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Transversal Cartan chains in a real hyperquadric

By Y. VILLARROEL (Caracas)

Abstract. Let & be an hermitian quadratic form, of maximal rank and index
(n,1), defined over a complex (n + 1) dimensional vector space V.
Consider the real hyperquadric defined in the complex projective space P™*V by

Q@={[¢epPV:o(() =0}

Let G be the subgroup of the special linear group which leaves @ invariant, and
D the (2n — 2) distribution defined by the Cauchy-Riemann structure induced over Q.

We shall study the induced G action on the manifold C2Q of contact elements
of order two and dimension one, proving that the Cartan chains transversal to D are
solutions of a differential system defined as a submanifold of C2Q. This gives a char-
acterization of the transversal Cartan chains as curves whose second order contact
elements are singular at all their points.

Moreover, we prove that the Cartan chains are orbits of order 1, induced by the
action of a closed subgroup K of G on Q.

1. Introduction

A Cauchy Riemann structure, or an almost complex structure, on a
smooth (2n — 1)-dimensional manifold is defined by a distribution D of
(2n — 2)-dimensional tangent spaces, together with a linear operator I on
each subspace D, such that I? = —1. A codimension 1 real submanifold
of a complex analytic manifold has a Cauchy Riemann structure induced
by the complex structure.
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These structures were first studied by POINCARE [8], while seeking
to generalize Riemann’s conformal transformation theorem for domains
in C", n > 1. Later, ELIE CARTAN [2] considered the special case n = 2
and introduced the notion of chains, which are certain curves defined by
second order ordinary differential equations. These chains were to play a
fundamental role in the study of Cauchy Riemann structures.

The objective of this work is to give a coordinate-free characterization
of Cartan chains in a hyperquadric ). We use the induced action of the
group G of automorphisms of the quadric on the manifold C2(Q of second
order contact elements of @ [11].

We shall define a generalized Frobenius system [10] generated by the
singular orbits in C2?Q, proving that the Cartan chains transversal to the
distribution D are solutions of this system.

This gives a characterization of these chains as curves whose second
order contact elements are singular at all their points.

Moreover, we prove that there exists a closed subgroup K C G such
that, the Cartan chains are orbits of order 1, [12], induced by the action
of K on Q.

2. The real hyperquadric

Let ® be a hermitian quadratic form of maximal rank and index (n, 1),
defined over a (n + 1) vector space V. There is a basis {f,} of V, such
that ® is given as

() = ¢ +i(C"® - ¢¢°), ¢eV,

and the matrix of its representation is

0 0 7
A= 0 I,-1 O
—1 0 0

If (, ) denotes the bilinear form associated with ®, then we have
(Cv) ="(D)A() for (reV,

where (v) is the (n + 1) matrix of the components of v in the basis {f,}.
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Let G € SL(n + 1,C) be the subgroup which leaves ® invariant. If
we represent g € G in the standard basis by the matrix (¢5), 0 < o,y <n
and its column vector by g,, then

geG & (Pog)(C) =2(Q)
&' ="9A9¢ = "CAC & ({94, 9a)) = A.

Hence, for 0 <y <n,1 < a, § < n—1, the following relations are satisfied:

<905.g’y> = _267’17 <gﬁvga> = _5ga
(Gnygy) = i0],  detg=1.

The Lie algebra G of G is given by

O S I
0 il 05+ 0o =0,
G=<LKVlecT.G:{= (E%‘) ;o trd=0,
n—1 90
b T O.meR
LT S ¥ /|

The canonical form w over G, with components w] with respect to the
standard basis I € G(n + 1, C), satisfies the relations

n
we(v) = ng‘x(v)fg‘, for v € T,G;  dwj +wi Awj =0.
0

Let @ be the (2n — 1)-dimensional real hyperquadric, defined in the
complex projective space P™V by the equation

Q = {[c] € P"V, @(¢) = 0}

The group G acts on P"V by g-[(] = [¢-(], and the quadric @ is invariant
by the action of G on P™V. Moreover, G acts transitively on @, see [4].

Now, given py = [(1,0,0)], the isotropy group G° at py is

G'={geG:g5=0,1<a<n},
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and its Lie algebra G is given by

IO
G'=Srteg:t=1o (€3) 3
0 0 -0

The map ¥ : g € G +— g - pp € Q defines an isomorphism: G/G° ~ Q.

The Cartan forms {w§'} of the group G vanish on T,G°, allowing us
to define a basis {wg } of T, @Q as follows (see [3]):

0

Given v € Tp,Q, let @§ (V) = w§,(ve), where v € G and T2 (v) = .

These forms are well defined, since for u,v € G

Tope (ue) = Tepd (ve) & Tethg (e — ve) = 0 ue — v, € TLG =G

& wy (ue —ve) =0,

and so w§ (u) = w§ (V).

Since the dimension of T,y @ is 2n — 1, the forms {W§'} define a basis
of T, Q.

Now, the Lie algebra G° acts on T*@Q and its coordinate expression is
given by the following

Proposition 1. The Lie algebra G° acts on T, Q as follows:
(4, @) € G° x T,,Q — 1w,
where £-&(0) = —dw |e (be,ve) withv € G, To)®(ve) =7,
and is given in coordinates as:
0-w§ = 0w] + () + ws —ilfwd, 1<a,y<n—1.

(- wy = —2Relwy, v # o

PROOF. Let us write

lwy = <a€ + ibg) wh + cwd, al ,bf € R,
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and consider a basis of vectors in T, G dual to the basis wg. Applying £.w§
to such a basis, and using the relation

we(v) =Y WS WIT veTG,  dw§+wd Aw) =0,
0

we obtain the result. O

We observe that the subspace D,, C T,, = @ defined by wj = 0 is
invariant by G°, since GY transforms w in a multiple of itself, and G° is
connected.

The transitivity of the action of G on @ allows us to define a (2n —2)-
dimensional distribution over @, as follows:

D:pe@— (ly)«(Dp,), where ge G and ly(po) =g po=p.

To study the real curves in @, it is natural to consider two cases:
the curves tangent to the distribution D at all its points, and the curves
transversal to D at all its points. In this paper we consider the Cartan
chains transversal to D. We will use the following theorem about Lie
groups [1]:

Let G be a Lie group that acts on a smooth manifold M and G its
Lie algebra. Let x(M) denote the smooth (C*°) vector fields on M, and
let F' be the map

d
F:G— x(M), (+— Fy,, with Fy(z)= p lt=0 (exp((tl)Z)),

then [1] we have:

a) The integral curve y(x) of the field Fy at the point x € M is
contained in the orbit G(x) of x.

b) The action of G on M is transitive if and only if for each x € M
and for any v € T, M there exists { € G such that Fy(x) = v.

3. Orbits of contact elements of ()

Two imbedded submanifolds I', I'; C @ of dimension one have contact
of order s > 1 at ¢ € I' N I'y, if there exist local parametrizations of I' and
I'y given by imbeddings

77’71:UCR—>Q,
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and a local coordinate system (V, (z,”)), 1 < j < 2n — 1 such that:

i) 7(0) =n = (0)g,
ii) z oy =x o0~ =r is the canonical coordinate in R,

iii) the partial derivates at 0 of (y7 o~) and (y’ o 1) are equal up to
order s.

The equivalence class of contact elements of order s and dimension
one at g € I is called a contact element of order s at ¢ € I
Clearly, C’;F = C;Fl if and only if T,I' = T,I';.

Let C;Q be the manifold of contact elements of order s and dimen-
sion 1 at ¢ € @, and C*Q the manifold of all contact elements Cj@Q with

q € Q (see [5], [6], [11]).
Consider the canonical projection

T C*Q — C*Q, CiI'—CiT, k<s,
and the canonical immersions
i°: T — C°Q, qgel'— CJT,
it CttQ - CH(CEQ), C;“F — CéquC’SF.
The action a: G X Q@ — @, a(g,q) = g.q induces an action
a® G xC°Q — C°Q, g.C1'=C7 9.1

Let H! be the fiber of the contact elements of order 1 transversal to D
which project onto py, i.e.

H' ={X'eCpQ: &X' #0},

where O| X! denotes the restriction of &% to the 1-dimensional subspace
defined by the contact element X*!.
Consider on H! the following coordinates, defined as in [7]:

oy|Xt = Newr|Xt, AMeC 1<a<n—1,
and express X' in coordinates as
Xt=(g-- A .

Denote by C~'1Q all the contact elements of order 1, transversal to D.
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Proposition 2. The group G acts transitively on 6’1@.

PROOF. Since the action of G on @ is transitive, it is sufficient to
prove that the action of G° on G;OQ, the contact elements of order 1
transversal to D which project onto pg, is transitive. Now, given X €
G;OQ, we have (see [11]),

n—1
0

F)(X) = (Ze;xg (=€) + 01 4+ 2Re £0) Ay — if9 ) )\1’ + -

y=2

« a 00 n— 9
+ (;mg + (=0 + €5 4+ 2Re £9) A§ —z£g>)\0 1&3 PR

(Zﬁ A+ + 277 +2Relp) —z€%_1> N JX.

So we can choose /1, ..., 0,_1 € G° such that
{FO(X).. PO (X))}

generate TxH!, hence G° acts transitively on H?!. O

Corollary 1. Let X' € G;OQ, and G! the Lie algebra of the isotropy
group G' C G° of X!; then

C'Q~G/G".

PRrROOF. The orbit
G-X'=0'"~(C'Q,

is diffeomorphic to G/G*. O

Proposition 3. Let X} € 6’;062 be defined in coordinates as follows:
Wil X3 #£0, wiX§ =0, 1<a<n—-1;
then the Lie algebra G! of the isotropy group G* C G° of X} is given by

Gl ={reg®: 0 =...=%_ =0},
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ie.
0 oo 0L o
Gl=qt=[0 (45 0 |; (53+£5=0, trl=0
0 0 —

PROOF. We have

F(XH=0e == =...=0  =o. O

« n—

The forms
o n 0
{wo , Wo ,wa} ,

vanishing on G', define 4n — 3 linearly independent real forms. These
forms can be projected onto Tyt O', and the projected forms, denoted by

{Egag‘]\g);}\oﬁ}u
define a basis of T)*% ot = T)*(é élQ.

Given £ € G, in [11] we proved that

0T == B0+ (65— 63) D).
gkalst
Now, the orbit O = G - X} is principal ([1], [11]), and diffeomorphic
to G/G*.
Then, the forms

)

which vanish on G, define 4n — 3 real forms, which are linearly indepen-
dent.
These forms can be projected on Ty O!, using an argument similar

o (1.2). The projected forms give a basis of T 1(91 T)*(g Q.

Let H? be the fiber of the contact elements of order 2 which project
onto X}. Let i : C?Q — C(C'Q) be the canonical immersion, and

m:C'Q—-Q, my:CN(C'Q) - C'Q,



Transversal Cartan chains in a real hyperquadric 261
the canonical projections. Then
i(H) ={X*€CQ: &§|X*=0,2<a<n-—1}.
Indeed, given Xg € C’gQ the image
i(X2) € Cx,C'Q

can be identified with a 1-dimensional subspace in T w1 XS)CIQ‘
Then (7().i(X?) is identified with a subspace in T,Q.
The following can be verified using coordinates, see [13]:
If Xt e 0Y(C'Q), then there exists X2 € C?Q, i(X?) = X1!

& T (rh) (X)) =yt (X1
Consider coordinates in H? defined as

X?=(A},..., A1), where @2 |X? = X0y | X2
Let 6262 be the contact elements of order 2, tranversal to D, which

project onto élQ.

4. Singular orbits on second order contact elements of ()

The space C%(Q, together with the action a? of G, is a G-space. The
subspace
O =G(X) = {9(X) € C?Q; g € G}

is the orbit of X (under G).

If O is a G-orbit, then we let type (O) denote its type, that is, its
equivalence class under equivariant homeomorphisms.

Type (O) contains a coset space G/H, with H the isotropy group of G
at X. Moreover, type (G/H) = type(G/K) iff H and K are conjugate
in G.

The maximum orbit type of orbits in C2Q, guaranteed in [1, 3.1], is
called the principal orbit type, and orbits of this type are called principal
orbits. If O; is a principal orbit and O is any orbit, then there is an
equivariant map O; — Os.
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If O ~ G/H and Oy ~ G/K, then H is conjugate to a subgroup
of K and without loss of generality we may assume that H C K. Then
the equivariant maps

Oy — Oy; G/H — G/K,

are fiber bundle projections with fiber K/H.
If
dim Oy > dim 04, i.e. dim K/H > 0,

then O, is called a singular orbit.

Proposition 4. The orbit 02 by the action of G on GQQ, defined as
O? = G.X2, with 2 (}?3) =X, A (X2 =0,1<a<n-1,

is a singular orbit.
Moreover, if g% is the Lie algebra of the isotropy group G*> C G* of Xg,
then

g9 =9

PROOF. Since G acts transitively on 6’162, it is sufficient to prove
that
0y = GHX?)
is a singular orbit by the action of G* on H?2.
Let F':G' — x(H?) be defined as
1/v2 d 2
Fp(X7) = p li=0 (exp (t£).X7) .

Using coordinates we have

F}X?) = ZBQ@)\O X2 -

Now, given
=(\),....A ) and (eg,

» n—1

let r(t) = expt¢X? be expressed in coordinates as

r(t) = ()\(1](75), . ,)\% 1(t)) ,  where wg|r(t) = )\g(t)wg]r(t).
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Deriving the last expression with respect to ¢t at 0, we have

F}X?) = ( D N+ (L) + £ —2Re ) NY, ..,
a#l

— D LS N+ (L T = 2Re () A 1)

a#n—1
Now, if A0 # 0 for some «, then we can find 2n — 2 vector fields
Kh R ,€2n_2 S gl,

such that {Felj (X?)} generates T'x2H?, and we conclude that G! acts tran-
sitively on the contact elements of order 2 with A% = 0 for some «.
These elements can be represented as

0% = GY(X3), with \(X3) =1, M,(X3)=0,
and so we have
F}(X3)=0s — 60+ —Rely —ly3=---=(._ =0, £cG"

Therefore gxg # Gl

If AY = 0, then for all & we have the element X’g, defined by 718()?5) =
X} and A9 (X2) = 0.
We observe that

F} (X2> —0, (eg
Now Gyz = G'. 0

Corollary 2. The map 73 : 02 C’lQ is a local inmersion.

PROOF. Since g' = g2, we see that G' C G? is open, moreover G is
connected and the group G acts transitively on C'Q, hence

2:0°~G/G* - C'Q = G/G,

is a local immersion. O
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5. The Cartan chains

ELIE CARTAN [2] introduced the notion of chains, which are curves
defined by second order ordinary differential equations. These curves play
a role similar to that of lines in Euclidean space.

The Cartan chains are obtained as the intersection of complex pro-
jective lines with the hyperquadric.

In this section we shall prove that the orbit O2 defines a completely
integrable differential system on @, and that the Cartan chains transversal
to D are solutions of this system.

Definition 1. By a differential system of order 2 and dimension 1 in M
we mean an imbedded submanifold W C C2Q [11].

A solution of a differential system W at X € W is a 1-dimensional
imbedded submanifold I' C @ with = n2(X) € T, such that C°T ¢ W
and C?T' = X.

An imbedded submanifold W C C?Q such that the following condi-
tions are satisfied:
1. 72 : W — C'Q; is a local inmersion in a neighborhood of X € W;

2. 5 C'WNC%Q — W is a local submersion in a neighborhood of X;
defines a differential system with solution I' C M passing through X
[10].

Let X2 be the contact element of order 2, defined in coordinates as
D21 X002 #0; OYXE=F2X2 =0, 1<a<n-1

Proposition 5. Let I'(t) be the curve in @) defined in non-homogene-
ous coordinates as

1 0 0
g(t) = In—l 0 )
t 0 1
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then
i) C2T =X
i) CRyT = g(t)X3.
PRrOOF. Consider the curve I'(¢) = (1,0,...,0,t) C @ which we iden-
tify with
1 0 0
g]=(0 I, 0] cG/G°=Q.
t 0 1
Let X§ = C2 T, then

DYXEA0; BYXE =% X2 =0 I1<a<u-1.
Moreover

g(t) - X§ = g(t)CpT = CZ 1y, 9(t) =T = CE T O

Theorem 1. Let O? be the orbit by the action of G on Q, defined as

0*=G- X},
with O | X5 #0; 05| X3 =wl| X5 =0 1<a<n-1,

then O? is a completely integrable system.

PROOF. The submanifold ©? is regularly immersed, because it is an
orbit of the G-action on GQQ.

Now, the map 73 : O3 — C'Q is a local inmersion; indeed by Propo-
sition 4, we have g! = g%, and G* C G? is open. Moreover G is connected
and the group G acts transitively on C~¥1Q, therefore

0 2G/G - C Q2 GG

is a local inmersion, and Condition 1 of Theorem 2 is satisfied.
Let Xg € 0% and g € G such that Xz = g-X{, then by Proposition 2.1
we have that the curve I' = (t)g - g(t) - Py satisfies

CipI C 0%,

3
2

Ci I nCto? R CE I = X2,
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hence 73 is a local submersion in a neigborhood of X2, and we obtain the

result. O

Theorem 2. LetI': J C R — @ be a curve given by the intersection
of a complex projective line transversal to D with (), then I' is the solution
of the differential system defined by O2.

PrOOF. Let py = (1,0,...,0) € V;v9 =(0,...,0,1) € T},) V;
Py = [ppo + Avo, pA € C.
It is clear that w{(m.(vg)) = 1, and
rt)y=Qnk ={[1,0,...,0,t)], t € R},
expressed in non homogeneous coordinates as
') =(1,0,...,0,t),

is the solution of the differential system defined by ©? with initial condi-
tion X7.

From the uniqueness of the solution [10] and the transitivity of the
G action on the directions transversal to D, we obtain that a transversal
curve to D at pg is singular, if and only if it is contained in a Cartan chain
transversal to D.

Let p € V, v € I';V be such that

m(p) € Q m(V)=v ¢ D,.

Let P = {[up+ \v], uX € C}. Since G acts transitively on C1Q, there
is a g € G such that g - p, = p, and (Ly).(vo) = v.

Now Lg,_1(P) is a projective line transversal to D at py. Since @ is
G-invariant and L, is an n diffeomorphism,

Ly 1(QNP)=QNLy_1P.

Therefore QNP is a solution of O? at p, whose tangent line at p is generated
by wv.
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From the uniqueness of the solution of ©2, we obtain that I' = QN P
is the solution of ©? at P. O

Corollary 3. Given a point p € ) and a line L C T,(Q transversal
to D, there exists a unique Cartan chain tangent to L at P.

Let be given a homogeneous manifold M = G/H, and a closed sub-
group K C G. Let K(0) be the orbit of 0 = 7(H) under the induced
action of K on G/H.

The order of the orbit K(0), defined in [9], can be given in terms of
contact elements as follows:

If G*® is the isotropy group of C§K (0) by the action of G on C*K(0)
and g° its Lie algebra, then the first index s such that ¢* = ¢°' is the
order of the orbit K(0).

Corollary 4. The Cartan chains are orbits of order 1 induced by the
action of a closed subgroup K of G on G/H,.
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