvature ten-
sor H of the Berwald connection which depends on the position alone, if
and only if (I) b;;; = 0, F™ being a Berwald space, or (II) b; is a translation
in the associated Riemannian space, that is, b;.; + bj,;; = 0 and b"b,..; = 0,
and that satisfies b;;;.,, = 0.

In the case (II) we have G* = 70" ¢/2 + ab',y and the tensor H is
written in the form (3.4).

4. The two-dimensional case

A Randers space of dimension two is an exceptional case in [6], because
“Lemma 1”7 (p. 256) needs the restriction n > 2. However the condition (IT)
of Theorem 1 may be applicable to the case n = 2. Thus this last section
is devoted to the consideration of a two-dimensional Randers space F?
satisfying

(4.1) bi;j +bj.i=2r;; =0, s;,=0, 545, =0.
Thus (1.2a) gives
By' = Bs'0, Bs'=a’sy, By =s'0s0;, Bshj =0,
Bgi.j = siobj + 63’3, Bgi.j = 2si0yj + oz2sij.
Then (2.5a) yields
Cs'y = 2B(s'0y; +a%s';), CiYy = (& + ) (s'oy; + a’s')).

Next (2.10a) gives Hs = Hy = 0 and (5,9 = 0 leads to Cs,9g = Cy,o = 0.
Thus (2.11a) gives I5s = Is = 0. Further we have Fs = F7 = 0 from (2.8a)
and hence (2.13) leads to Gg = —Eg and Gg = —a?F7. (2.7a) gives

ESij — a2(a4 + 60(2B2 +ﬁ4)8i050]',
E7"; = 4a?B(a® + 5%)s"0s0;-

Therefore (2.12) is written as L*a®(R"ox — Ro™ o) = —3L*a3s"¢s0), which
is nothing but (3.3).

Consequently we have

Theorem 2. Let F? be a Randers space of dimension two. If F?
satisfies b;.; + bj,; = 0, b"b,.; = 0 and b;;, = 0, then the h-curvature
tensor H of the Berwald connection depends on the position alone, written
in the form (3.4).
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