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On Chen immersions into Lorentzian space forms
with nonflat normal space

By UGUR DURSUN (istanbul)

Abstract. Let f : M™ — MlerQ(c) be a smooth totally geodesic isometric
immersion from an m-dimensional connected Riemannian manifold M™ into an (m-+2)-
dimensional Lorentzian space form ]\/Z{n"'2 (¢). Let & be a nonparallel time-like normal
vector field on M™. By using the normal exponential map we define, for some t € R,
a push-out map fi(z) = exp(z, t{(z)) into the Lorentzian space form M{nJrz (c), where
xz € M. We show that the map f; is a nontrivial Chen immersion with nonflat normal
bundle under some conditions on the components of the normal connection form. We
construct some examples.

1. Introduction

The notion of an A-submanifold of a Riemannian space was intro-
duced by B.Y. CHEN in [1, p. 203] and an A-submanifold later became
known as a Chen submanifold. Chen submanifolds and the generalized
Chen submanifolds (in [5]) of Riemannian spaces were investigated by
many mathematicians.

Chen surfaces of an 4-dimensional Minkowski space were first studied
by B. ROUXEL in [4]. Later, in [4], a pseudo-Riemannian version of the
definition of a Chen submanifold of a pseudo-Riemannian space was given
and a characterization of Chen submanifolds in pseudo-Riemannian spaces
was obtained. Then generalized Chen submanifolds of pseudo-Riemannian
spheres and pseudo-hyperbolic spaces were investigated and many exam-
ples were given in [2].
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There are many examples of Chen surfaces of pseudo-Riemannian
spaces with nonflat normal bundle (see [2], [4]). However, one can con-
struct higher dimensional Chen submanifolds of pseudo-Riemannian spaces
with flat normal bundle or nonflat normal bundle by using certain product
submanifolds.

In [3], by using push-out maps in a nonparallel normal direction, we
studied the construction of Chen immersions which are not product, into
space forms with nonflat normal bundle. It is natural to investigate the
same problem in Lorentzian space forms by using a specific normal di-
rection. More precisely, our aim is to determine Chen immersions into
Lorentzian space forms with nonflat normal bundle which are not product
immersions. We start with a totally geodesic immersion f from an m-
dimensional Riemannian manifold into an (m + 2)-dimensional Lorentzian
space form and a nonparallel time-like unit normal vector field to define a
push-out map f; into the Lorentzian space form. We show that the push-
out map f; is a nontrivial Chen immersion with nonflat normal bundle
under some conditions on the components of the normal connection form
of f. We also build up some examples.

2. Preliminaries

Let M 4 be an m-dimensional pseudo-Riemannian manifold with pseu-
do-Riemannian metric tensor § of index ¢q. Denoting by (, ) the associated
nondegenerate inner product on M ¢ » a tangent vector X to ]\7;” is said to
be space-like if (X, X) >0 (or X = 0), time-like if (X, X) < 0 or light-like
(null) if (X, X)=0and X # 0.

A smooth isometric immersion f : M™ — M[}”"’” from an m-dimen-
sional Riemannian manifold M into an (m + n)-dimensional pseudo-Rie-
mannian manifold A, q s called a space-like immersion. Let X and Y be
vector fields on M™ and let & be a normal vector field on M™ in M g"*”.

Then the Gauss formula and the Weingarten formula are, given as
VxY = VxY +h(X,Y) and Vx&=—A¢(X)+ VxE,

respectively, where V is the Riemannian connection of M. ;”*”, V and V+
are the induced Riemannian connection of M and the normal connection
of M™ in M;™*™, h is the second fundamental form of M in M**™ and A
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is the shape operator of M with respect to the normal vector £&. However,
the Gauss and Weingarten formulas yield

(1) (Ae(X),Y) = (h(X,Y), ).

A normal vector field £ is said to be parallel in the normal space if V& = 0
identically on M.

Let f: M)" — Mg”Jr” be a smooth immersion from an m-dimensional
pseudo-Riemannian manifold M, of index p into an (m + n)-dimensional
pseudo-Riemannian manifold M ;”J“”. Let £ be a normal vector field on M
such that (£,£) # 0 which means that £ is a nonzero and nonnull vector.
We choose an orthonormal local basis &1, ... , &, for T+-M such that & =
&/|I€]]. Then the allied vector field A(€) of £ is defined by

A(&) = ZEZ‘ trace(AeAe, )&,
i=2
where ¢; = (§,&) = £1. In particular, A(H) is the allied vector of the
mean curvature vector H and it is called the allied mean curvature vector
of M" in Mg’””. Especially, if n = 2 then the allied mean curvature

vector of M) in Z\?;”Jr” is
(2) A(H) = eg trace(An A, )&s.

An immersion f : MJ" — M(}"Jr” is called an A-immersion or a Chen
immersion if H = 0 or (H,H) # 0 and A(H) vanishes identically. This
definition was studied in [4] as a pseudo-Riemannian version of Chen’s
definition given in [1, p. 203] for Riemannian spaces. The definition of the
generalized Chen submanifolds in a pseudo-Riemannian manifold can be
found in [2]. It is clear that the class of Chen immersions into a pseudo-
Riemannian manifold M. ;”Jr” contains all minimal immersions and pseudo-
umbilical immersions, and also all immersions for which dim Ny < 1, where
N is the first normal space of M;" in Mg”*”, in particular it includes
all hypersurfaces. These Chen immersions are said to be trivial Chen
immersions. Many examples of Chen immersions into pseudo-Riemannian
manifolds were given in [2], [4].

Let M. 7' (c) be an m-dimensional connected pseudo-Riemannian man-
ifold of index ¢ and of constant curvature ¢, which is called an indefinite
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space form. According as to ¢ > 0, ¢ = 0 or ¢ < 0, it is a pseudo-
Riemannian sphere Sg‘(c), a pseudo-Euclidean space Rj", or a pseudo-
hyperbolic space H"(c), respectively. For the index ¢ = 1 ST*(c), RY* and
HY*(¢) are, respectively, called the de Sitter space-time, the Minkowski
space-time and the anti-de Sitter space-time. The indefinite space form
M™(c) is called a Lorentzian space form. If ¢ = 0 then Mm( ) is a Rie-
mannian space form. Without loss of generality we can suppose that the
constant curvature c of M{”(C) is equal to 1, 0, —1 according to whether
c>0,c=0o0rc<0.

Let Ry" be an m-dimensional pseudo-Euclidean space with metric ten-
sor given by

q m
== mf+ ) (),
=1 1=q+1
where (71, ... ,7,,) is arectangular coordinate system of Rj*. So (R}, g) is

a flat pseudo-Riemannian manifold of index ¢. For the pseudo-Riemannian
sphere and the pseudo-hyperbolic space we put

Sy (1) ={x € RZ”“ | (z,z) =1}

and

HP (—1) = {& € R7 | (2,2) = -1}

Hence the hyperbolic space H™(—1) is defined by

H™ (1) = {x € R""! | (z,2) = —1 and x; > 0},
where z; is the first coordinate in R},
Let f: M™ — J\/Zlm+2 (¢) be a smooth isometric immersion from
an m-dimensional connected Riemannian manifold M™ into an (m + 2)-
dimensional Lorentzian space form M. m+2(¢). Let &, n be a local orthonor-
mal normal basis of M™ in M2 (¢) with signature e; = (£,¢) = —1 and
go = (n,n) =1. Let Xy,...,X,, be a local tangent basis on M and s the
normal connection form for V+ defined by s(X;) = (Vx,&,n). Consider-
ing the signatures of £ and 7 and (¢,n) = 0, we see that Viif = s(X;)n
and Vy n = s(X;)¢. Here it is observed that if either £ or 7 is parallel
in the normal space then the normal connection form for V+ is zero. We
therefore suppose that £ and 7 are nonparallel.



On Chen immersions into Lorentzian space forms with nonflat normal space 379

Denoting by s; the components of the connection form s, the covariant
derivative of the 1-form s is defined by s;; = (Vx,s)(X;) = X;(si) —
5(Vx,;X;). As the ambient space is a space form, the Ricci equation can
be written as

<RJ— (X7 Y)gv 77> = ([A57 AW]X7 Y>7

where R' denotes the normal curvature tensor of the normal connection
V4 and [Ag, A,] = A¢ A, — Ay Ae. Also, we can see that s;; = (Vﬁgj Vx,&—
Véxj x,€,m)- So we can express the Ricci equation as

Sji — Sij = <RL(X17XJ')§777> = ([Ae, Ay Xi, X;).

If the normal curvature tensor R* of the normal connection V+ vanishes
then the normal connection is said to be flat.

From now on, for simplicity of the calculations we take a local isother-
mal coordinate system (zi,...,x,,) of Msuch that 9; = c’% = X,
i=1,...,m, where Xy, ... ,X,, forms an orthonormal tangent basis on M
and ¢ is a positive function on some open set in M. Thus the components
of the first fundamental form g on M are (f;, f;) = ¢?8;ij, 4,5 =1,... ,m.
In terms of the chosen tangent basis it is easily seen that

(3) Vax, Xi =Y 75X,

k=1
where fyfj = —é(Xj(gp)éf - Ffj) and I‘fj are the Christoffel symbols of M,
and hence s(Vx, X;) =>", yfjsk. So we have

m
(4) X;(si) :Sij"i‘z%kjsk'
k=1

Let £ be a unit time-like normal vector field on M™ in M{““(c). The
normal exponential mapping of M™ in M, {n+2 (c) in the direction £ can be
given by

exp(x, 1) = a(t) f(x) + b(t)¢(x),
where x € M and t € R. The functions a(t) and b(t) are given by a(t) =1
b(t) =t if ¢ = 0; a(t) = cosht, b(t) = sinht if ¢ = 1, and a(t) = cost,
b(t) =sint if ¢ = —1.
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3. Chen immersions

Let f: M™ — M{”+2 (¢) be a smooth totally geodesic isometric im-
mersion from an m-dimensional connected Riemannian manifold M™ into
an (m + 2)-dimensional Lorentzian space form ]\7{””(0). For some ¢ € R,
we define a map f; : M™ — ]\7{’”2 (¢), which is the push-out of M™ in a
nonparallel time-like unit normal direction &, by

fe(x) = exp(z, t€).

Let us set
R ifc=0,1
R* = T
R\ {(Qn— 1)5 :Vn € Z} if c=—1.
The tangent vectors to the push-out f; at (x1,...,z,,) are expressed
as 5
(ft)i = 65 =af;, +b&, i=1,...,m,

where f;, &,... denote the derivatives of f and £ with respect to z;. As
f is totally geodesic we have A¢ = 0 and A,, = 0. Therefore

(fr)i = o(aXi+bDx &) = p(aX;+bVx,§) = p(aX;+bsin), i=1,...,m,
where D is the covariant differentiation in R7"™? or R7""3. Hence

() ((fe)is (fe)g) = % (a®0ij + VPsis;).

Here it is seen that the tangent vectors (f:);, ¢ = 1,... ,m, are all space-
like. So the metric tensor g; with the components (g;);; = ©?(a?8;;+b%s;s;)
induced by f; is positive definite, that is, f; is a space-like immersion.

In order to calculate the reciprocal of g; we need the following

Lemma 3.1 ([3]). Let E = I + vTv be an m x m matrix, where I
is the m x m identity matrix and v = (v1,...,v;) € R™. Then E has
two distinct eigenvalues 1 and 1 + |jv||> with multiplicities m — 1 and 1,
respectively, and further det E = 1+ ||v||?, and the matrix I — TVl v is
the inverse of E.

One can show that the push-out map f; is an immersion for each
t € R*. By considering Lemma 3.1 the determinant and the components
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of reciprocal tensor of g; are obtained as det g; = a2(m_1)g02m(a2 + 1%5?)
and (gt)i_jl = m(oﬂ&ij —b%s;s;), respectively, where §2 = s?+- -+ 2,
and a? = a? + b?52.

If we use (3) and (4), f, being totally geodesic the second derivatives
of f; are obtained as

0 fi
(ft)ij - 8$ia$]‘

_ 9
_81']'

(CLXZ' + bsﬂ]) + 902 (aDXin + bXJ(Sz)n + bSZV§_(JU)

(6) =X;(0)(fr)i + <P2{Z Vi (aXg +bsgn) — acdiy; f +b(sin + Sisjf)}
k=1

I
WE

(X5(@)0ik + 0115) (fe)k + bo® (sijm + sis;€) — acp?Si; f

=
Il
—_

I
NE

Ffj(ft)k + 5802(32]77 + Si$j§> - ac<p25ijf, 2)] = 17 cee M

i
L

Here we will show that the immersion f; is Chen in the space form
Mf’ "2 (¢) under some conditions on the components of the normal connec-
tion form s. For a fixed t € R*, since f; has codimension two in M{”“ (o),
we choose a local orthonormal normal basis to f; in M{““(c) as

G =cbf —a&, (= é <stiXi an) .
i=1

By considering a(t) and b(t), the normal vector (; is time-like and (s is
space-like. We assume that, for the chosen t € R*, b(t) # 0, otherwise
the map f; is nothing but f which is a trivial Chen immersion because of
being totally geodesic.

Now we will calculate the second fundamental forms of the push-out
map f; in the directions {; and (o> which are represented by the matrices
(hf]l) and (hfj), respectively. Their entries are defined by hfjl = ((ft)ij> C1)
and hfj = ((ft)ij, C2). So, using (6) we get

hit = cb((fi)ijs £) — al(f1)is, €) = —abp?(ci; + 5i5;)
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and

Bo2 —

)

Ol

{bzsé ft 1J7XZ <(ft)1]’77>}
=1

ab | & k & 5 aby
= — 0D wseli0n — (eTiyse + ¢%si) 0 = —— —sij.
=1

Theorem 3.1. Let f : M™ — MI""2(c) be a smooth totally geodesic
isometric immersion from an m-dimensional connected Riemannian man-
ifold M™ into an (m + 2)-dimensional Lorentzian space form ]\/Zlm+2 (c).
Then, for a fixed t € R*, the immersion f; : M™ — M{"+2(c) is Chen if the
components s;, of the normal connection form s of f satisfy the equations

(7) ZS” =0 and Z 8;858j; =

1,j=1

PROOF. Since (gt);jl = m(oﬂéij —b?s;s;), by using (1) the shape
operators of f; in the directions (; and (o are obtained as

_ b o
ACl =g lpr — —_~ (Z(Oﬁézk — bzsisk)(c&gj + Sij)>

ao?
k=1
= ——(ca®8ij + sis;)
aca

and

- b m

k=1

b
= - 3<a Sij — b? Zs sksk]>

k=1

However, when we take the trace of the shape operators we get

b
trace A¢, = ——2(cmoz2 + 5?)
ao
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and
b e >\
traceAC2 = _aoﬁ(a Zsu —-b Z 3i3j3ji> =0
=1 7,7=1
because of (7). For ¢ = 0 and ¢ = 1 trace A;, # 0 and for ¢ = —1

trace A¢, # 0. Thus, at a point x € M such that trace A¢, # 0 the mean
curvature vector H of the push-out f; is parallel to ¢; and the allied mean
curvature vector is A(H) = ||H|| trace(A¢, A, )C2. We calculate A¢, A¢, as

b? -
AgAg = 5 D (ca®Sip + sise) (@2 0or — b sesk)sk;
£,k=1

b? -
— <0a4sij + (a® — cb2a2) Z siskskj)

a?ab
k=1

Taking trace it is seen that trace A¢, A¢, = 0 because of (7). Therefore f;
is a nontrivial Chen immersion. By using the shape operators A¢,, Ag,
and the Ricci equation, it is easily seen that the normal curvature of f; is
not identically zero. O

4. Construction of examples

We construct here some examples of Chen immersion, defined as in
the previous section, into space forms M{““(c). To do this we consider a
totally geodesic isometric immersion f : M™(c) — MF”(C) from an m-
dimensional Riemannian space form M™(c) into an (m + 2)-dimensional
Lorentzian space form M{”JFQ(C) defined by

(0,21,... ,Zm,0) if c=0,
flz1, ... yxm) = 1 ) )
T—2(O,c(r —2),2z1,...,2x,,0) if c = F1,
where x1,... 0, € R, 72 = 1 +c(2? + -+ +22) and for ¢ = —1,

o442, <1

From now on we will do all calculations for ¢ = F1. By calculation
it is seen that the components of the induced metric tensor on M™ (c) are
obtained as (f;, f;) = %(5@', i,j = 1,...,m. This shows that the chosen

. . . 2
coordinate system on M is isothermal and ¢ = T% Thus, X; = 5 82-’
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i=1,...,m, is a local orthonormal tangent basis on M™(c). In terms of
this metric the Christoffel symbols are obtained as

2c

k _
(®) rh=-=

(xiékj + mjéik — xkéw)
For the normal space of M™(c) in M"*?(¢) an orthonormal local
basis can, generally, be chosen as

& = (cosh9,0,...,0,sinh @), n = (sinh 0,0, ...,0,coshf),

where 6 = 0(z1,... ,2,,). We will find a 6 which determines the unit
normal vector £ on M™(c) so that the immersion f; as defined in previous
sections is Chen. To do this we need to calculate the components s; of the
normal connection s and their covariant derivatives s;;. So,

2 /9 200

. 2 .
that is, s; = 5-0;, 1 = 1,... ,m, and hence

?”2 (9 T2 7"2 7,.2

Using (3) and (8) we have 'yfj = —c(x;0k; — x6;5). Therefore, by using
(4) we get

7,2 7“2 m
Sij = 5 (C:Ejei + EQU + CZ(xi(Skj - xk51])9k>
k=1

T4 ua k
k=1

Here it is clear that s;; = s;; if and only if 0;; = 60;;. Thus, taking the
trace of s;5, the first equation of (7) turns out to be
Zsii = z;‘gii - Z T30k
1=

i=1 ik=1

r m 2c ~
= Z (ZQH + 772(2 — m)9> = 0,
=1
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where 0 = >oiv xi;, that is,
(10) 2¢(2 — m) + 2 Z 0;; = 0.
i=1

Similarly, the second equation of (7) becomes

m 2 m m
Z Sisjsji = (T) <Z 01939]1 — Z Ffj919]9k>

1,j=1 i,j=1 ,5,k=1
rt P 2c ~
= <4> <Z 00,0, + 72092> =0,
i,j=1

where 62 = Y7 02, so we have

(11) 20&@2 + r? Z 919J9ﬂ =0.

i,7=1

For ¢ = 0, we can see by straightforward calculation that the equations
(10) and (11) are valid. Thus the equations (10) and (11) are true for
c=-1,0, 1

Finally, the solutions of the partial differential equations (10) and (11)
which were studied for m = 2 in [6] give us the function 6, that is, the
normal vector fields on M™(c¢) which are not parallel in the normal space
of f in M"*2(c) unless 6 is a constant function on M™(c). However, some
special solutions of the equations (10) and (11), for m > 2, were studied
in [3]. Here we give some examples for 6.

Let ¢ be a positive integer such that £ < m/2, m > 2. Forc = —1,0,1,
the function

T2
12 0(xy,...,x :g C; arctan )
( ) ( 1 m) . i Toi1
where C1,...,Cy € R, is a solution of (10) and (11) in the open domain

D= {(1‘1,... ,SL‘m) ER™ 29,1 #O,Z: 1,... ,Z}
Also, for ¢ = 0 we have another very simple solution

(13) O(z1,... ,2m) =Y _ Cix;
=1
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that gives a trivial Chen immersion f;.
For ¢ = 0, a linear combination of the solutions (12) and (13)

Y4 m
) _ L2 Z
(1‘1,... y L2l L2415+ - - ,l‘m) = E Cz arctanx 4 + Cl:cl
i=1 =l oo

is also a solution of (1) and (11) in the open domain D, see [3]. If we change
the coordinate system (for ¢ = 0) to x9;—1 = wu; cOs8v;, T2; = u;sinwv; for
i=1,...,¢ then we have

4 m
9(u1,vl,... s UpyVey 20414 - - - ,$m) = E Cﬂ)l—{— E szL'l
=1 i=20+41

and for this € the push-out map f; is a nontrivial Chen immersion. For
instance, for m = 3 we can rearrange the immersion f; into Minkowski
space as

fi(u,v,w) = (t cosh(c1v + cow), ucos v, usinv, w, tsinh(civ + cow)).

However, from the solution (12), for ¢ = +1 and m = 3 we rearrange the
immersion f; as

a(t)(u?> +w? —¢)  2a(t)ucosv
14 c(u?+w?) 7 1+ c(u?+w?)’
2a(t)usinv 2a(t)w

1+ c(u? +w?)” 1+ c(u? +w?)

fi(u,v,w) = <b(t) cosh Cv,

, b(t) sinh C’v) ,

where C' € R; a(t) = cosht, b(t) = sinht if ¢ = 1 and a(t) = cost,
b(t) =sint and u? + w? < 1if ¢ = —1.
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