Publ. Math. Debrecen
57 / 3-4 (2000), 307-313

Remark on the characterization of continuous functions

By JACEK TABOR (Krakéw)

Abstract. W. RING, P. SCHOPF and J. SCHWAIGER showed in [RSS] that if E
is a finite dimensional normed space then a function f : E — R is continuous iff f o~y
is continuous for every regular curve « : [0,1] — FE.

In the case FE is infinite-dimensional we construct a function f : E — R not
continuous at zero such that an analogue of the above result fails to hold.

By C(I, E) we denote the space of all regular curves from an interval
I to a Banach space E. To explain our results we first quote Theorem 4

from [RSS]:

Theorem RSS. Suppose D C R? is open and f : D — R. Moreover,
assume that fo~: I — R is continuous for every regular curve v : I — D,
v € Ct (I,R?) and I C R compact. Then f is continuous.

W. RING, P. SCHOPF and J. SCHWAIGER mention in Remark 4.3
in [RSS] that the restriction to the two-dimensional case D C R? is not
essential, and that with some minor adjustments their proof works for
D C R™. They also state that it is not clear what happens in the infinite
dimensional case, due to the noncompactness of unit spheres.

What may seem surprising, we show that Theorem RSS is really spe-
cific to finite dimensional spaces.

Theorem 1. Let E be an arbitrary infinite-dimensional Banach space.
Then there exists a function f : E — R which is not continuous at zero
such that f o~ : 1 — R is continuous for every regular curve v : I — F,
v € CYMI,E), where I is an arbitrary interval.
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Moreover, if v(tg) = 0 for some ty € I, then f o~ is zero on some
neighbourhood of t.

The proof of the above theorem is divided into a few technical lemmas.
We will use the following well-known result from functional analysis:

Lemma (Lemma 1.12 from Chapter III [To]). Let E be an arbitrary
infinite dimensional normed space. Then there exists a sequence
{en}nen C E such that

(1) len|| =1 forn eN
and
(2) llen —ekl]] >1 forn,k €N, n#k.

By B(z,r) we denote the closed ball with center at z and radius r.

Lemma 1. Let the sequence {e,} be as in the Lemma. Then

1 1 1 1
(3) —B (en,5> Q%B <ek,5> =0 fornkeN, n#k.

PROOF. Let k,n € N and z be such that = € = B(e,, +) N+ B(ek, 1)
We are going to show that n = k. We have

1
(4) Ine —enll < 5, ke — exll < ¢,

Ut =

which by (1) gives us

4 6 46
k =2 =20,
kel € [5.2]. Inalle [5.2]

This and (4) yields

len —exll < llkx — el + [[nz — en|| + [|kz — nz||

1 1 2
<24t lk—nl-lal = 2+ | ke — nal]|
L2024
-5 5 5
which by (2) implies that n = k. O

By supp(f) we denote the support of the function f, that is the closure
of the set of all points € E such that f(z) # 0.



Remark on the characterization of continuous functions 309

Lemma 2. Forn € N let f,, : E — R be an arbitrary continuous
function such that supp(fn) C 1 B(en, 1) and f(Le,) =n.
We put

f(z) = Z fo(z) forzekE.

Then f is a well-defined real valued function on E which is continuous on
E\ {0} and discontinuous at zero.

PROOF. Let # € E \ {0} be arbitrary and let U, be an arbitrary
neighbourhood of  which does not contain zero. By the definition of the
sequence f, one can easily notice that only a finite number of elements of
fn is nonzero on U,.. By the definition of f this implies that f is continuous
on U,. As x was chosen arbitrarily this implies that f is continuous on

We show that f is discontinuous at zero. Obviously, by the definition
f(+ex) = k. However, the sequence {4ex} converges to zero as k — oo,
which implies that f is not bounded on any neighbourhood of zero, and
therefore not continuous. O

Before proceeding to the next lemma we would like to remark that
functions f, satisfying the assumptions of Lemma 2 exist in an arbitrary
normed space, for example we may put

fn(x) :=n-max{0,1 — 5|nx —e,||} forxz € E.

If E is a unitary space then these functions can be chosen to be of the
class C'™°.

From now on, by f, and f we denote functions chosen as in the
previous lemma.

Lemma 3. Let a > 0 and let «y : [0,a) — E be differentiable at zero
and such that v(0) = 0, v/(0) # 0.
Then there exists € > 0 such that if for certain k € N, t € (0,¢)

v(t) € supp(f),

then
1

"))

I

7’(0)H < %
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PROOF. Applying, if necessary, rescaling by m we may assume
that [|/(0)[] = 1.
Let a € (0,a) be chosen so that

4 1 6 1 6 o 1 1
1——. 1 e
5) max{ 5 }51—a 52

, — - — —_ . <—
l4a” 5 1—« + +

(such an « exists as the left side of the above inequality is a continuous
function on the interval (0, a) which for o = 0 takes the value 2).
As ~ is differentiable at zero, we can find € > 0 such that

(6) [7(t) =t (0)]| < at for t € (0,¢).
Now suppose that there exists ¢y € (0,e) and k € N be such that

Y(to) € supp(fx)-

Then
1
(7) [k (to) = exll < <.
By (6) we get
(8) 1k (to) — ko (0)|| < Ktoa,

which by the triangle inequality yields
1k (to)ll = Ktoll7'(0)]| < ktocr,  Ktolly (0)[ — [[Ey(to)l| < Ktocr.
As ||7/(0)|| = 1 this means that
[y (to)l| < Kkto(1+a),  [[ky(to)ll = kto(1 — av),

and consequently

1 1

ktp € | ——, ——
0 {l—i-a’ l—a

| It
By (7) we obtain that ||ky(to)|| € [2, 2], so as to > 0

5 1+a’ 5 1—a

© ktoe[4 1 6 1]
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Using once more (7) and applying (8) and (9) we get
17/(0) = el < [17(0) = Ky (to) [l + [lky(to) — exl|
< 17(0) ~ ity (O) + Ikt (0) — ko) +

1
< (1= kto| - I/ O)]| + toar + =

< 1 4 1 6 1 1 +6 o +1
max4q1l——- - — - —.
- 5 1+a’ 5 1—a ) 5

By (5) this yields
1
lex —+/ O] < 5. =

Lemma 4. Let v:[0,1) — E be a function which is differentiable at
zero and such that v(0) = 0, v/(0) # 0.
Then there exists 6 > 0 such that

f(y() =0 forte]0,0).

PROOF. Let € > 0 be chosen as in the previous lemma.
Trivially f(v(0)) = f(0) = 0. If y(¢t) ¢ supp(fx) for every k € N and
t € (0,¢) then fr(v(t)) =0 for every k € N, so by the definition of f

FOE) =Y £i6(8) =0,

which yields the assertion of the Lemma in this case.
So we may assume that there exists £ € N such that for a certain
to € (0, 6)
V(to) € supp(fi).-

We show that such a k£ € N is unique. Let us assume that there exists
I € Nand t; € (0,e) such that v(¢1) € supp(fi). Applying Lemma 3 to
both k, tg and [, t; we obtain

b
I (0)]

1

1
er e — ———— —.
17 (0]l 2

1
/0 -
Vo) <3 |

Vo) <
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Joining the two above inequalities we get
lex — el <1,

which implies by the Lemma that | = k.
Thus we have obtained that there is a unique k € N such that there
exists to € (0,¢) with
~(to) € supp(fr).

In other words this means that for every [ # k

v(t) ¢ supp(fi) fort € (0,¢),

or equivalently
(10) fily()) =0 forleN, l#k, te(0,¢).

As supp(fx) is isolated from zero, by the continuity of v there exists 6 > 0,
0 < € such that

(t) & supp(fi) for t € (0,9).
This means that fi(y(¢)) =0 for t € (0,9). Joining this with (10) we have

fa(y(t)) =0 forneN, te(0,0).

By the definition of f this yields the assertion of the Lemma. O
After these preparatory lemmas we are able to prove Theorem 1.

PROOF of Theorem 1. Let I be an arbitrary interval and let v : I — E
be a regular C! function. We will show that f o~ is continuous.

Let to € I be arbitrarily fixed. If v(tg) # 0 then f o+ is continuous
at to as f is continuous on E \ {0}.

So suppose that v(tg) = 0. We will show that then f o~ is zero on
some neighbourhood of ¢y (which in particular implies that it is continuous
at tg). Applying Lemma 4 to the function ~;(t) := ~(t + ty) we obtain
that there exists §; > 0 such that

f(’}/l(t>) =0 forte [0,51) N (I — to),
which means that

(11) FOY®) =0 for t € [to,to +61) NI



Remark on the characterization of continuous functions 313

Making use of Lemma 4 for the curve yo(t) := y(—t + tg), we get
0o > 0 such that

f(2(t)) =0 fort €[0,62) N (to — 1),
or in other words
(12) f(y(#) =0 forte (tog—da,to]NI1.
By joining (11) with (12) we finally obtain

f(fy(t)):O fOI‘tE(to—(sg,to—F(sl)ﬁI. (|
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